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Abstract 

A Geometric Perspective on First-Passage Competition 

Nathaniel D. Blair-Stahn 

Chair of the Supervisory Committee: 
Professor Christopher Hoffman 
Mathematics 

We study the macroscopic geometry of first-passage competition on the integer lattice Z d , 
with a particular interest in describing the behavior when one species initially occupies the 
exterior of a cone. First-passage competition is a stochastic process modeling two infections 
spreading outward from initially occupied disjoint subsets of Z d . Each infecting species 
transmits its infection at random times from previously infected sites to neighboring unin- 
fected sites. The infection times are governed by species-specific probability distributions, 
and every vertex of Z d remains permanently infected by whichever species infects it first. 

We introduce a new, simple construction of first-passage competition that works for 
an arbitrary pair of disjoint starting sets in and we analogously define a deterministic 
first-passage competition process in the Euclidean space M. d , providing a formal definition 
for a model of crystal growth that has previously been studied computationally. We then 
prove large deviations estimates for the random Z d -process, showing that on large scales 
it is well-approximated by the deterministic IR^-process, with high probability. Analyzing 
the geometry of the deterministic process allows us to identify critical phenomena in the 
random process when one of the two species initially occupies the entire exterior of a cone 
and the other species initially occupies a single interior site. Our results generalize those 
in a 2007 paper of Deijfen and Haggstrom, who considered the case where the cone is a 
half-space. Moreover, we use our results about competition in cones to strengthen a 2000 
result of Haggstrom and Pemantle about competition from finite starting configurations. 
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A UNIFIED TREATMENT OF RANDOM AND DETERMINISTIC 
FIRST-PASSAGE COMPETITION 
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Chapter 1 
INTRODUCTION 

First-passage competition is a stochastic process modeling two infections spreading out- 
ward from initially occupied disjoint vertex sets in a graph. This competition model was 
introduced by Haggstrom and Pemantle [HP98] as a generalization of first-passage per- 
colation, which models a single infection spreading throughout the graph. First-passage 
percolation is described by the shortest path metric on a graph with random edge weights, 
and thus it is essentially a model of random geometry. We will take the underlying graph 
to be the integer lattice Z rf with d > 2, and we will assume that the edge weights are 
independent and identically distributed (i.i.d.). We are mainly interested in the two-type 
competition model, but since this two-type process is constructed from two one-type first- 
passage percolation processes spreading simultaneously in Z d , we begin by describing both 
the one-type and two-type processes in a bit more detail. 

1.1 Overview of First-Passage Percolation 

1.1.1 Brief Description of First-Passage Percolation (the One-Type Process) 

The one-type process (first-passage percolation) consists of a single species, say RED, spread- 
ing out from an initial set of vertices A C Z d . To construct the one-type process, we start 
with a collection of i.i.d. nonnegative random variables r = {T(e)} eg E(z d )' indexed by the 
edges in the lattice Z d , where two vertices in Z rf are joined by an edge if the Euclidean 
distance between them is 1. The random variable r(e) is called the traversal time 1 of the 
edge e, and is interpreted as the time it takes red to cross the edge e in either direction. 

1 In the literature on first-passage percolation, the random variable r(e) is more commonly called the 
passage time of the edge e. However, the term "passage time" is also used to refer to the distance T(u, v) 
between two vertices in the induced shortest path metric on the graph. To avoid confusion, I prefer to use 
different terms for these two concepts. I follow the convention of Kordzakhia and Lalley [KL05] and use 
the term "passage time" to mean the infimum of "traversal times" of paths between two sets, and I treat 
a single edge as a path of length 1; see Sections 2.1.2 and 2.2.2 for the precise general definitions. 
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Red occupies the initial set A at time t = 0, and then spreads out from A by crossing edges 
in the graph according to the traversal times. More precisely, this means: 

All the vertices in A are infected by red at time t = 0. //red infects the vertex 
u at time t > 0, and e = {u, u'} is an edge ofL d , then red infects u' from u at 
time t + r(e). 

If u' was previously infected from a vertex other than u, then its state does not change - 
u' simply remains infected by red. The growth of red can then be described as the set 
r$(t) of infected vertices reached by time t from the set A, using the collection of traversal 
times r. 

The above construction of first-passage growth gives rise to a random pseudometric 
T on Z d , defined by T(u,v) := inf{i > : v G rft{t)} for u,v G Z d . The random 
variable T(u, v) is called the first passage time or simply the passage time from u 
to v, and the random pseudometric T is a metric if and only if r(e) > almost surely. 
The pseudometric T coincides with the shortest path (pseudo-)metric induced by the "edge 
weights" {T(e)} egE ( Z d); that is, T(u, v) is the minimal (or infimal) weight of a path from 
u to v, where the weight of a path is computed as the sum of the traversal times of its 
constituent edges. For a fixed u G Z d , the set 7/"(t) of vertices reached from u by time t is 
just a deterministically expanding ball in the random pseudometric T, and more generally, 
rj^(t) is a union of such balls for any A C 7L d . 

In Section 2.2, we will take a slightly different, more general approach to constructing 
the one-type first-passage percolation process, by using the traversal times r to construct 
an entire family of pseudometrics whose metric balls correspond to a family of "restricted" 
one-type processes, growing in subsets of Z d rather than the whole space. We use this 
generalized construction to give a new and simple formal definition of the two-type process 
in Section 2.4, and in Chapter 4 we study the restricted first-passage percolation process in 
its own right. 
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1.1.2 A Brief History of First-Passage Percolation 

First-passage percolation was first introduced by Hammersley and Welsh [HW65] to model 
fluid flow through a porous medium. For recent surveys of the subject, see [How04], [BlalO], 
[LaGll], [Ahlllc], [GK12], and for earlier accounts, see [Kes86], [Kes87]. Here we highlight 
some of the main results in first-passage percolation so that the reader can gain a general 
sense of the subject and its relation to the first-passage competition process described in 
the next section. 

The principal feature of the first-passage growth process r\^ (t) is the Shape Theorem, first 
proved by Richardson [Ric73] in the sense of convergence in probability for exponentially 
distributed traversal times, and strengthened to the following almost sure version for general 
traversal time distributions by Cox and Durrett [CD81] in dimension d = 2 and by Kesten 
[Kes86] for general d > 2. The Shape Theorem says that, under some mild assumptions 
on the traversal times r = {T(e)} egE ( Z d), the the set r/°(t) of sites reached by time t from 
the origin G Z d looks roughly like the ball of radius t in some norm [i on M. d which 
depends only on the distribution of r(e). To state the result, we define for V C Z d the 
cube expansion of V to be the set {V} = V + [— \, C R d obtained by placing a unit 
cube around each point in V. 

Theorem 1.1 (Shape Theorem [CD81], [Kes86]). Fix an integer d > 2, and let r = 

{ T ( e )}eeE(z d ) be a collection of i.i.d. nonnegative random variables satisfying the following 
two conditions: 

1. Pr{r(e) = 0} < p c (Z d ), where p c {%> d ) is the critical probability for Bernoulli bond 
percolation on Z d . 

2. E min{r(e 1 ) d , . . . , r(e 2d ) d } < oo, where {e 1 ,...,e 2d } is any collection of 2d distinct 
edges in E(Z d ). 



Then there is a deterministic norm fi on M. d such that for any e > 0, 

Pr{(l - e)tB„ C {^(t)} C (1 + e)tB„ for all large t} = 1, 



(1.1) 
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where B^ = {x 6 M. d : //(x) < l} is the closed unit ball of the norm ll, and [^(t)] = 
r]®(t)+ [— 7}, is the cube- expanded first-passage percolation process started from the origin 
OeZ d and using the traversal times r. 

Another way to interpret the Shape Theorem is that large distances in the random 
pseudometric T are well-approximated by distances in the deterministic norm metric corre- 
sponding to li, in a sense we formulate precisely in Appendix C. The norm /x in Theorem 1.1 
is called the shape function for r, and the unit ball B^ is called the limit shape for r, 
since the scaled process n®(t)/t converges to Bn in the sense of (1.1). In general, little is 
known about the limit shape i3 M for a given collection of traversal times r, other than the 
obvious facts that it is a compact convex body in R d which must satisfy all the symmetries 
of Z d (i.e. invariance under reflection or permutation of the coordinate axes); note that the 
convexity and the fact that B^ is a body (i.e. has nonempty interior) follow from the fact 
that ix is a norm. Kesten [Kes86, Section 8] shows that for a large class of traversal time 
distributions (including exponential), the limit shape £> M is not a Euclidean ball for large 
d, casting doubt on the early conjecture that B^ might be a disc for d = 2 when r(e) is 
exponentially distributed. Durrett and Liggett [DL81] show that for certain traversal time 
distributions, the limit shape in 1? has flat edges in the diagonal directions but is not the 
full diamond B e i = {(xi,X2) G K 2 : \x\\ + \x2\ < l}. In particular, this occurs if r(e) 
is nondegenerate and attains some nonzero minimum value with probability greater than 
£^ ir (Z 2 ), where p^. 1T (I?) is the critical value for directed Bernoulli bond percolation on I?. 
Damron and Hochman [DH10] prove that there exist traversal time distributions for which 
the limit shape in I? is not a polygon; previously, even this basic result was not known 
rigorously for i.i.d. traversal times. 

The assumption that the collection r = {T(e)} e6E ( Z d) is i.i.d. can be relaxed. In particu- 
lar, Boivin [Boi90] proves a Shape Theorem in 7L d for stationary and ergodic traversal times 
with finite moment of order d + e. Haggstrom and Meester [HM95] prove that any compact 
convex body that is symmetric with respect to reflection through the origin can arise as 
the limit shape of some collection of stationary ergodic traversal times. Note that symme- 
try with respect to permutation of the axes doesn't necessarily hold in the stationary case 
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because the traversal times of edges in different directions can have different distributions. 

Some recent papers of interest about first-passage percolation include [Chall], [AD 11a], 
[ADllb], [CD09], [Ahlllb], [Ahllla], [Ahlllc], [DH10], [LW10], [LaGll], [ZhalO]. 

1.2 Overview of First-Passage Competition 

1.2.1 Brief Description of First- Pas sage Competition (the Two-Type Process) 

The two-type first-passage competition process consists of two species, say species 1 and 
species 2, competing for space in the lattice Z d . To construct the process, each edge 
e G E(Z d ) gets a pair of traversal times f(e) = (ri(e), T2(e)) , where for i £ {1,2}, the 
nonnegative random variable Tj(e) is interpreted as the time it takes species i to cross 
the edge e in either direction. Species i starts on some initial set of vertices Ai (which 
we assume is disjoint from A^i) and, until it encounters the other species, grows as a 
first-passage percolation process using its own set of traversal times Tj = {Ti(e)} eeE ( Z dy 
When the two species come into contact, the interaction between them can be summarized 
succinctly as follows: 

In the two-type model, each vertex in7L d is conquered by whichever species arrives 
there first, and it can never be re- conquered. 

Thus, if one of the species tries to infect a vertex that has already been conquered, then noth- 
ing happens, and once a vertex changes from an uninfected state to either state 1 or state 
2 (corresponding to the two species), it remains in that state forever. The evolution of the 
two-type process started from the initial configuration (Ai, A2) and using the pair of traver- 
sal times f = (ti,T2) can be described by the pair rjf Al,A2 \t) = (jl\ Al ' A2 \t), vi^^ > 
where rj) Al ' A2 \t) is the set of vertices occupied by species i at time t. 

Since each vertex will be infected exactly once in the two-type process, each edge can 
be crossed by at most one of the two species. This means that for each e £ E(Z d ), at most 
one of the random variables ri(e) and T2(e) will be used in the construction of the process, 
and hence it does not matter how these two variables are coupled. However, independence 
between disjoint edges will be important, as will translation invariance of the entire model, 



7 



so we assume that the sequence of pairs f = {T(e)} egE ( Z d) is i.i.d. (though this assumption 
can probably be weakened to stationary and ergodic without losing any essential features of 
the model). We will impose some additional mild restrictions on the distributions of ri(e) 
and T2(e) in Chapter 2 when we formally construct the two-type process. 

When both of the starting sets A\ and A2 are finite, determining which species arrives at 
a vertex first can be done step-by-step, e.g. using a modified version of Dijkstra's algorithm 
to simultaneously find two shortest path trees in the graph Z rf , with edges weighted according 
to the Tj's (see e.g. [GM08]). However, if we allow the starting sets Ai to be infinite, the 
determination of which vertices are conquered by which species constitutes a somewhat 
subtle problem, because infinitely many infection events can occur within a finite time 
interval. We will deal with this issue and provide an explicit construction of the two-type 
process in Section 2.4. 

In Haggstrom and Pemantle's [HP98] original definition of the two-type process, Ti(e) 
and T2(e) are taken to be exponentially distributed, i.e. Pr{rj(e) > x} = e~ x%x for some 
Ai,A2 > 0. The memoryless property of the exponential distribution implies that in this 
case, r}t Al ' A ' 2 \t) is a Markov process in which the uninfected vertices of Z d are infected by 
species i at rate Aj times the number of their neighbors already in 77^* (i). Haggstrom 
and Pemantle named this version of first-passage competition the two-type Richardson 
model, because the Markov version of first-passage percolation is known as Richardson's 
[Ric73] growth model. We will study the Markov case in Chapter 6, but in the remainder 
of the paper, we assume no more than the minimal assumptions described in Chapter 2, 
unless explicitly stated otherwise. 

1.2.2 Questions of Interest in First-Passage Competition 

In this section we summarize several key results about first-passage competition and describe 
the motivation for the present work. For more in-depth surveys, see [DH08], [BlalO]. Most of 
the results in this section are about the two-type Richardson model, i.e. the Markov version 
of first-passage competition in which the traversal times 7~i(e) and T2(e) are exponentially 
distributed with rates Ai and A2, respectively. Note that by time scaling, most questions 
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about the two-type Richardson model depend only on the ratio A = A2/A1, so in the results 
below it suffices to assume Ai = 1 and A2 = A; however, we will generally keep the subscripts 
to make it easier to remember which parameter belongs to which species. 

Since its introduction in [HP98], the majority of work on first-passage competition has 
focused on the question of coexistence of the two species as time goes to 00. That is, 
do both species continue growing indefinitely, or does one species end up surrounded by 
the other so that it is only able to infect a finite number of sites? If A\ and A2 are two 
disjoint subsets of Z rf and f = (t±, T2) is the collection of random traversal times used to run 
the two-type process, we denote by Coex^^i, A2) the event that both species eventually 
infect an infinite number of sites when species i initially occupies the sites in A^, and we 
call this event coexistence or mutual unbounded growth for the initial configuration 
(^1,^2). For two-type Richardson model with rates Ai and A2, we will use the notation 
CoexA 1 ,A 2 ( j 4i ) A2) for the event of coexistence. We also say that species i survives if it 
conquers an infinite number of sites, so that Coex-f^i, ^2) is the event that both species 
survive from the initial configuration (^i,^)- 

It is easy to see that Pr (Coex^= (Ai, A2)) < 1 unless both of the sets Ai and A2 are 
already infinite or the distributions of ri(e) and T2(e) are degenerate, so the first nontrivial 
question to ask is whether Pr(Coex.f (Ai, ^2)) > 0. Clearly coexistence is impossible if one 
of the initial sets Ai surrounds the other set Aj, i.e. if every infinite simple path starting 
in Aj intersects Ai. Following the terminology of Deijfen and Haggstrom [DH06a], we say 
that the initial configuration (Ai,^) is fertile if neither initial set surrounds the other. 
Deijfen and Haggstrom show that, as long as the initial configuration of two-type Richardson 
process is finite and fertile, the choice of configuration is irrelevant to the question of whether 
coexistence has positive probability: 

Theorem 1.2 (Irrelevance of starting configuration for possibility of coexistence [DH06a]). 
If{A\,A2) and (A^A'-^) are two fertile pairs of disjoint finite sets in7L d , then for the two-type 
Richardson model with fixed growth rates Ai and X2, 

Pr(Coex Al)Aa (Ai,A 2 )) >0 <^ Pr(Coex Al)Aa (Ai, Ai)) > 0. 

Garet and Marchand [GM05, Lemma 5.1] prove an analogue of Theorem 1.2 in the case 
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where the two species share a single collection of stationary traversal times. Both results are 
proved by modifying finitely many edge-traversal times in order to couple the two processes 
to have comparable growth outside some bounded region. In the present paper, we consider 
the situation where A\ is finite but the set A2 is already infinite, in which case the question 
of coexistence becomes the question of survival of species 1. In Section 2.6 we use a 
similar finite modification argument to prove an analogue of Theorem 1.2 in this setting; 
see Theorem 1.9 in Section 1.3.1 below. 

Intuitively, if the growth rates Ai and A2 in the two-type Richardson model are equal, we 
might expect that coexistence from finite fertile starting configurations occurs with positive 
probability since neither species has an inherent advantage over the other. On the other 
hand, if the growth rates are different, say Ai > A2, then unless species 2 gets lucky and 
surrounds species 1 relatively quickly, species 1 is likely to overtake species 2 by virtue of 
its superior speed, making coexistence implausible. Haggstrom and Pemantle conjectured 
that this is indeed how the process behaves: 

Conjecture 1.3 (Coexistence occurs precisely when speeds are equal [HP98]). In the two- 
type Richardson model on Z d with rates \\ and A2, if the initial configuration (Aj.,^) is 
finite and fertile, then coexistence has positive probability if and only if Ai = A2. 

In fact, Haggstrom and Pemantle [HP98] proved the "if direction of Conjecture 1.3 in 
dimension d = 2, showing that coexistence is possible when the two species have the same 
growth rate. Subsequently, Garet and Marchand [GM05] and Hoffman [Hof05] indepen- 
dently generalized this result to show that in any dimension d>2, coexistence has positive 
probability for a wide class of ergodic stationary traversal times, when the collections of 
traversal times t\ and T2 for the two species have the same distribution. We state here the 
main coexistence result for the two-type Richardson model. 

Theorem 1.4 (Coexistence is possible with equal speeds [HP98], [GM05], [Hof05]). In the 
two-type Richardson model on Z d with growth rates Ai = A2 = A, if (A, A2) is any finite, 
fertile initial configuration, then Pr(CoexA,A(Aj A2)) > 0. 

Additionally, Hoffman [Hof08] extends the results of [Hof05] to show that coexistence of 
four species is possible for a large class of ergodic stationary traversal times, and moreover, 
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that if the limit shape is not a polygon, then coexistence of arbitrarily many species is 
possible. Combined with the results of [DH10], it follows that there exists an i.i.d. family of 
traversal times for which coexistence of k species has positive probability for every k > 1. 

In contrast to the progress that has been made in studying equally powerful infections, 
the situation when the two species have different growth rates remains stubbornly unre- 
solved. The best result to date is the following weakened version of the "only if direction 
of Conjecture 1.3, proved by Haggstrom and Pemantle [HP00]. 

Theorem 1.5 (Coexistence impossible for all but countably many speeds [HP00]). In the 

two-type Richardson model on Z d with a finite initial configuration (A\,A2), if the rate Ai 
is fixed, then Pr(CoexA li A 2 (^4i ) ^2)) = for all but countably many values 0/A2. 

Although Theorem 1.5 shows that coexistence is impossible for almost all speed ratios 
A = A2/A1, we are presently unable to identify a single ratio A where coexistence does not 
occur. Theorem 1.5 has been extended beyond the two-type Richardson model by Garet 
and Marchand [GM08] to general first-passage competition with stochastically comparable 
traversal time distributions when one species' times depend on a continuous parameter, and 
by Deijfen, Haggstrom, and Bagley [DHB04] to a two-type continuum "outburst" process 
in R d analogous to first-passage competition. 

At first glance, it may seem strange that Theorem 1.5 has not been extended to include 
all values of A2 / Ai. Intuitively, we expect that Pr(CoexA li A 2 (^4i ) ^2)) should decrease 
as A = A2/A1 moves farther away from 1. Since Theorem 1.5 implies that we can choose 
A arbitrarily close to 1 such that Pr(CoexA li A 2 ( y ^i) ^2)) = 0, such monotonicity would 
imply that coexistence is impossible for all A 7^ 1. However, it is not obvious how to prove 
that the probability of coexistence is monotone in A. In fact, although this monotonicity 
property is certainly plausible for the integer lattice Z d , Deijfen and Haggstrom [DH06b] 
have shown that there are other (highly non-symmetric) graphs where monotonicity of 
coexistence probabilities does not hold. 

Haggstrom and Pemantle's proof of Theorem 1.5 relies critically on the following result, 
which shows that if coexistence occurs, then the total region occupied by both species 
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satisfies the same Shape Theorem as the slow species. To state the result, let 

^ A) (t) = ^ lA) WU^ A) (i) (1.2) 

denote the region in Z, d occupied by both species at time t in a two-type process started 
from (A\,A2), and define the shape function [n for species i to be the norm on M. d given 
by Theorem 1.1 for the one-type process using species i's traversal times n. 

Theorem 1.6 (Coexistence implies slow growth [HPOO, Lemma 5.2]). Consider the two- 
type Richardson model on 7j d with rates X± and A2 and corresponding shape functions m 
and H2 for the two species. If \\ > A2 and (A\, A2) is a finite starting configuration in "L d , 
then almost surely on the event Coex^ lj ^ 2 (Ai, A2), for any e G (0,1] there exists t e < 00 
such that 

C(l + e )t^ M2 forallt>t e , 

where B^ 2 is the unit ball for species 2's shape function, ^[^'^ {t) is defined by (1.2), and 
lV} = V+[-±,±] d forVCZ d . 

To prove Theorem 1.5 from Theorem 1.6 , Haggstrom and Pemantle employ a mono- 
tone coupling over all A2 G (0, Ai] of the two-type processes V^xf^it) with rates (Ai,A2), 
where the monotonicity of the coupling is with respect to A2 and the ordering on processes 
we describe in Section 2.5.2; for more details, see [DH08], [BlalO]. The lower bound in 
Theorem 1.6, i.e. the fact that the overall growth is at least as fast as the slow species, 
is essentially trivial; see e.g. [HPOO, Lemma 3.2] or [GM08, Lemma 1.1]. The hard part 
of Theorem 1.6 is proving the upper bound, i.e. showing that if coexistence occurs, then 
the fast species is actually constrained to grow at the same macroscopic rate as its slower 
competitor. The idea is to show that if the fast species gets a big enough head start, then 
with high probability it is able to conquer a family of expanding /ii-spherical shells that 
spiral around and cut off the slow species. Haggstrom and Pemantle prove this key result in 
[HPOO, Proposition 2.2]; once this is established, it follows from the strong Markov property 
that if species 1 reaches outside the ball (1 + e)tB^ 2 infinitely often, then species 2 will lose. 
The key result [HPOO, Proposition 2.2], which we will state more formally in Chapter 5 as 



(1 - e)t£ M2 C 
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Proposition 5.17 (p. 228), is essentially a stochastic version of a purely geometric result de- 
scribing the growth of an analogous deterministic competition process started with the slow 
species initially occupying a ball and the fast species initially occupying a single point on 
the boundary of the ball. We describe this deterministic process in Section 1.2.3 below, and 
in Section 3.4.1, we will see that from this "point vs. ball" starting configuration for the de- 
terministic process in 1R 2 , the slow species is only able to conquer a bounded "heart-shaped" 
region enclosed by two partial logarithmic spirals, which is the same geometry appearing in 
the proof of [HPOO, Proposition 2.2]. 

One of the main motivations for the present work was to prove a strengthened version 
of Theorem 1.6, putting additional restrictions on the growth of the fast species when 
coexistence occurs. Our main result in this direction is Theorem 1.13 in Section 1.3.5 
below. In the same vein as Theorem 1.6 and Theorem 1.13 are the results proved by Garet 
and Marchand in [GM08] . The main result of [GM08] shows that almost surely on the event 
of coexistence, the fast species cannot occupy too large a fraction of the boundary of the 
growing region, and in dimension d = 2, it is almost surely impossible for the both species 
to finally occupy a set of positive density in the plane. 

In addition to strengthening Theorem 1.6, the other main focus of this thesis is to 
consider the question of coexistence when one species initially occupies an unbounded set 
and the other species starts at a single point. This question was first addressed by Deijfen 
and Haggstrom [DH07], who considered the case where A\ = {0} and A 2 is either the half- 
space J = {v G Z d : vi < 0} or the half-line L = {v G Z d : v 1 < and vj = for all j ^ l}, 
where we write v = (yi, . . . , v^) for a point in 7L d . Their main result is the following. 

Theorem 1.7 (Survival from "point vs. half-space" or "point vs. half-line" [DH07]). Let 

J = {v £ Z d : v 1 < 0} and L = {v G Z d : v\ < and Vj = for all j / l}. Then for the 
two-type Richardson model on 7j d with rates Ai and A2, 

1. Pr(CoexA l5 A 2 (0, «/)) > if and only if Ai > A2. 



2. Pr(Coex Al ,A 2 (0,L)) > if and only if X 1 > X 2 . 
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In short, Theorem 1.7 says that if species 1 is strictly faster, then it is able to survive 
against either the half-line L or the larger half-space J, but if the two species have the same 
growth rate, then species 1 can only survive against the smaller set L. Note that, in contrast 
to the situation for finite initial configurations, Theorem 1.7 identifies exactly which speed 
ratios allow coexistence from the infinite starting configurations (0, J) and (0, L). The 
main reason this is possible is that while the event of coexistence is non-monotone for finite 
initial configurations, for semi-infinite configurations such as (0, J) and (0,L), coexistence 
is reduced to the monotone event that species 1 survives. 

We now briefly discuss the proof of Theorem 1.7. First consider the subcritical case 
Ai < A2, so species 1 is strictly slower than species 2. The fact that coexistence is im- 
possible from either configuration in this case follows easily from the key result [HPOO, 
Proposition 2.2] of Haggstrom and Pemantle, mentioned above. In fact, [HPOO, Proposi- 
tion 2.2] (cf. Proposition 5.17) implies that if Ai < A2 and A\ is finite, then species 1 cannot 
survive against any infinite set A2. 

Now consider the critical case Ai = A2- When the two species have equal growth rates, 
the two-type process can be reduced to a one-type process by using the same collection 
of traversal times T\ = T2 = r for the two species, simplifying the construction of the 
process and making it possible to exploit various symmetries. The proof that coexistence 
is possible when Ai = A2 from the configuration (0, L) is similar in spirit to the coexistence 
proofs appearing in [HP98] and [GM05]; in fact, Deijfen and Haggstrom use their result 
to give a simple proof of coexistence for finite starting configurations in the case Ai = A2 
[DH07, Theorem 6.1]. The most difficult part of Theorem 1.7 is showing that coexistence 
is impossible from the configuration (0, J) when Ai = A2. The basic idea is to consider the 
family of hyperplanes H n = jv £ 7L d : v\ = n} and argue that the number of vertices in H n 
infected by species 1 converges almost surely to as n — > 00. This is accomplished by first 
using a symmetry argument to conclude that the expected number of vertices in H n infected 
from the origin equals 1 for any n (and in particular is bounded as n — > 00), then introducing 
a filtration and applying Levy's 0-1 law. We mention that Deijfen and Haggstrom's result 
was in fact stated for the initial configuration (0, Hq \ {0}) rather than the configuration 
(0, J) above. However, this is equivalent to the version stated in Theorem 1.7 because of 
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Theorem 1.9 below about the irrelevance of the initial location of species 1 when species 2 
starts on an infinite set. In particular, note that the combination of Theorem 1.9 with 
Theorem 1.7 shows that in the critical case Ai = A2, species 1 cannot survive when species 2 
initially occupies a hyperplane (or half-space), no matter how far away from the hyperplane 
species 1 starts. 

The remaining case in Theorem 1.7 is the supercritical case Ai > A2, in which species 1 
is faster. Note that once it is established that coexistence is possible from the initial con- 
figuration (0, J) when Ai > A2, the same result follows trivially for the configuration (0, L) 
since L C J. This leaves the proof of the "if direction of Part 1 of Theorem 1.7. Deijfen 
and Haggstrom prove this result [DH07, Proposition 3.1] by combining a Shape Theo- 
rem for a one-type process started from J (which follows from large deviations estimates 
for first-passage growth) with a Shape Theorem for first-passage percolation restricted to 
a half-cylinder in the direction of the first coordinate axis. The idea is to show that if 
Ai > A2, then there is a positive probability that species 1 gets a big enough head start 
over species 2 that it is able to take over the entire half-cylinder without interference. The 
proof of this result was the main inspiration for several of the results in this thesis. In 
particular, in Chapter 5 we use the same basic idea to generalize the results of Theorem 1.7 
for non-critical speed ratios to the case where A\ is a point and A2 is the complement of a 
cone-shaped region in Z d . See Section 1.3.4 below. 

One challenge in writing this thesis was to formulate an explicit construction of first- 
passage competition that works for infinite starting configurations when the two species' 
collections of traversal times {t\ and T2) have different distributions. Deijfen and Haggstrom 
[DH07] study the two-type Richardson model with unbounded starting configurations but 
do not explain how to construct the process for such configurations. Garet and Marchand 
[GM08] give an explicit algorithmic construction for general traversal times, but it only 
works for finite starting configurations. The papers [GM05] and [Hof05] give constructions 
that work for any starting configuration, but only when the two species share a common set 
of traversal times r. In this case, the regions finally conquered by the two species are just 
the Voronoi cells for the initial sets A\ and A2 with respect to the r-induced shortest-path 
pseudometric T on That is, the region conquered by species 1 is just the set of vertices 
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m Z d that are T-closer to the set A\ than to the set A2, and similarly for species 2. Once the 
finally conquered sets are identified, it is easy to define the time-evolution of each species 
as a restricted first-passage percolation process. 

In Chapter 2 we develop a variant of this Voronoi-cell construction of the two-type 
process that works for infinite starting configurations and a general pair of collections of 
traversal times. Moreover, our construction generalizes naturally to any pair or tuple of 
metrics defined on a common space. 2 In particular, we are able to explicitly construct 
the limiting deterministic M d -process in Chapter 3. The resulting deterministic process 
is a generalization of "multiplicatively weighted crystal Voronoi diagrams," which have 
been studied in computational geometry in relation to crystal growth, ecology, path-finding 
algorithms, and other applications, but never formally defined except in an "operational" 
or "computational" sense. We discuss this deterministic process further in Section 1.2.3 
below. 

First-passage competition and related models have been studied by a number of other 
authors, including [Pim07], [Pimll], [ADMP11], [DHB04], [DH04], [KL05], [Gou07], [Hof08], 
[GM08]. 

1.2.3 Deterministic First-Passage Competition inM. d and Connections with Crystal- Growth 
Voronoi Diagrams 

In Chapter 3 we construct deterministic first-passage competition in M. d in a manner that 
parallels the construction of the two-type competition process in Z d from Chapter 2. The 
purpose of the deterministic process is to provide an approximation to the random process 
on large scales, via large deviations estimates for the Shape Theorem. Instead of using 
a collection of edge traversal times f = (t\,T2) to run the process, the growth of the 
deterministic process is governed by a pair of norms Jx = (^1,^2) on M. d . If x, y 6 M. d , the 
distance ^(y — x) represents the time it takes species i to travel in a straight line from 
x to y. Thus, in the absence of the other species, the set of points species i reaches from 

2 More precisely, the two- type process is constructed using a tuple of length structures, a concept from 
metric geometry (cf. Burago et al. [BBI01] or Gromov [Gro99]) that we will discuss briefly in Chapter 2. 
One way to obtain these length structures is to start with metrics, but for first-passage competition on a 
graph, the fundamental objects are the length structures, not the metrics, which contain less information. 
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the point x by time t is just B^.(t) = {y € M. d : m{y — x) < i}, i.e. the closed //j-ball of 
radius t centered at x. When both species are present, then just like in the Z d -process, the 
two species are not allowed to occupy the same space (except along the common boundary 
between the two species' conquered regions), and whichever species arrives at a point first 
permanently occupies that point thereafter. The time it takes species i to reach a point 
within its conquered region is computed using a shortest path lying entirely within this 
region, where the path length is measured with respect to the norm m. 

One can imagine this deterministic competition process as a model of crystal growth. 
Suppose two types of crystals start on disjoint "seed sets" A\ and Ai in M. d , and each type 
of crystal then begins growing from its seed Ai with deterministic speed dictated by the 
norm /ij. The two crystals will eventually cover the whole space R d , partitioning it into 
two disjoint connected regions, each containing one of the seed sets. If one type of crystal 
grows faster than the other in some direction, then as the faster crystal grows it will "wrap 
around" the region already occupied by the slower crystal. 

In fact, Schaudt and Drysdale [SD91] have already introduced this growth model for 
an arbitrary finite number of crystals in M 2 , in the special case where each crystal's norm 
is a multiple of the Euclidean norm and each seed Ai is a single point. The authors call 
the resulting partition of M 2 the multiplicatively weighted crystal-growth Voronoi 
diagram, and the analogous definition makes sense in any dimension d. The descriptor 
"multiplicatively weighted" refers to the fact that each crystal's norm is obtained by scaling 
a single norm by some multiplicative constant, meaning that the crystals are allowed to grow 
at different rates. If the multiplicative weights are all equal, so that all the crystals grow 
at the same rate, then the resulting partition of is just the ordinary Voronoi diagram 
induced by the seed sets, in which the seed Ai captures all the points in M. d that are closer 
to Ai than to Uj^i A? ^ n ^ ne crystals' common norm metric. On the other hand, if one 
computes the Voronoi regions for seed sets with different multiplicative weights, without 
taking into account the "wrap-around" effect exhibited by physical crystal growth, then 
one obtains the multiplicatively weighted Voronoi diagram, in which some cells may be dis- 
connected. There is also an additively weighted Voronoi diagram, obtained by allowing 
identical crystals to start growing at different times. When we analyze the deterministic 
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first-passage competition process in Chapter 3, we will define (in Section 3.3.2) a type of 
weighted Voronoi region that generalizes both of these weighted versions, as a first approxi- 
mation to the crystal-growth Voronoi regions we are ultimately interested in. In Section 3.4 
we will explicitly describe the geometry of the crystal-growth Voronoi diagrams for certain 
starting configurations (A, A), in the simplest case of two crystals with speeds given by 
multiples of the Euclidean norm. 

Crystal-growth Voronoi diagrams were introduced by Schaudt and Drysdale [SD91] and 
have been studied further by Schaudt [Sch92] and by Kobayashi and Sugihara [KS02]. 
The papers [Sch92] and [KS02] introduce two different algorithms for approximating the 
diagram, which is a nontrivial problem. The three papers also suggest some possible appli- 
cations of crystal-growth Voronoi diagrams. For example, Schaudt [Sch92] mentions some 
applications previously modeled using ordinary Voronoi diagrams, including modeling ter- 
ritories dominated by animals (possibly with additional natural obstacles), or regions of 
ground eventually covered by, e.g. patches of clovers. Kobayashi and Sugihara [KS02] apply 
their algorithm to compute a collision-free path for a robot moving among enemy robots. 
Kobayashi and Sugihara also introduced a "generalized crystal Voronoi diagram" which gen- 
eralizes both the multiplicatively weighted Voronoi diagram and the crystal-growth Voronoi 
diagram, and can be used to interpolate between the two. 

However, all three papers [SD91], [Sch92], [KS02] treat the crystal Voronoi regions from 
a computational perspective, describing algorithms to approximate the regions without 
ever providing a formal definition of the region being approximated, instead relying on 
the informal description of crystal growth given above. My contribution to this problem 
in Chapter 3 is to provide a concrete definition of the crystal-growth Voronoi cells for an 
arbitrary pair of norms, demonstrating that the above crystal growth process is a continuum 
analogue of the first-passage competition process in Z d . As far as I am aware, no such formal 
definition has been previously proposed. 

1.3 Main Results and Organization of This Thesis 

The preceding sections were intended to familiarize the reader with first-passage percolation 
and first-passage competition, providing background and motivation for the present work. 
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We now provide a more detailed description of the content of this work. 

1.3.1 Existence of First-Passage Competition and Irrelevance of Starting Configuration 
(Chapter 2) 

In Chapter 2 we formally describe the probability space for the one-type and two-type 
processes and introduce all the definitions and elementary results needed to construct the 
two-type first-passage competition process in 7j d , in Definition 2.10 (p. 52). Our first main 
result is the following theorem, which is proved in Propositions 2.14 and 2.16 (pp. 55-58). 

Theorem 1.8 (Existence of a well-defined FPC process on Z d ). Suppose that for i £ 
{1,2}, the distribution function of Tj(e) is continuous and Efr^e)] 1 / 2 < oo, and let f = 
{ (ri(e), T2(e)) } egE ( Z d) be i.i.d. Then there almost surely exists a well-defined two-type com- 
petition process r]f Al ' A2 \t) that behaves in the manner described in Section 1.2.1 for all pairs 
of disjoint starting sets (A\,A2) £ 2^ d x 2^ d . In particular, the construction of the two-type 
process in Definition 2.10 works when one or both starting sets is infinite and when the two 
species use different collections of traversal times. 

Theorem 1.8 is actually true for a wider class of traversal times. In particular, the 
assumption E[rj(e)] 1//2 < oo can be replaced by the weaker moment condition appearing in 
the Shape Theorem, and the continuity assumption can be relaxed somewhat; the precise 
assumptions on f will be given in Chapter 2, namely Lemma 2.8 (p. 49). 

The highlight of Chapter 2 is Theorem 2.35 (p. 92), which is an analogue for infinite 
starting configurations of the "irrelevance of starting configuration for the possibility of 
coexistence" results proved in [DH06a] and [GM05] for finite starting configurations (The- 
orem 1.2 above). The following result is a corollary of Theorem 2.35. 

Theorem 1.9 (Irrelevance of starting configuration for the possibility of survival). Suppose 
f satisfies the hypotheses of Theorem 1.8 and also Pr{ri(e) < e} > for all e > 0. In a 
two-type process constructed from the traversal times f, if species 2 initially occupies a fixed 
infinite subset A2 ofL d , and species 1 can survive with positive probability from some finite 
initial set A\ C Z d \ A2, then species 1 can also survive with positive probability from any 
other finite initial set A\ in the same component of 7j d \ A^. 
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The proof of Theorem 2.35 will require several elementary but technical properties of 
the two-type process (in particular Lemmas 2.20, 2.22, and 2.31), which will be developed 
throughout Chapter 2. 

1.3.2 Definition of First-Passage Competition in M. d and Deterministic Analogues of Stochas- 
tic Competition ( Chapter 3) 

In Chapter 3 we will define deterministic first-passage percolation and first-passage com- 
petition in R d . We will construct these one-type and two-type deterministic processes in 
a manner that parallels the constructions in Chapter 2, giving a formal definition of the 
crystal-growth Voronoi cells in Definition 3.11 (p. 118). The main purpose of the deter- 
ministic Reprocesses is to provide approximations to the random Z d -processes on large 
scales, via large deviations estimates for the Shape Theorem. The tools for making such 
approximations will be developed in Chapters 4 and 5. 

In addition to providing the framework for defining deterministic first-passage competi- 
tion in Section 3.3.1, Chapter 3 serves two other functions. In the first half of the chapter 
we introduce various elements of basic convex geometry that will be needed to analyze both 
the deterministic and random processes. The latter half of the chapter focuses on describing 
the behavior of the deterministic competition process for the same class of starting configu- 
rations we are interested in for the random two-type process, namely those in which species 
1 starts at a single point and SPECIES 2 starts on the entire exterior of a cone. In particular, 
the behavior of the deterministic process described in Sections 3.5 and 3.6 serves as a model 
for the behavior of the stochastic first-passage competition process in Chapter 5. We will 
describe the main results from Section 3.6 in parallel with the main results for Chapter 5 
below. 

1.3.3 Large Deviations for Growth in Cones and Other Star Sets ( Chapter 4 ) 

In Chapter 4 we study the (one-type) first-passage percolation process restricted to sub- 
graphs of Z d . We are in particular interested in obtaining lower bounds on the growth 
of the process in cone-shaped regions in Z d , because our analysis of the two- type process 
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in Chapter 5 will focus on competition that takes place entirely within a cone. It will be 
convenient to describe these cone-shaped subgraphs in terms of subsets of R d . Namely, 

, A~ S 

for A C S C IR , we will define an "S'-restricted" first-passage percolation process rj T ' (t) 
by restricting the process's growth to the induced subgraph of Z d containing the vertices 
closest to S, and then using cube expansion to treat this process as a subset of S rather 
than a subset of the lattice. Our goal will be to obtain large-deviations estimates for the 
growth of such S'-restricted processes, for various choices of the restricting set S. 

Starting with a basic large deviations estimate (Lemma 4.9, p. 170, taken from [GM08, 
Proposition 2.1]) for the unrestricted one-type process, we use a sequence of bootstrap 
arguments to prove large deviations estimates for the one-type process restricted to increas- 
ingly general classes of subsets of M. d . Our main result applies to a certain class of "thick" 
star-shaped sets which we call "^-stars" because they are defined in terms of the norm jjl 
corresponding to the one-type process. More precisely, for any z G R d and 5 > 0, we say 
that S C M. d is a (//, <5)-star at z if for every x G S, the line segment [z, x] is contained in S 
(i.e. S is star-shaped at z) and there is a /^-ball B of radius ■ /x(x — z) with x € B C S. 
A /i-star at z is then any set that is a (//, <5)-star at z for some 5 > 0. The main result of 
Chapter 4 is Theorem 4.20 (p. 190), which can be stated in simplified form as follows. 

Theorem 1.10 (Large deviations estimate for growth in thick star-shaped sets). Let r = 
{ T ( e )}eeE(z d ) ^ e a collection of i.i.d. nonnegative random variables satisfying Pr{r(e) = 
0} < p c (^ d ) and Ee feT( - e ) < oo for some b > 0, and let [i be the shape function for r from 
Theorem 1.1. Given e G (0, 1], there exist positive constants C and c such that if 5 £ (0, 1] 
and S is a (/x, 5) -star at z 6 then for any to > 0, 

Pr{^ ;5 (t) D B£((l - e)t) n S /or a// 1 > t } > 1 - ^Ce^'', 

where rp (t) is the one-type process started from z and restricted to S, and for any r > 0, 
B*(r) := {x G M. d : /i(x — z) < r} is the fi-ball of radius r centered at z. 

For example, note that if S is a (fi, <5)-star at the origin 0, then so is rS for any r > 0. 
Thus, if we consider a one-type process started from and restricted to rS, then taking to 
proportional to r in Theorem 1.10 shows that as we scale the picture up by r, the proba- 
bility that the growth of the restricted random process looks like that of the corresponding 
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restricted deterministic process (up to an error of et at time t) converges exponentially to 
1. Note, however, that the large deviations estimate for growth in (//, <5)-stars gets worse 
as the thickness 5 approaches 0. This is to be expected since the asymptotic growth rate 
of the 5-restricted process in Theorem 1.10 is bounded below by the growth rate of the 
corresponding unrestricted process, whereas a first-passage percolation process restricted 
to, for example, a line (corresponding to 5 = 0) grows strictly slower than an unrestricted 
process. 

As a special case of Theorem 1.10, we can take the (//, #)-star S to be an infinite cone 
generated by a /x-ball. Namely, for S < 1, we define a (/x, 5)-cone at z = to be a set of the 
form C = U h>0 B^ v (8h), where v £ R d is a /x-unit vector (i.e. fx(v) = 1) and B^ v (5h) is the \i- 
ball of radius Sh centered at hv. Note that by the triangle inequality for //, the (//, £)-cone C 
is in fact a (/x, <5)-star according to the definition above, and moreover, C is scale- invariant, 
meaning that rC = C for r > 0. Taking z = and S = C in Theorem 1.10 shows that a one- 
type process started from the origin and restricted to C grows asymptotically as fast as an 
unrestricted process, and moreover we get a large deviations estimate for the corresponding 
shape theorem in C. More generally, the same result holds with S equal to any union of 
(fi, £)-cones at 0. This large deviations estimate for growth in cones can be compared with 
the results of Ahlberg [Ahlllb], who proved a shape theorem and large deviations estimates 
for first-passage growth in a large class of infinite "tube-shaped" subgraphs of Z d , which 
may have widths that increase much more slowly than the linearly expanding cones we 
consider. 

1.3.4 Competition in Cones (Chapters 3 and 5) 

In Chapter 5 we are interested in describing the two-type competition process in the case 
where one species starts on the exterior of a cone in M. d , and the other species starts at 
a single point inside the cone. In particular, when is the species inside the cone able to 
survive, that is, conquer an unbounded set? 

We answer this question in terms of the geometry of the cone by considering the behavior 
of the deterministic competition process in Chapter 3. Our results generalize those of Deijfen 
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and Haggstrom [DH07] (i.e. Theorem 1.7 above) and we will use them to prove Theorem 1.13 
below. The main idea is as follows. Suppose that in the deterministic process, the species 
starting at the single point is faster than the species starting on the infinite exterior of the 
cone. If we consider some family of cones with a common axis but varying thickness, then 
there is some critical thickness above which the fast species can survive inside the cone 
and below which it can't. Conversely, for a fixed cone there is some critical speed for the 
species starting inside the cone, above which it can survive and below which it can't. For 
the deterministic process, the critical thickness and critical speed can be computed from 
the geometry of the cone and the norms \i\ and fi2 of the two species. It turns out that 
the critical values for the random process are the same as those of the deterministic process 
with fii and ^2 chosen to be the shape functions for the two species in the random process, 
i.e. the norms appearing in each species' Shape Theorem. 

For the present discussion, we can define a cone C in M. d to be either a closed half-space 
or else the d-dimensional analogue of an infinite cone as defined in elementary Euclidean 
geometry. For example, an infinite pyramid in M 3 is such a cone, and in this case we call the 
top of the pyramid the apex of the cone, and we call the ray pointing vertically downward 
from the apex the axis of the cone. We will call C a round cone if its cross-section is a 
Euclidean ball of dimension d — 1, in which case we can define the thickness of the cone 
to be the angle between the axis and any boundary ray of the cone, measured at the apex. 
Any cone C according to the informal definition given here is homeomorphic to a closed 
half-space in M. d . In the following theorems, we also assume that the cone is convex in 
order to simplify the statements, though we will relax this assumption when we analyze 
the competition processes in Chapters 3 and 5. We first state the main results for the 
deterministic competition process, found in Section 3.6, and then we state the analogous 
results for the random competition process, found in Section 5.4. 

Theorem 1.11 (Deterministic first-passage competition in cones). Consider a deterministic 
two-type process run using the pair of norms p, = (//i,/^) on ^- d , in which species 1 starts 
at the origin 0, and species 2 starts on the exterior of a convex cone C with apex 0. 

1. Suppose the norms (^1,^2) of the two species are fixed, and there is some direction in 
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which species 1 is faster than species 2, meaning that there is some uGM^ {0} such 
that /ii(f) < li%(v). If we vary the thickness 5 of a family of round cones C with apex 
and axis in the direction of v, then there is some critical thickness S c > above 
which species 1 conquers a subcone of C and below which it conquers nothing but 0. 

2. Suppose the cone C is fixed, and we vary the speed of species 1 by scaling its norm 
while holding the norm of species 2 constant. That is, the norm (12 is fixed, and we 
set ii\ = Ar l [i for some norm fi and some A > 0. Then there is some critical speed 
factor A c G (0, 00) above which species 1 conquers a subcone of C and below which it 
conquers only 0. 

Theorem 1.11 follows from Proposition 3.35 (p. 141). Here is the corresponding state- 
ment for the random process, which follows from Theorem 5.12 (p. 221). 

Theorem 1.12 (Stochastic first-passage competition in cones). Let f = (t\,T2) be a collec- 
tion of i.i.d. random traversal time pairs on E(Z d ) satisfying the conditions of Theorem 1.9 
and also Ee^' e ' < 00 for some b > and i G {1,2}. Let ^ be the shape function (norm) 
for Ti from the Shape Theorem 1.1, and consider a random two-type process run with the 
traversal times f, in which species 1 starts at the origin 0, and species 2 starts on the 
exterior of a convex cone C with apex 0. 

1. Let the distributions of ri(e) and T2(e) be fixed. Suppose there is some v G M. d \ {0} 
such that i-ii(v) < H2(v), and suppose we vary the thickness S of a family of round 
cones C with apex and axis in the direction of v, as in Part 1 of Theorem 1.11. If 
5 C is the corresponding critical thickness for the norm pair (fii,^), then for 5 > 5 C , 
species 1 conquers a subcone of C with positive probability, and for 5 < 5 C , species 1 
almost surely conquers only a bounded set. 

2. Suppose the cone C is fixed, and we vary the speed of species 1 by scaling its traversal 
times Ti(e) by some constant multiple A -1 while fixing the distribution of species 2's 
traversal times T2(e). Then there is some critical speed factor A c G (0, 00) above which 
species 1 can survive in C and below which it can't. 
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1.3.5 Coexistence from Finite Starting Configurations (Chapter 6) 

In Chapter 6 we consider Markov first-passage competition (the two-type Richardson model) 
started from finite initial configurations. The main result is Theorem 6.1 (p. 232), which 
has the same flavor as Haggstrom and Pemantle's Theorem 1.6 above, putting restrictions 
on the growth of the fast species when coexistence occurs. The following is a restatement 
of Theorem 6.1. 

Theorem 1.13 (Coexistence implies fast species can't touch support hyperplanes) . Con- 
sider the two-type Richardson model with rates \\ and X2, and suppose \\ > A2. Let 
(A±,A2) be a finite initial configuration, and let H be the event that in the process started 
from (Ai,A2), there exists a sequence of times {t n }neN with t n — > 00 such that at each time 
t n , SPECIES 1 occupies some vertex on the boundary of the convex hull of the set rf^J^ 2 ^ 
Then Pr(Coex Al ,A 2 (Ai, A 2 ) D H) =0. 

It is not hard to see that Theorem 1.13 actually implies Theorem 1.6, as we will explain 
in Chapter 6. In fact, the proof of Theorem 1.13 is a bootstrap argument, employing 
Theorem 1.6 at a crucial step to obtain the stronger result. The idea of the proof is to 
combine the results about competition in cones from Section 1.3.4 and growth in cones 
from Section 1.3.3 with Theorem 1.6 and the strong Markov property. In particular, if 
species 1 is faster than species 2, then Theorem 1.12 implies that species 1 can conquer a 
cone with positive probability if it starts at a single point on the boundary hyperplane of 
any half-space initially occupied by species 2. Thus, if the starting configuration is finite 
and species 1 ever reaches a support hyperplane of the total occupied region, then species 1 
has a positive probability of conquering a cone, because at any such time, species 1 is on the 
boundary of a half-space containing species 2. Now, if species 1 conquers a cone, the results 
of Section 1.3.3 imply that the growth of species 1 in this conquered cone is asymptotically 
as fast as its unrestricted growth. On the other hand, since Theorem 1.6 implies that on the 
event of coexistence the overall growth rate must be the same as that of the slow species, 
we see that if species 1 manages to conquer some cone, then coexistence cannot occur 
because the overall growth would be too fast. To summarize, any time species 1 reaches a 
support hyperplane of the occupied region, it has a positive probability of outrunning and, 
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by Theorem 1.6, surrounding species 2, preventing coexistence from occurring. Applying 
the strong Markov property at the times when species 1 reaches a support hyperplane will 
show that there can only be finitely many such times if coexistence occurs. 

1.4 Basic Definitions and Notation 

In this section we summarize the standard notation and basic definitions used throughout 
the paper for easy reference. 

1.4-1 Sets, Functions, and General Notation 

Y x = {all functions from X to 1"}; 2 X = power set of X; J\a = the restriction of the 
function / to A] pairwise max V and min A; | • | denotes absolute value or cardinality; f(t+) 
and f(t—) denote the right-hand and left-hand limits of the function / at t; A := B or 
B =: A means the definition of A is B. 

14.2 Probability 

Pr = probability measure; E = expectation operator; 1a = indicator function of A; {. . .} = 
"the event that. . . "; C denotes the law (distribution) of a random element; i.i.d. means "in- 
dependent and identically distributed"; = means equal in distribution; "X ~ . . ." indicates 
that the random variable X is distributed according to a specified distribution; E h = the 
complement of the event E\ product £g> for cr-algebras or measures, e.g. v® n ; convolution * of 
measures, e.g. u* m ; if {A n } n >o is a sequence of events, "i.o." and "ev." stand for "infinitely 
often" and "eventually," i.e. {A n i.o.} := f| m >o U„> m ^« and {A n ev.} := {J m > f)n>m A n- 

1.4-3 Euclidean and Lattice Geometry 

Let d be a positive integer. The d-dimensional Eucliedan space M d is the set of all d-tuples 
x = (xi, . . . , Xd) with Xj 6 R (the real numbers) for all j. We reserve bold type lower case 
letters (e.g. x, y, a, u, v) for points in Euclidean space. We write = (0, . . . , 0) for the 
origin in M. d and ei, . . . , for the standard basis vectors in M. d , i.e. ei = (1, 0, 0, ... , 0), 
e2 = (0, 1, 0, . . . , 0), etc. The d-dimensional integer lattice Z d is the set of u 6 R rf with each 
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Uj an integer, treated as a graph in which two vertices are adjacent if the Euclidean distance 
between them is one. The d-dimensional upper half-space is M d = {x G R d : Xd > 0}. We 
write R + or [0, oo) for the set of nonnegative real numbers, N for the set of nonnegative 
integers, and N^o for the set of positive integers. If A C R d , we write A°, A, and 
dA for its interior, closure, and boundary, respectively. We write ext(A) = R d \ A 
for the exterior of A, and we define the shell of A by shell(A) := R d \A°. We also 
occasionally use the term "spherical shell" informally to mean the region lying between 
two concentric spheres. We denote the Euclidean inner product on R d by (-, •); that is, 
(x, y) = Yli=i x iUi f° r x iy G We denote Lebesgue measure on R d by m^. 

For two subsets A,BC R d , the Minkowski sum of A and B is A + B := {x + y : x G 
ij g B}. Similarly, if I C M and A C R d , we define the product I ■ A = IA := {rx : 
r G /, x G A}. If A, B, or / is a singleton, we write its unique element instead of the set 
when using set operations such as these. If x, y G R d , we let [x, y] := x + [0, 1] • (y — x) 
denote the closed line segment from x to y, and we similarly define the "open" line 
segment (x, y) and "half-open" segments (x, y] and [x,y). If additionally x / y, we let 
xy" := x + (0, oo) • (y — x) denote the "open" or "blunt" ray originating at x and passing 
through y, and we write *xy for the corresponding closed ray. In the case x = 0, we use 
the shorthand y := Oy = {ry : r > 0} and *y := Oy = {ry : r > 0}. 

For r > 0, the map x i— > rx is called a uniform scaling or homothety of M. d with center 0. 
More generally, for r > and a G M. d , we let r a denote the homothety with scaling factor 
r and center a, defined by r a x := a + r(x — a) for x G The map r a : R d — > M. d "zooms 
in" on the point a if r > 1 and "zooms out" from a if r < 1. That is, any closed ray 'ay' is 
invariant under r a , and each point x G *ay^ mapped to the point x' G *ay^ whose distance 
from a is r times the distance from x to a. By analogy with the Minkowski product notation, 
if I C R + and A C R d , we define I a := {r a : r G /} and I a A := {r a x : r G /, x G ^4}. 
Note that (M + ) a is a commutative semigroup with identity l a , and the subset (0, oo) a is an 
abelian group. 

Let ||-|| stand for an arbitrary norm on R d . We write and Sy 1 for the closed unit 
ball and unit sphere with respect to ||-||, i.e. B^.^ = {x G R d : ||x|| < 1}, and SjfTj 1 = 
= {x G R d : ||x|| = 1}. Also, for x G R d and r G R, we write B^Jr) := x + rBn.u for 
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the closed ball with ||-||-radius r and center x, and we refer to any such ball (or its interior) 
as a ||-||-ball. If v G R d \ {0}, we write V\\.\\ := v/\\v\\ for the ||-||-unit vector in the 
direction of v. We write dist||.|| for the translation-invariant norm metric associated with 
|| -||; thus, if A,B C R d , then 

dist| M | (A, B) := inf{||y - x|| : x G A, y G B}. 

If x G ff 1 and A C M d , we say that y is a || • ||-closest point in i to x if y 6 i and 
distil. II (y, x) = distj|.j| (A, x). Such a y always exists if A is nonempty and closed, and any 
such y lies in dA (cf. Lemma B.l), but y need not be unique in general. If fi\ and fi2 are 
norms on R d , the dilatation 3 of /i2 with respect to /ii is 



/i2 
Ml 



sup 



where ||-||l°° denotes the essential sup norm for measurable functions on M. d . Geometrically, 
dil M1 (//2) is the //2-radius of the smallest //2-bah 1 that contains a unit pi-ball, i.e. dil /il (/i2) = 
infjr > : B ai C rB^ 2 }. The fact that any two norms on M d are equivalent means that 
< dil^ 1 ( / U2) < oo for any norms fi± and /i2- We denote the £ v d norm on M. d by \\-\\(P for 1 < 
p < oo (that is, ||x||^p = (X^^il^jP) 1 ^ for 1 < p < oo, and ||x||^oo = max{|xi|, . . . , |xrf|}). 

d J d 

For the f d norms, we abbreviate the above notations to B £ p, S^T 1 , dist^p, and diLjp. Note 



that Bgi and 8 d 2 1 are the closed Euclidean unit ball and Euclidean unit sphere in M d , 

and that \B^ = [— |, |] is the closed unit cube centered at 0. 

For any A C IR d , we define the cube expansion of A to be \A\ := A + ^B^, and 
we define the lattice approximation of A to be A := 1> d n [L4J. To make formulas more 

readable, we will sometimes denote the lattice approximation using more than three dots, 

aA a 

as in AA or AAAAAAA, or, failing that, with the symbol "lat", as in lat(A A ). Cube 
expansion of sets V <Z Z d and lattice approximation of sets A C M. d exhibit a sort of "duality" 

3 If (X, distx) and (Y, disty) are metric spaces, the dilatation (cf. [Gro99] or [BBI01]) of a function 
/: X — 5- Y is defined to be the minimal Lipschitz constant of / (or oo if / is not Lipschitz), i.e. 

disty (/(*), /(z')) 
dil/ = sup — -. r -. 

x ,x'ex distx(a;,a;') 

Our definition of dil M1 (/i2) above coincides with the dilatation of the norm \i2 viewed as a function between 
the metric spaces (K d ,dist M1 ) and (R + ,dist| . |). 
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between the lattice and Euclidean space; for example, note that \Z d } = R d and R d = Z d . 
Lemma B.2 enumerates several properties of these operations that we will use throughout 
the rest of the paper. 

I.4.4 The Graph Z d 

We consider the integer lattice 7L d both as a graph and as a subset of M. d . Two vertices 
u, v G 7j d are adjacent if dist^i(u, v) = 1, in which case we write e = {u,v} for the edge 
joining u to v, and we say that u and v are the endvertices of e. We denote the edge set of 
Z d by E(Z d ). Observe that dist^i coincides with the graph metric on Z d . If V is any subset 
of Z d , its induced subgraph is the graph with vertex set V and edge set E(V) consisting 
of all edges {u, v} G E(Z d ) with u,v£K We will frequently identify a set of vertices in Z d 
with its induced subgraph, using the two notions interchangeably. The boundary of V is 
the set dV of vertices in V that are adjacent to some vertex outside V, and the neighbor 
set of V is the set N(V) of vertices in Z d \V that are adjacent to V; thus, N(V) = d(Z d \V). 
The graph neighborhood of V is N[V] := VU N(V), which we can view as a set of vertices 
or an induced subgraph. 

If e = {u, v} with u G U and v G V, we say that e joins U to V or that e is a U-V 
edge, and we write E(U-V) for the set of all such edges. A boundary edge of V is any 
edge {u, v} G E(Z d ) with u G V and v G" V (equivalently, u G dV and v G N(V)), and we 
denote the set of boundary edges by Eq(V). Observe that Eg(V) = Eg(Z d \ V). We further 
define the complementary edge set and star edge set of V, respectively, by 

E C (V) := E(Z d ) \ E(V) and E*(V) := E(V) U E d (V). 

Thus, an edge is in E (V) if and only if at most one of its endvertices is in V, and an 
edge is in E*(V) if an only if at least one of its endvertices is in V. Note that E C (V) = 
E{1 d \ V) U E d (V) = E*(Z d \ V). The star edge set E*(V) can be identified with the edge 
set of the "star graph" V* of V, defined in Section 2.2.1. Lemmas B.5 and B.6 enumerate 
several relationships between various sets of edges, boundary vertices, and neighbor vertices. 

A path in 7L d is a finite or infinite sequence of vertices in which consecutive vertices are 
adjacent, together with the sequence of edges joining the consecutive vertices. We view a 
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path both as a pair of sequences, which give the path a well-defined direction or orientation, 
as well as the undirected connected subgraph of 2, d whose vertex and edge sets are the 
images of these sequences. (Our definition of "path" coincides with what is commonly 
called a "walk" on the lattice.) We call a path edge-distinct if its edge sequence has no 
repeated elements, and simple if its vertex sequence has no repeated elements. A simple 
path must be edge-distinct, but not conversely. 
If 7 = ((u , Ul , • • • , U)j-1, Un) , (si , . . . , &n 

)) is a finite path, we call u and u n the initial 
vertex and final vertex of 7, respectively. If U, V C we say that 7 is a path from U 
to V if 7 is a finite path whose initial vertex lies in U and final vertex lies in V. If we do 
not care about the orientation of the path, we may call any such 7 a path between U and 
V. A subpath of 7 is a path whose vertex and edge sets are subsequences of those of 7. If 
7 is a path in which the vertex u precedes the vertex v, we write 7(11, v] for the subpath of 
7 whose vertex sequence comprises all the vertices of 7 between u and v, inclusive. 

If II is a collection of paths in Z d , we call a path in II minimal if it is a minimal element 
of the partially ordered set (II, C), where C is the inclusion partial order on subgraphs, 
inherited from 2^ d . That is, 7 is a minimal path in II if there is no proper subpath of 7 
that is also an element of IT. Lemma B.7 gives an elementary result about minimal paths 
that will be used in Chapter 2. 
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Chapter 2 

FIRST-PASSAGE COMPETITION IN A RANDOM ENVIRONMENT 

First-passage percolation and the related first-passage competition models are perhaps 
best described as "deterministic motion in a random environment." 1 For first-passage pro- 
cesses on Z d or other graphs, the random environment is provided by a collection of random 
edge traversal times which induce a random metric (or pseudometric if some edges can 
be crossed instantaneously) on the underlying graph. Once the random environment, i.e. 
randomly edge-weighted graph, is given, the "motion," i.e. the evolution of the process, is 
completely determined. I feel that this distinction between the "deterministic motion" and 
the "random environment" is helpful for understanding the proofs of a number of results in 
first-passage percolation and first-passage competition, because many of the arguments are 
geometric rather than probabilistic in nature. This is certainly true of the present work, 
particularly for several proofs in Chapters 2, 4, and 5. Thus, throughout the paper I make an 
effort to separate the probabilistic arguments, i.e. those pertaining to the properties of the 
random traversal times, from the deterministic arguments, which pertain to the evolution of 
the process once a suitable collection of traversal times is obtained via a realization of some 
probability measure. I now describe in a bit more detail one way to formally conceptualize 
the "random environment" for the first-passage processes. 

In the one-type first-passage percolation process, one can think of the environment as a 
random (pseudo)metric space, and the "motion" or "growth" consists of a deterministically 
expanding metric ball in this space, as described in Section 1.1.1. However, the induced 
pseudometric on the graph carries strictly less information than the underlying collection 
of edge traversal times, and it is therefore better to think of the environment as a random 
length structure on the graph. A length structure consists of a class of admissible paths 



X I borrow this phrase from a talk given by Tom LaGatta at the 2009 Cornell Probability Summer School 
about his work on Riemannian first-passage percolation in R d . 
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in some space, together with a function for measuring their lengths. 2 For our purposes, the 
admissible paths comprise all graph paths in Z d (as defined in Section 1.4.4), and the length 
of a path is the sum of the traversal times of its edges. Once we know how to measure 
the length of any path, we have all the information needed to construct the first-passage 
percolation process. Moreover, given the length structure, we can define restricted first- 
passage percolation in any subgraph S C Z d by considering paths that are confined 
to S (see Section 2.2). On the other hand, knowledge of the induced pseudometric in 7 l d 
on its own does not provide enough information to construct the restricted first-passage 
percolation process in an arbitrary subgraph S, which will be essential to our definition and 
analysis of the two-type first-passage competition process. 

In the two-type (or re-type) first-passage competition model described in Section 1.2.1, 
the random environment consists of a graph endowed with a pair (or n-tuple) of random 
length structures, and each species grows according to its corresponding first-passage per- 
colation process until it is forced to take detours around the other species, perhaps being 
blocked entirely. Given a pair of length structures on Z d , we will see (in Section 2.4) how to 
construct the two-type process in terms of two families of restricted first-passage percolation 
processes. Our construction of the two- type process generalizes to pairs of length structures 
in other spaces. In particular, in Chapter 3 we will define first-passage competition using 
the length structures induced by a pair of norm metrics on M d , providing a deterministic 
analogue and large-scale limit of the random process studied in the present chapter. 

Chapter 2 is organized as follows. In Section 2.1 we describe the probability space for 
the one-type and two-type processes, and we introduce the concept of traversal measure as 
a convenient way to encode the random environment. In Section 2.2 we define restricted 
first-passage percolation and introduce a number of important basic concepts and notation 
that will be used throughout the paper. In Section 2.3, we show that on the probability 
space constructed in Section 2.1.1, the random environments for the one- type and two- type 
processes almost surely satisfy several deterministic properties that will be needed in our 



2 For a general length structure, both the class of admissible paths and the length function are required to 
satisfy certain natural properties. See Burago et al. [BBI01] or Gromov [Gro99] for an axiomatic treatment 
of length structures in the setting of metric geometry. 
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construction of the two- type process and in our subsequent analysis of the two processes. In 
Section 2.4, we construct two-type first-passage competition on 7L d (Definition 2.10) using 
the restricted first-passage percolation process defined in Section 2.2, and we prove several 
basic properties about the two-type process. In particular, Section 2.4 contains the first 
non-trivial result of the paper, namely Proposition 2.16, in which we show that the process 
constructed in Definition 2.10 is almost surely "well-defined" and behaves in accordance 
with the informal description given in Section 1.2.1. In Section 2.5, we prove several basic 
but technical properties of the one-type and two-type processes, which will be needed in 
Section 2.6 and in later chapters. The results in Section 2.5 are essentially deterministic, 
applying to any realization of the random environment that satisfies certain deterministic 
properties which almost surely hold in our probability space. In Section 2.6, we prove one 
of our main results about the two-type process, Theorem 2.35, which shows that if one 
species starts on a fixed infinite set, the particular location of the other species' starting set 
is essentially irrelevant to the question of whether it has a positive probability of surviving. 

2.1 Setup and Properties of the Traversal Times 

In this section we we describe the general setup for the first-passage processes we will be 
studying. In Section 2.1.1 we specify conditions on the collections of random traversal 
times {T(e)} egE ( Z d) and { ( r i( e )> r 2(e)) } egE( - zd -) that are sufficient to obtain random length 
structures suitable for constructing a one-type or two-type process, and in Section 2.1.2 
we introduce the concept of "traversal measure" as a convenient way of interpreting the 
random environment provided by the collection of edge traversal times on Z d . 

2.1.1 Assumptions on the Probability Space 
Model Traversal Times 

When describing the one-type or two-type process, it will be convenient to speak about 
generic random variables — say Zq for the one-type process, or and Z^ for the two- 
type process — whose distributions match the common distribution of the edge-traversal 
times r(e) or Tj(e) for the corresponding species, but which are not tied to any particular 
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edge e. In fact, it will be convenient to have available whole i.i.d. sequences of such variables 
which are "disinterested" in particular edges of the graph. We will call these generic random 
variables the model traversal times for the corresponding species, because we can use 
them to model the behavior of the traversal times. That is, we can think of drawing 

(i) 

repeated samples from the distribution of Zq or Z$ to obtain a prediction of how long the 
corresponding species will have to wait to cross each new edge it encounters, without having 
to specify any particular edges. To describe the traversal times, we take the approach of 
first describing the properties of the generic model traversal times, and then requiring the 
traversal times to behave the same way. The prototypical example to keep in mind for the 
model traversal time is an exponential random variable, i.e. Pr{Zo > t} = e~ xt for some 
A > 0. 

Properties of the Model Traversal Times 

To set up our probability space, we first make several definitions for properties we may 
require of a given random variable. Suppose Y is a nonnegative random variable on some 
probability space (Q,A, Pr) with expectation operator E; we will take Y to be the model 

(i) 

traversal time Zq or Zq when describing the probability space for the one-type or two type 
process. 

Non-Percolation Assumption 

The first property places a restriction on the mass of Y at 0: 

(FPSd) Pr{y = 0} < p c (Z d ), where d is a positive integer, and p c (Z d ) is the critical 
probability for Bernoulli bond percolation on 7L d . 

The condition (FPS^) stands for "Finite Percolation Speed in d dimensions." When Y is a 
model traversal time, (FPS^) guarantees that the infection cannot instantaneously infect an 
infinite cluster. In [Kes86], it is shown that this is sufficient for the first-passage percolation 
process to have a finite asymptotic speed in every direction (cf. Theorem 1.1, the Shape 
Theorem). Observe that (FPS^) holds for any d if Y does not have an atom at 0. 
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Moment Conditions 

The next three properties are moment conditions on Y: 
(EM) There exists b > such that Be bY < oo. 
(LP) EF<oo, where p > 0. 

(MM d ) Emin{y/, . . . , Y^} < oo, where d is a positive integer, and Y\, . . . ,Yzd are i.i.d. 
random variables with Yj = Y for 1 < j < 2d. 

Condition (EM) stands for "Exponential Moment," and condition (L p ) stands for U Y G L p . r ' 
The final condition, (MMj , stands for "Minimal Moment condition in d dimensions." 
Clearly (EM) implies that (L p ) holds for all p > 0. In Lemma B.15, we show that (L 1/2 ) 
implies that (MM d ) holds for all d > 1. 

When Y is a model traversal time, the condition (MM d ) means that the "escape time" 
from a vertex, i.e. the time it takes to move from a given vertex to a neighboring vertex, has 
finite <i th moment. In [Kes86], it is shown that (MM,;) is the weakest moment condition 
necessary to get a Shape Theorem (Theorem 1.1) for an i.i.d. first-passage percolation 
process, in that if the condition fails, then the infected region will have persistent holes far 
from its outer boundary. 

In the present chapter, the Shape Theorem is the only relevant technical result, so we 
will assume the weakest possible moment condition (MMj) for the model traversal times. 
Starting in Chapter 4, we will assume that the model traversal times satisfy the stronger 
condition (EM) in order to obtain large deviations estimates on the growth of the process. 

"No Ties" Assumption on the Traversal Times 

The last property we consider deals with a pair of i.i.d. sequences of nonnegative random 
variables, say (X,Y), where X = {Xj}j £ ^ and Y = {Yj}: 

(NTP1) For any m, n G N, Pr {^"l X 3 = J2] =0 Y 3 ] = 0. 
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The condition (NTP1) stands for "No Ties with Probability 1." If X and Y represent 
sequences of traversal times for the two species in the competition process, then (NTP1) 
guarantees that the two species cannot reach the same vertex at the same time. This 
property will be necessary to ensure that the two-type process is well-defined. Note that if 
the sequences X and Y are mutually independent, then (NTP1) is satisfied if the random 
variables Xq and Yq are both continuous (i.e. nonatomic). 

The Probability Space for the One- Type Process 

Fix an integer d > 2, and let r = {T(e)} eeE( - Z d) be an i.i.d. collection of nonnegative random 
variables (the traversal times) in some probability space (O, A, Pr) with expectation 
operator E, and assume that for any e £ E(Z, d ), the random variable r(e) satisfies (FPS^) 
and (MM d ). Also let Z = {Zj} be an i.i.d. sequence of random variables (the model 
traversal times) with Zj = r(e) for each j € N and e G E(Z d ). 

As described above, the non-percolation condition (FPS^) guarantees that the growth 
of the one-type process is not too fast, whereas the moment condition (MMj) guarantees 
that the growth is not too slow, so these can be seen as complementary restrictions on the 
growth of the process. As noted above, we will replace (MMj) with the stronger condition 
(EM) in later chapters. 

The Probability Space for the Two-Type Process 

Let ZW = {Z^} jeN and Z^ = {zf ] } jm be independent sequences of i.i.d. nonnegative 
random variables (the model traversal times for the two species) on some probability 
space (£1, A, Pr) with expectation operator E, and let be the distribution of Zq . Sup- 
pose the random variables Z^ and Z^ both satisfy (FPS^) and (MMj), and suppose 
that the pair of sequences {Z^\ Z^) satisfies (NTP1). 

Now let v be any probability measure on R + x R + with marginals and (i.e. 
v specifies some coupling of Z^ and Z^), and let Z = {Zj} . gN = \[Z^\ zj 2 ^)}^. £N be 
an i.i.d. sequence of random vectors in M + x M + with common distribution v. We call Z 
the sequence of coupled model traversal times. Finally, for a fixed integer d > 2, let 
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f = {^( e )} egE( - Z d-) = { ( r i( e )i T 2( e )) } eG E(z d ) k e an i-i-^- collection of random vectors with 
f(e) = Zj- for e € E(Z d ) and j G N. For i G {1,2}, the random variables ( r i( e )} eGE ( Z d) are 
the traversal times for species i. 

Note that both (FPS d ) and (NTP1) hold if the random variables and zf ] are 
continuous (i.e. non-atomic), for example. Also note that if (NTP1) holds, then at most 
one of the random variables and Z^ can have an atom at zero, which renders one of 
the (FPS d ) assumptions redundant. Again, we will replace the moment condition (MMj 
with the stronger condition (EM) in later chapters. 

The Canonical Sample Space 

In the preceding construction, we have followed the pedagogy of deliberately leaving the 
sample space ambiguous, focusing instead on objects and properties which are independent 
of the particular probability space. However, we can readily construct a canonical sample 
space for the traversal times of both a one-type and a two-type process as follows. 

For the two-type process, let and be the distributions of two nonnegative random 
variables satisfying (FPS d ), (MM d ), and (NTP1). That is, i/ 1 ) and are probability 
measures on M + which satisfy 

(FPS d ) z»{0} < Pc (Z d ). 

(MM d ) d/ oc [i/W(aJ,oo)] 2 V- 1 dx<oo. 

(NTP1) For any m 1 ,m 2 G N^ , (i/W)* mi ® (z^)*™ 2 ({ (X, x) : x G = 0. 

Starting in Chapter 4, we will replace the moment condition (MM d ) with the stronger 
condition 

(EM) There exists b > such that J °° e bx dv^(x) < oo. 

Now let i/bea coupling of and u^ 2 \ Fix an integer d > 2 and let = (E + x M. + ) E( - zd \ 
endowed with the product Borel cr-field A, and let Pr = ^® E ( zd ). For a realization w £ f! 
of Pr, define the two-type traversal times by f (e) w = (Ti(e) w , T2(e) w ) = u>(e) for e G E(Z d ). 
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To recover the model traversal times, label the edges along the positive axis of the first 
(second) coordinate as e^ 1 ', e^, e^ 1 ', . . . (resp. , ef } , , ...), then set Z^\oj) = Ti(e^) u 
for i £ {1,2} and j G N. 

For the one-type process, take (CI, A, Pr), f, and as defined above for the two-type 
process, then set r(e) = ri(e) for e € E(Z d ), and set = Z^ for j G N. 

2.1.2 Traversal Measure = The Random Environment 

For a fixed realization oo of the one-type process, the collection {r(e)} eeE( - Z d) defines a 
function r: E(Z d ) ->• R + . We can equivalently think of r as a measure on E(Z d ), with 
domain 2 E ^ d \ by defining 3 

r(F):=^r(e) for F C E(Z d ). (2.1) 

eG-F 

We will call the random measure r the traversal measure for the one-type process. 

Similarly, we can think of the collection of random vectors f = { (ri(e), T2(e)) } eeE ( Z d) as a 
pair of measures or a vector- valued measure on E(Z d ), and we will refer to r as the traversal 
measure for the two-type process. More generally, we will use the term "traversal 
measure" to refer to any cr-finite [0, oo]- valued or [0, oo] 2 -valued measure on E(Z d ), and we 
will use the terms "traversal measure" and "collection of traversal times" interchangeably 
when referring to the objects r and f . 

Extending the definition (2.1), we further overload the use of the symbol r by declaring 
that for any "suitable" object X, the notation t(X) means the sum of the traversal times 
of "edges in X" where the the final quoted phrase must be interpreted based on the nature 
of X. Our two primary uses of this convention will be: (1) If V C Z d , then t(V) means 
the traversal measure of the edge set of V, viewed as an induced subgraph of Z d ; and (2) if 
A C R d , then t(A) := t(A), where the right-hand appearance of r refers to the usage just 
defined in (1). 

3 The construction of a purely atomic measure as in (2.1) works for an arbitrary [0, oo]- valued function 
in place of r; see [Fol99, p. 25] for further examples. Note that our convention of using the symbol r to 
denote both a function on E(Z d ) and the induced measure in (2.1) conflicts with the usual notation for 
the image of F C E(Z d ) under the function r, i.e. t(F) — {r(e) : e G F}; however, we will never use the 
notation t(F) in this sense, so there should be no confusion. 
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The introduction of traversal measure has two main advantages over viewing r (or f ) 
merely as a random function on edges. First, it simplifies notation, because our primary 
use of the function r will be to measure the time it takes to traverse a lattice path 7 C 
(Z d , E(Z d )), by adding up the traversal times r(e) for the edges in 7. By interpreting r as 
a measure, the traversal time of an edge-distinct path 7 is written simply as t(j), and thus 
all the relevant information of the traversal times is conveniently encoded in the single high- 
level object r. Second, and perhaps more importantly, identifying r as a measure makes it 
easier to draw direct analogies with the deterministic process in the next chapter, as well as 
with other continuum variants of first-passage percolation: The fundamental object that is 
needed to define any 4 type of first-passage percolation process is a (random or deterministic) 
measure, or equivalently, 5 length structure that assigns lengths to paths in the underlying 
space. The first-passage percolation process is then defined using the induced intrinsic 
metric arising from the length structure (cf. Burago et al. [BBI01] or Gromov [Gro99] for 
more information about intrinsic metrics and length structures). We will return to these 
ideas and define intrinsic metrics when discussing the deterministic process in Chapter 3. 

The random measure r contains all the information needed to construct the first-passage 
percolation process, and moreover it contains all the randomness in the model; that is, the 
traversal measure essentially is the random environment for first-passage percolation, and 
treating it as an object of interest makes it relatively easy to separate out the determinis- 
tic motion from the background randomness. Reversing our perspective from that of the 
previous section, we say that a random traversal measure r on E(Z d ) is i.i.d. with model 
traversal time Zq if the collection of random variables {T(e)} e eE(z d ) i s i-i-d- with r(e) = Zq 
for all e. In this case, we use the term "model traversal times" to refer to any i.i.d. sequence 
{ZjjjgN with Zj = r(e). 

4 One possible exception is Deijfen's "outburst" model [Dei03] — it is not immediately clear whether it is 
possible to identify a length measure analogous to r in this case. On the other hand, a continuum model 
with an obvious analogue of r is LaGatta and Wehr's Riemannian first-passage percolation [LWfO], which 
is constructed using the length structure of a random Riemannian metric. 

5 Any metric induces a length structure that coincides with the metric's one-dimensional Hausdorff mea- 
sure on simple paths, and any lower semi-continuous length structure can be induced by a metric (see 
[BBI01, pp. 39, 53]), hence corresponds to some measure. Conversely, given a suitable measure (r in our 
case), one can construct a corresponding length structure. 
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2.2 The Restricted First-Passage Percolation Process 

In this section we define first-passage percolation restricted to a subset of lj d , obtaining 
the ordinary unrestricted version as a special case. Restricting the growth of, say, the RED 
species to S C Z d means that red starts on some set A C S and is only allowed to travel 
along paths contained in S. Thus, RED is confined to S and cannot infect any vertices in 
Z d \ S. The restricted one-type process will play a central role both in the construction 
of the two-type process in Section 2.4 and in the analysis of first-passage competition in 
Sections 2.5 and 2.6 and in Chapters 5 and 6, because it allows us to separate the growth 
of the two species, treating them as two separate, simpler one-type processes. The idea 
of restricting the set of paths in first-passage percolation has been around as long as the 
subject itself and has played an important role in the analysis of both the one-type and 
two-type models. See, for example, [Kes86], [CD09], [Ahlllb], [HPOO], [DH07]. 

Although the restricted process itself is not new, we present a simple new idea here that 
will allow us to construct the two-type process in terms of two restricted one-type processes. 
Namely, when red is confined to the set S, every vertex neighboring S has a well-defined 
time at which it would be reached by red. . . that is, if red were allowed to take one extra 
step from a boundary vertex of S to a neighbor outside of S. This observation is the key to 
the new construction in Section 2.4 because it allows us to detect the mutual interaction of 
two species growing in disjoint subsets of Z d , by comparing the times the two species take to 
reach vertices along the common boundaries of the restricting sets. The precise formulation 
of this statement is Proposition 2.9 in Section 2.4 below, which motivates the definition of 
the two-type process in Definition 2.10. In order to formalize the notion of restricting the 
growth of red to S while allowing "peeks" at neighboring vertices, we make the following 
definitions. 

2.2.1 Restricted and Star-restricted Paths 

For S C Z d , we call a lattice path 7 an S*-path if all of its edges are contained in E(5), and 
we call 7 an S^-path if 7 is contained in S except possibly for its two endvertices and their 
incident edges (thus every 5-path is also an S*-path). We can also think of an 5* -path as 
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the projection in Z of a path in the graph S* (the star graph 6 of S), which we define 
by attaching to S (viewed as an induced subgraph of Z d ) all the edges connecting S to 
its complement, and adding a distinct vertex to the outer end of each of these boundary- 
edges. That is, different boundary edges of S lead to distinct vertices in S*, even if they 
are adjacent to the same vertex in 7L d \ S. The graph S* then projects naturally onto 
the graph (N[5], E*(£)) C Z d : Each vertex and edge of S is mapped to itself; each of the 
added boundary edges maps onto the corresponding edge in Z rf ; and each added endvertex 
is mapped to the endvertex of the corresponding boundary edge in 7L d . This projection 
map is injective on S and on the added boundary edges, but not necessarily on the added 
endvertices of these edges, since a single vertex in N(S) may be adjacent to several vertices in 
S, each of which gives rise to a distinct new vertex in S*. With this definition, the S^-paths 
in Z d are precisely the images of paths in S* under this map. Additionally, the connected 
components of S* are in one-to-one correspondence with the connected components of S. 

2.2.2 Restricted and Unrestricted Passage Times 

Now let r be a traversal measure (i.e. any cr-finite [0, oo]-valued measure) on E(Z d ). For 
each subset S C Z d , we define the r-induced S'-restricted passage time between two sets 
U,V CZ d as 

T?(U, V) := inf{r(7) : 7 is an S-path from U to V"}, (2.2) 
and we define the 5*-restricted passage time between U and V as 

Tf*(U, V) := inf|r(7) : 7 is an S*-path from U to V"}. (2.3) 

In both definitions we follow the convention that inf = 00. If the traversal measure is clear 
from context or is irrelevant, we may omit it from the notation and write T s or T s * instead 
of or T^* . If S = Zj d , we omit the superscript, and we call T(U,V) := T' l ' d {U,V) the 
unrestricted passage time, or simply the passage time, from U to V. For operations 

6 We use the term "star graph" because this definition generalizes the notion of the star centered at a 
vertex (see, e.g. Diestel [DielO]) to a star "centered at S," as S* consists of the subgraph S with a union 
of stars centered at its boundary vertices. 
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such as T (-, •) that take sets as arguments, we will follow the convention of dropping braces 
around singletons, e.g. T s (u,V) := T s ({u},V). 

Taking both U and V to be singletons, T s and T s * define functions on Z d x Z d , which we 
can think of generically as distance functions on Z d . For each SC^, the function T s : Z d x 
Z, d —7- [0, oo] is a pseudometric on 7L d (i.e. T s is symmetric, satisfies the triangle inequality, 
and T s (u, u) =0), and T s restricts to a finite pseudometric on each connected component 
of S. In fact, T s is precisely the intrinsic pseudometric on S induced by the restriction to 
S of the length structure corresponding to r (see [BBI01, pp. 31, 42]). Moreover, is a 
metric if and only if r(e) / for all e G E(S). Observe that T s (u, v) and T s * (u, v) agree 
whenever neither u nor v is a neighbor of S; in particular T s and T s * define the same 
pseudometric on S. The distance function T s * is not in general a pseudometric on Z d , as 
the triangle inequality may fail for points in N(S'). However, T s * is a pseudometric on the 
star graph S* which is finite on components. 



2.2.3 Geodesies and Star Geodesies 

Any (necessarily simple and finite) path 7 that achieves the infimum in (2.2) or (2.3) for 
some U, V C Z d is called a shortest path or geodesic 7 for the respective distance function 
rpS Qr j^5*. we re £ er ^ guc j 1 a p^jj as a T s -geodesic or T 5 *-geodesic, respectively, from J7 
to V. Equivalently, 7 is a T 5 -geodesic if and only if T s (u, v) = T 7 (u, v) for all vertices 
u, v 6 7, and similarly for T 5 * (observe that T-7(u, v) = r(7[u,v]), where 7(11, v] is the 
subpath of 7 from u to v); this definition of geodesies applies equally well to infinite paths. 
We will consider the question of the existence of finite geodesies in the next section. 



7 In a broader metic geometry setting (see, e.g. [BBI01, p. 51]), the term "geodesic" refers to any path 
that is locally distance minimizing, not just the globally shortest paths we refer to as geodesies. In general, 
shortest paths are more properly called minimizing geodesies. However, the concept of "locally distance 
minimizing" is not as universally useful on graphs as in continuum settings, since it is unclear what 
"locally" should mean in general. Hence, in graph theoretic contexts, it is standard to use the term 
"geodesic" to mean "shortest path." 
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2.2.4 Restricted and Unrestricted Growth 

If A, S C Z d (typically with ,4 C 5), we define the S- restricted first-passage percolation 
process started from A as 

ri^ s {t) :={v£S: T?(A, v) < t} for t > 0, 

and the ^-restricted first-passage percolation process started from A as 

v f< s * (t) : = {vEZ 11 : Tf (A, v) < t} for i > 0, 

and we set 

^' S (^):=\JVr' S (t) and r^*(oc) :=(jv^(t). 
t>0 t>0 

Note that rfc '' S (t) C 5 by definition, and ^ ;5 *(t) C N[5]. If 5 = Z d , we call rfr ;Z< V) the 
unrestricted first-passage percolation process, and as with the pseudometrics T, we 
drop the superscript S from the notation: n^(t) := r^^ (t) for t G [0, oo]. Note that it 
follows from the above definition that for any A, B, S C Z d , 

T T 5 (A B) = inf {t : ^ ;5 (t) n B / 0} . 

That is, T^(A,B) is the hitting time of the set B for the restricted growth process t]t ,S ' ■ 
Finally, we write T T for the family of pseudometrics {T^ : S C Z d } and T T * for the 
family {T^* : 5 C Z d }, and we write n T for the family of first-passage percolation processes 

Thus, every traversal measure r induces a family T r of pseudometrics 
on Z d , which in turn induces a family t? t of first-passage percolation processes. 

2.2.5 Extensions to R d via Lattice Approximation 

It will often be convenient to view the first-passage percolation and competition processes 
as embedded in M. d rather than just Z d , particularly in Chapters 4 and 5. To this end, 
we make the following definitions. Recall that for A C M. d , the cube expansion of A is 
{A} = A + [— |, and the lattice approximation of A is A = 1> d PI [A]. Using lattice 
approximation, we can extend the definitions of T T and ?] T to subsets of M. d . 
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If A,B,SQ R d , we define the S'-restricted passage time between continuum sets 
A and B by 

T S (A,B) :=T'S(A,B). (2.4) 

As before, if S = % d then we drop the superscript S from the notation, so that T(A, B) := 
T zd (A, B) represents the unrestricted passage time between A,BC W 1 . 

For ^SCl^ (typically with A C S), we use the generalized passage times in (2.4) to 
define the S'-restricted continuum process started from A: 

r]f' s (t) :={x£5: T?(A, x) < t} for t > 0. (2.5) 

It follows from the definitions that r]r' S (t) = SO r]^' s (t) . That is, r]r' S (t) is the process 
obtained by placing a closed unit cube around each point of the lattice process i]^' s (t), 
and then intersecting this "cubified" process with S. Again, if S = Z d we omit it from the 
notation, so that for A C R d , i]^(t) = i]^(t) is the lattice process started from A- Note 
that if we take S = M. d , the process 

rrf* d (t) = {x G R d : T T (A,x) < t} = [^(i)] (2.6) 

gives a cube-expanded continuum version of the unrestricted lattice process (t). 

Some caution is needed when using the continuum passage times defined in (2.4): Unlike 
the lattice passage times defined in (2.2), the continuum passage times in (2.4) fail to satisfy 
the triangle inequality for general points x, y, z G M. d . In Chapter 4, we will get around this 
problem by defining covering times T S (A,B) (cf. (4.2), p. 161), which lack the symmetry 
between A and B enjoyed by passage times, but satisfy the triangle inequality for arbitrary 
A,B,C C R d . 

2.2.6 Elementary Properties of Restricted First-Passage Percolation 

Here we enumerate some elementary properties of the first-passage percolation process. For 
U, V, S C Z d , define a minimal S-path from U to V to be an 5-path from U to V which 
contains no proper subpath that is also an 5-path from U to V, and similarly for S^-paths. 
By Lemma B.7, any S-path from U to V contains a minimal 5-path from U to V, and 
similarly for S*-paths. 
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Lemma 2.1 (Elementary properties of T r ). Let t be a one-type traversal measure on E(Z d ) 
with corresponding family of pseudometrics T T , and let U,V,S C Z d and A,BC M. d . 

1. The passage times T^(A,B) and (A,B) are monotone with respect to S, A, B, 
and t. 

2. If S is a connected subgraph ofZ d , then for any and [/CZ rf and v G 7j d , 

(a) T T 5 (C/,v) < oo ^ v € U or (\ € S and Un S + 0,). 

f&J T r 5 *(£/, v) <oo^v6[/orfve N[5] and C/n N[5] + $). 

3. The infima defining T^ and T^ in (2.2) and (2.3) are unchanged if S- paths from U 
to V are replaced with minimal S-paths from U to V (and similarly for S*). 

The following lemma gives a stronger version of the monotonicity of T T with respect to 
r, which will be needed in some later proofs. 

Lemma 2.2 (Monotonicity of passage times with traversal measure). Let U,V,SQ Z d , and 
let t and t' be traversal measures on E(Z d ). 

1. Suppose r| E(fl)N[E(i;)uEpo] <^| E(fl)N[E(I7)uEpo] . 

Then any minimal S-path from U to V satisfies t(j) < t'{^), and T^(U,V) < 
T$(U,V). 

2. Suppose t| e , (5a[e(W)] <t%^ [b{u)uB{v)] . 

Then any minimal S*-path from U to V satisfies t(j) < t'{^), and T^(U,V) < 
T$'(U,V). 

2.3 Almost Sure Properties of the Random Environment 

In this section we show that certain nice properties are satisfied almost surely by the traversal 
measures r and f constructed in Section 2.1. 
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2.3.1 The Shape Theorem and the One-Type Process 

Our main tool for analyzing both the one-type and two-type processes in the present chapter 
will be the Shape Theorem (Theorem 1.1), which provides a bridge between the random 
environment and the deterministic motion of the processes. We restate the Shape Theorem 
here for easy reference: 

Theorem 2.3 (Shape Theorem, [CD81], [Kes86]). If r is an i.i.d. traversal measure on 
E(Z d ) with model traversal times satisfying (FPS^) and (MMj), then there is a norm \i 
on M. d (the shape function) such that for any e > 0, 

Pr|(l - e)tBp C r]r Rd (t) C (1 + e)tB^ for all large ij = 1, (2.7) 

where B^ is the closed unit ball of the norm fx, and r]r ,R (t) is defined by (2.6). 

By considering a countable sequence e n — > in Theorem 2.3, it follows that under the 
same hypotheses, 

PrjVe > 0, 3t e < oo such that (l-e)t^ C r]^ R \t) C {l + e)tB^ for all t > i e } = 1. (2.8) 

The event in (2.8) says precisely that the random pseudometric T T is asymptotic to the 
norm fj,, in the sense defined in Appendix C (see Proposition C.5). Once we know that T T 
is asymptotic to a norm, there are several other useful properties of the traversal measure 
r that follow deterministically from this result. We list these deterministic properties in 
the following definition. The first property, (~ Norm), is a restatement of the event in 
(2.8). The remaining properties will be useful in constructing and analyzing the one-type 
and two-type processes. 

Definition 2.4 (Deterministic properties of traversal measures). Let r be a traversal mea- 
sure on E(Zj d ) as defined in Section 2.1.2, with T T and rj T defined as in Section 2.2. We 
define the following properties, which may or may not be satisfied by a given measure r: 

(~ Norm) There exists a norm /x on R d such that the following equivalent conditions hold: 

1. For every e > there exists to = to(e) < oo such that if t > to, then 

(l-e^crtcfl + e^, 
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where is the unit //-ball centered at 0. 

2. For every u G 2, d and e > 0, there exists to = *o( u ><0 < 00 such that if t > to, 
then 

B;((l-e)t)c^(t)C6;((l + £ )t), 

where fi"(r) is the //-ball of radius r centered at u. 

3. For every u G lim -t—t ■ |T T (u, v) — dist M (u, v)| = 0. 

||v||— >oo ||v|| 

(FS) The following equivalent conditions hold: 

1. The set 77° (i) is finite for all t < 00. 

2. The set 7#(i) is finite for all u g Z rf and t < 00. 

3. For every u € Z d , lim T r (u, v) = 00. 



(3Geo*) For any ueZ d and ^4 C Z d , the following holds: If S is any connected subset of 
Z d such that NfS 1 ] contains both u and ^4, then there exists a "-geodesic from u to 
A. 

(3Geo) For any u € Z d and ^4 C Z d , the following holds: If S is any connected subset of 
Z d containing both u and A, then there exists a T^-geodesic from u to A. 

The property (~Norm) stands for "Asymptotic to a Norm," (FS) stands for "Finite 
Speed," (3Geo*) stands for "Star Geodesies Exist," and (3Geo) stands for "Geodesies 
Exist." Proving the equivalence of the three conditions listed under either (~ Norm) or 
(FS) is straightforward, if somewhat tedious; the "inversion formulas" in Lemma 4.6 can 
be used to relate the second and third conditions in (~Norm). 

The next lemma shows that the properties in Definition 2.4 are in fact listed from 
strongest to weakest; that is, any traversal measure satisfying one of the properties also 
satisfies all the subsequent properties. 
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Lemma 2.5 (Relations between deterministic properties of traversal measures). For any 
(a -finite) traversal measure r on E(Z d ), the following implications hold: 

(~Norm) (FS) => (3Geo*) (3Geo). 

Proof. The implication (~Norra) ==> (FS) is obvious since the ball (l-\-e)tB^ is bounded 
with respect to any norm (||-||^i, for example), and hence contains only a finite number of 
lattice points. It is also obvious that (3Geo*) =>■ (3Geo), since if u and A are contained 
in S, then a T s * -geodesic between them cannot use any vertices in N[S], and hence is a 
T s -geodesic. Thus it remains to prove (FS) => (3Geo*). 

Let S be a connected subset of Z d such that M[S] contains both u and A. Since S is 
connected, there exists some finite path 7 C S from u to A, and since Z < 00 a.s., we have 
b := t(7) < 00 a.s. Then the infimum of the traversal times of all paths in S from u to A is at 
most 6; call this infimum a < b < 00. Now suppose the shape theorem holds for all u G 
and fix some e > 0, say e = 1/2. Then there exists t u < 00 such that 77" (t) C £"((1 + e)t) 
for all t > t u . Let c = t u V 6. Then we have r#(6) C r/^(c) C + e)c). Since a is the 

infimum of traversal times from u to A, there is some sequence of paths 7„ C 5 from u to 
A such that t(7„) decreases to a, and we can assume that 70 = 7. Thus, all the paths 7„ 
have T(j n ) < b, and hence 7„ C r/"(6) C B"((l + e)c). Since this ball is bounded, it contains 
only a finite number of paths originating from u. Thus, there are only a finite number of 
7n's, so one of them must achieve the infimum. That is, T(j n ) = a for some n 6 N, in which 
case 7„ is a T^* -geodesic from u to A. □ 

As noted in (2.8) above, the property (~ Norm) holds almost surely for any random 
traversal measure r satisfying the Shape Theorem. Thus, combining Theorem 2.3 with 
Lemma 2.5 immediately yields the following result, which will be used in the proof of 
Lemma 2.8 below. 

Lemma 2.6 (Almost sure properties of r). Suppose r is a random traversal measure on 
E(Z rf ) which is i.i.d. with model traversal time Zq satisfying (FPS^) and (MrVLj). Then 
Pr -almost surely, r satisfies (~Norm) and hence also (FS), (3Geo*), and (3Geo). 
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2.3.2 The Two-Type Process and Minimum Traversal Measure 

Now we turn to the properties of two-type traversal measures that will be desirable when 
constructing the two-type process in the next section. First note that the i.i.d. random 
two- type traversal measure f = (77, r 2 ) constructed in Section 2.1.1 has a certain almost 
sure behavior built into it by assumption, namely the "No Ties with Probability 1" property 
(NTP1) for the model traversal times. Observe that (NTP1) is equivalent to the statement 
that if Fx and F2 are nonempty, disjoint, finite subsets of E(Z d ), then Prjri(Fi) = r^i 7 ^)} = 
0. In particular, this holds when F\ and F2 are finite edge-disjoint paths of positive length. 
Since the number of finite paths is countable, this implies that the following deterministic 
"No Ties" property holds Pr-almost surely for the random traversal measure f . This 
incarnation of the "No Ties" property is the one that will be relevant for constructing the 
competition process. 

Definition 2.7 (Deterministic "No Ties" property). 

(NT) If 71 and 72 are finite, edge-disjoint paths in Z d of positive length, then 77(71) / 

T2(72)- 

We now introduce one more idea that will be important for the construction of the 
two-type process. Given a two-type traversal measure f = (ti,T2) on E(Z d ), we define its 
minimum traversal measure to be r m i n = 77 A T2; that is, the r m i n -measure of an edge is 

T m in(e) := n (e) A r 2 (e) for e G E(Z d ). (2.9) 

The relevance of the measure r m i n will become clear in the proof of Proposition 2.16 in the 
next section. Namely, in order to get a well-defined two-type process, we will assume that 
7"min satisfies the property (FS) in order to guarantee that no vertex can be affected by 
other vertices that are infinitely far away. 

The following lemma explicitly identifies the relevant deterministic properties that are 
satisfied almost surely by a random traversal measure f constructed as in Section 2.1. We 
will appeal to Lemma 2.8 in Section 2.4 below to conclude that our construction of the 
two-type process is well-behaved almost surely. 
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Lemma 2.8 (Almost sure properties of r). Suppose r = (71,712 ) is a random two-type 
traversal measure on E(Z d ) which is i.i.d. with model traversal times Z^> and satisfying 
(FPS d ), (MM d ), and (NTP1). Then Pr-almost surely, f satisfies (NT), and the three 
one-type traversal measures t\, t-i, and r m i n = t\ A ti all satisfy (~ Norm), hence also 
(FS), (3Geo*), and (3Geo). 

Proof. It was already noted above that (NT) follows Pr-a.s. from (NTP1). Moreover, be- 
cause of the property (NTP1), at most one of the two species can have a positive probability 
of crossing an edge instantaneously; that is, it is impossible to have both Pr{Z^ = 0} > 
and PrlZQ 2 -* = 0} > 0, because then we would have 

Pr {Z« = zf = 0} = Pr {Z« = 0} Pr [zf = o} > 0, 

violating (NTP1). Therefore, if Z^ nm ^ denotes the model traversal time for r m i n , i.e. 
^mm) _ ^ 2^ , then no matter what coupling v we use for Z^ and Z^ , it follows 
that 

Pr{4 min) = 0} < Pr{2^ = 0} + Pr{Z< 2) = 0} 

= max{Pr{4 1) = 0},Pr{Z^ 2) =0}} < Pc (Z d ). 

This shows that Z^™^ 1 satisfies (FPS d ), regardless of how the traversal times for an edge 
are coupled. Moreover, Z^ 11 ^ obviously satisfies (MMj) whenever either Z^ or Z^ 
does, so all three model traversal times Z^° m \ Z^\ and Z^ satisfy both (FPS d ) and 
(MMd). Thus, the traversal measures 71, 72, and T m - m all satisfy (~ Norm) Pr-a.s. by 
Lemma 2.6. □ 

2.4 A New Construction of First-Passage Competition with Different Speeds 

In this section we introduce a new geometric construction of two-type first-passage com- 
petition that works for species with different traversal measures t\ and 72, even when the 
starting configuration is infinite. We first briefly discuss finite starting configurations in 
Section 2.4.1, and then move to the general case in Section 2.4.2. The new construction 
appears in Definition 2.10, which is followed by several lemmas identifying some elemen- 
tary properties of the competition process. In Propositions 2.14 and 2.16 we show that the 
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two-type process almost surely behaves in accordance with the informal description given 
in Section 1.2.1. In Section 2.4.3 we describe how to interpret the two-type competition 
process as an interacting particle system, and in Section 2.4.4 we introduce some additional 
notation that will be needed later. 

2.4-1 Finite Starting Configurations 

Recall from Section 1.2.1 that the two-type first-passage competition process consists of two 
species, species 1 and species 2, racing to capture vertices in Z rf . The two species start from 
disjoint sets A\ C 1/ and A2 C Z d , respectively, and move according to their respective 
traversal times, t\ and T2, which we can view in conjunction as a two-type traversal measure 
r on E(Z d ). We call any pair (A\,A2) of disjoint subsets of 7L d an initial configuration or 
starting configuration for the two-type process. We say the initial configuration (Ai, A2) 
is finite if both A\ and A2 are finite sets, and we say that it is infinite otherwise. By 
analogy with the one-type process, we write r]f Al ' A2 \t) for the two-type process started 
from the initial configuration (A±,A2) and using the two-type traversal measure f. The 
object 7]f Al ' A ^ is a pair of 2 zd -valued functions on [0, 00], which we write as 



where for each t G [0, 00] and i G {1,2}, the component 'n\ Al,A ' 2 \t) = rj\ Al ' A2 \t)f is the set 
of vertices species i has reached by time t. 

As mentioned previously, for finite starting configurations, determining which species 
arrives first at a given vertex is a "simple" matter of constructing the process step-by-step, 
as done, for example, in [HP00], [DH06a], or [GM08]. Each step consists of one infection 
event. At each step, we search all vertices neighboring the infected region, find the one (or 
more) which is infected next, and assign it the appropriate "color" 1 or 2, depending on 
which species infects it. In order for this algorithmic construction to work, in addition to 
the finiteness assumption on (Ai,^), we also require that f = (ti,T2) satisfies (NT) (so 
that no vertex is simultaneously infected by both species) and that each of the component 
measures t\ and T2 satisfies (FS) (so that only finitely many infections can take place in 
any finite time interval). 
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2.4-2 Infinite Starting Configurations and the New Construction 

If one or both of the starting sets Ai is infinite, the above algorithmic construction breaks 
down in general. For example, if the traversal measure f is i.i.d. and is in the support of 
Tj(e), then almost surely there will be infinitely many infections in any finite time interval, 
and hence the notion of which vertex is infected "next" does not make sense. In the 
special case that t\ = t 2 = r (see e.g. [GM05] or [Hof05]), this problem is avoided because 
the regions finally conquered by the two species are precisely the Voronoi cells for the 
configuration (Ai,A 2 ) in the pseudometric T T , and the occupied regions at time t can be 
identified explicitly as 

v[ Al ' A2 \t) {T , T) =iiu(vGZ d : T T (A u v) < T T (A 2 ,v) and T T (A u v) < t\ , 

1 J (2.10) 

V { 2 Al ' A2 \t)(r, T ) =^u{va d : T T (A 2 ,v) < T T (Ai,v) and T T (A 2 , v) < t] . 

The description in (2.10) works only in the case where the two species use the same set 
of traversal times r, because this guarantees that the geodesies for the two species cannot 
"interfere" with each other, i.e. the two conquered sets as defined in (2.10) are disjoint, 
whereas there would be no such guarantee if two different collections of traversal times 
were used. However, we now make a simple observation about the two-type process that is 
reminiscent of (2.10) and will provide a method of defining the process more generally. 

Proposition 2.9 (Conquering property of the two-type process). Consider a two-type pro- 
cess 7]t Al ' A ' 2 \t) , started from a nonempty initial configuration {A\,A 2 ) and using the traver- 
sal measure f = (ti,T2). If S is a subset ofZ d such that 

Sni 2 = and r£(Ai,v) < T^f^* (A 2 ,v) for all v €dS\A u (2.11) 

then species 1 conquers S in the two-type process, i.e. S C r][ Al ' A2 \oc)f . A symmetric 
statement holds for species 2. 

We refer to any set S satisfying the conditions in (2.11) as a conquering set for 
species 1, and we make the analogous definition for species 2. Implicit in the statement 
of Proposition 2.9 is that the process rjt Al ' A2 \t) is well-defined, i.e. we can unambiguously 
determine the conquered sets rii Al ' A2 \t)f at each t > 0; for example, this is the case when 
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the initial configuration (Ai,A 2 ) is finite, f satisfies (NT), and each r\ satisfies (FS), as 
noted above. On the other hand, Proposition 2.9 provides a condition that we should 
expect the two- type process n^ Al ' A2 \t) to possess whenever it does happen to be defined, 
and it therefore gives us a way to define the process in general. Namely, the region finally 
conquered by species 1 should be the largest S C Z d satisfying (2.11), and similarly for 
species 2. Once the finally conquered regions are identified, the evolution of the process 
can be defined by restricting the growth of each species to its finally conquered set. We 
formalize this in the following definition. 

Definition 2.10 (Two-type first-passage competition). Let A\ and Ai be disjoint subsets 
of Z d , let f = (ti,T2) be a two-type traversal measure on E(Z d ), and set 

Ci := |J [S C Z d \ A 2 : T*(Ai,v) < T&W (A 2 ,v) for all v £ dS \ A | , 
C 2 := [J {5 C Z d \ A : T|(A 2 , v) < T^ d \ s ^(A 1 , v) for all v G aS\i 2 }, 

if at least one of Ai, ^4 2 is nonempty, and Ci = C 2 := otherwise. We define the two-type 
competition process or entangled process with starting configuration ( J 4i, J 4 2 ) to be 
the pair of 2^ d -valued functions 

defined for t € [0, 00] by 

^ 1,Al) (i):=^i Cl (() and rff uM \t) := r,^ C *(t) for t > 0, 

and 

^ lA) (oo):=|J^ 1,i4a) (t) fori €{1,2}. 
t>o 

We call the sets Ci and C 2 the finally conquered sets for species 1 and 2, respectively, 
and we refer to f]\ Al,A ^ {t) as the set of vertices occupied by species i at time t. We say 
that the entangled process is well-defined if Ci D C 2 = and full if Ci U C 2 = Z d . 

Note that Cj is precisely the union of all the conquering sets for species i as defined by 
Proposition 2.9; we will sometimes refer to species i's conquering sets as Cj-sets for short. 
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Lemma 2.11 below shows that Cj = r]\ 1 ' 2 (oo), so that the name "finally conquered 
set" is appropriate; moreover, it then follows immediately that Proposition 2.9 does in fact 
hold for the two-type process defined in Definition 2.10. Note that Definition 2.10 makes 
sense for every two-type traversal measure r and initial configuration (A±,A2), because 
the restricted one-type process is defined for any one-type traversal measure. However, if 
we allow arbitrary initial configurations and traversal measures, it is possible that Ci fl 
C2 7^ and/or Ci U C2 7^ so the two-type process is neither well-defined nor full in 
general, meaning that it may not behave in accordance with the informal description given 
in Section 1.2.1. We will later investigate (in Lemma 2.13 and Propositions 2.14 and 2.16) 
sufficient conditions on (A±, A2) and f for the entangled process to be well-defined and full. 
First we enumerate some elementary properties of the finally conquered sets Ci and C2 in 
Lemma 2.11, which will be used in the proofs of several results below; Lemma 2.11 is proved 
in Section A.l of Appendix A. 

Lemma 2.11 (Properties of the finally conquered sets). For any two-type traversal measure 
f and initial configuration (Ai^A?), the finally conquered sets C\ and C2 in Definition 2.10 
satisfy the following for i G {1, 2}. 

1. Ci 5 Ai and Ci fl A%_i = 0. Moreover, Ci is empty if and only if At is empty. 

2. v & Ci if and only if v G A* orT^(A t ,v) < T^ Ci) * (A 3 ^, v). 

3. Every component of Ci contains a component of Ai . 
I C t = 4 A ^\oc). 

We refer to the two-type process as "entangled" to emphasize that its evolution depends 
simultaneously on both components of the traversal measure, t\ and t<i- By contrast, we will 
refer to the passage time families T T . and T T * (i G {1, 2}) as disentangled passage times 

for f = (ti, T2), and to the family of one-type processes rf T . as the disentangled processes 

(Ai Ao) 

corresponding to the entangled process n f ' , to emphasize that we are forgetting about 
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one of the components of r. When the traversal measure r is clear from context, we will 
frequently omit it from the notation for the disentangled passage times, instead writing 

Tf := T% and if* : = T r f for S C Z d . (2.12) 

From a probabilistic standpoint, if f is a random two-type traversal measure, the disentan- 
A'S 

gled process rj Ti ' is a one-type process coupled to use the same traversal times as one of 
the species in rj^ 1,A2 \ In general we have the following relationships between each species 
and its disentangled version. 

Lemma 2.12 (Comparison of entangled and disentangled processes). Let f = (ti,T2) be 
any two-type traversal measure, let (A\,A2) be any initial configuration, and let i G {1,2}. 

1. In the two-type process rjf Al ' A2 \ each species is dominated by its unrestricted disen- 
tangled version. That is, r]\ Al ' A2 \t) C ry^(t) for all t G [0, oo]. 

2. If species i conquers some set S C Z, d in the two-type process rjf Al ' A2 \ then the entan- 
gled growth of species i dominates the growth of its disentangled version restricted to 
S. That is, r}\ MM \t) D r) Ai ' S (t) for all t G [0, oo]. 

Proof. Both parts follow directly from Definition 2.10 and the monotonicity of the restricted 
first-passage percolation process with respect to the restricting set. More explicitly, for Part 
1, we have 

ri\ AuM \t) = V Ai ' Ci (t) C r£* d (t) = V Ai (t) for all t G [0, oo], 

where C« is species i's finally conquered set from Definition 2.10. For Part 2, the hypothesis 
is that S C r}\ Al,A2 \oo), and Lemma 2.11 shows that ^ Al ' A2 \oo) = d, so S C C { . By 
Definition 2.10, r]\ Al ' A2 \t) = ^ l,Cl (t) for all t G [0, oo], and by monotonicity, we have 
ri A " C \t) D 7] A ^ S (t) since d 5 S. □ 

In fact, we show in Lemma 2.20 below that under some additional assumptions on f , 
a stronger version of Lemma 2.12 holds, in which each species' entangled growth is in fact 
equal to any member of an appropriate family of disentangled processes up to a given time. 
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The next lemma gives two trivial situations where the entangled process is easy to describe 
explicitly. 

Lemma 2.13 (Trivial starting configurations). Let f = (ti,T2) be any two-type traversal 
measure, and let (Ai,A 2 ) be an initial configuration. 

1. If Ai = for some i G {1, 2}, and j = 3 — i, then 

r)l Al ' M) {t) = and ^ Al ' M \t) = r$ (t) forallt>0. 

2. If Ax UA 2 = Z d , then rf AuM \t) = (A 1 ,A 2 ) for all t > 0. 

Therefore, if at least one of the sets A\, A 2 , or 7L d \ {A\ U A 2 ) is empty, then the two-type 
process with initial configuration (Ai,A 2 ) is well-defined and full for all two-type traversal 
measures f. 

Proof. Both parts follow immediately from Definition 2.10. For Part 1, note that if Ai = 
and A^i / 0, then d = and C 3 _i = Z d , and if A x = A 2 = 0, then d = C 2 = 0. For 
Part 2, note that AiCQCZ^ A 3 ^i, so if AiUA 2 = Z d , then we must have Q = Ai. □ 

The following proposition gives sufficient conditions for the entangled process to even- 
tually cover the whole lattice. The proof uses an elementary result stated in Section A.l. 

Proposition 2.14 (Sufficient conditions for a full entangled process). // (^1,^2) is any 
nonempty initial configuration and f is a two-type traversal measure on E(Z rf ) satisfying 
(NT) and whose component measures satisfy (3Geo*), then C± U C 2 = 7L d , where Ci and 
C 2 are the finally conquered sets for the entangled process r]^ Al ' A2 \ 

Proof. First note that the assumption that the initial configuration (Ai,A 2 ) is nonempty 
implies that any Cj-set is contained in C^; we will use this fact repeatedly throughout the 
proof. To prove that Ci U C 2 = Z d , we let S :=Z d \d, and then we show that S C C 2 by 
proving that S is a C2-set. 

First we show by contradiction that 

Ti(A 2 , v) < 00 for all v G S. (2.13) 

To see that (2.13) holds, we make the following claim. 
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Claim 2.14.1. If T£(A 2 , vo) = oo for some vo G S, and So is the component of S containing 
vo, then Ci U So is a Ci-set. 

Proof of Claim 2.14-1- Let Ci := Ci U Sq. First, we claim that <9C\ C dCi. To see this, 
note that by Lemma B.6, we have 

aCi = 9(Ci U S Q ) = {v g 9Ci U dS : N(v) £ Ci U S }. (2.14) 

Thus, to show that dCi C <?Ci, it will suffice to show that for any v G So we have 
N(v) C Ci U 6*0. Let v G S . Then N(v) \ S C Z d \ S = (5 \ S ) U Ci. Now if 
N(v) fl (S \ So) / 0, then So would be connected to some point in S \ So, contradicting the 
maximality of the component So, so we must have N(v)n(S\So) = 0. Hence N(v)\So f= Ci, 
or N(v) C CiU^o for every v G Sq. Therefore, (2.14) implies that dC\ n Sq = and hence 
dC\ C dCi as claimed. 

Now, since dC\ C dCi and Ci 5 Ci, it follows from Part 2 of Lemma 2.11 that 

Vv€3Ci\Ai, 

T^(A U v) < If H^i.v) < Tf ^ Cl) *(A 2 , v) < Tf d \ 6l) *(A 2 , v). (2.15) 

Finally, note that since So is connected and contains a vertex vo with T!^^, vo) = oo, 
Part 2 of Lemma 2.1 implies that A2 n So = 0. Since A 2 n Ci = by definition, we therefore 
have A2 n Ci = 0, and so (2.15) shows that Ci = Ci U So is a Ci-set. □ 

By Claim 2.14.1, if T^{A2, v ) = 00 for some v G S, then we get v G Ci (since v is 
contained in some So C S such that Ci U So is a Ci-set), but this is a contradiction since 
S n Ci = by definition. Thus we conclude that (2.13) holds. 

Next, we again use contradiction to show that 

T$(A 2 ,v) < (A u v) for all v G S. (2.16) 

To see that (2.16) holds, we make the following claim. 

Claim 2.14.2. If T^ S) * (A ± , v ) < T£(A 2 ,v ) for some v G S, then Ci U {v } is a 
Ci-set. 
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Proof of Claim 2.14-2. First note that Z \ S = Ci, so the hypothesis is that there exists 
v £S with T 1 *(A 1 ,\ ) < r 2 5 (A 2 ,v ). This implies that r 2 5 (A 2 ,v ) > 0, so v G" A 2 , and 
T°*(Ai,v ) < oo, so v G N(Ci) = aS*. Let Ci := Ci U {v }. We claim that 

7f 1 (A 1 ,v )=2f ! (A 1 ,v ) and T 2 (z ^ 6l) * (A 2 , v ) = T 2 S (A 2 , v„). (2.17) 

To see that (2.17) holds, first observe that any C^-path from A\ to vo is a Ci-path from 
A\ to vo, and any minimal Ci-path from A\ to vo is a C^-path from A\ to vo. Similarly, 
noting that Z d \Ci = S'\{vo}, observe that any (Z d \Ci)*-path from A2 to vo is an S-path 
from A2 to vo, and any minimal S*-path from A2 to vo is a (7j d \ Ci)*-path from A2 to Vo- 
Thus, Part 3 of Lemma 2.1 implies that (2.17) holds. Combining (2.17) with the hypothesis 
of Claim 2.14.2, we have 

lf 1 (A 1 ,v ) = T?'(A 1 ,v ) < T 2 s (A2,v )=Tf\ Qir (A 2 ,v ). (2.18) 
On the other hand, combining the fact that Ci 3 Ci with Part 2 of Lemma 2.11, we have 

Vv€Ci\(AiU{v }), 

T^ 1 (A 1 ,v) < if^v) < Tf d \ Cl) *(A 2 ,v) < T 2 (ZAei) V 2 ,v). (2.19) 

Combining (2.18) and (2.19), we have 

Tp 1 ^, v) < rf dVCl) *(A 2 , v) for all v € Ci \ A ± . 

Finally, since vo ^ A2 and C\ PI A2 = 0, we also have Ci n A2 = 0, so this shows that 
Ci = Ci U {v } is a Ci-set. □ 

Claim 2.14.2 immediately implies that if T^ S) * (A 1 , v ) < T^(A 2 , v ) for some v G S, 
then vo G Ci, which is a contradiction since SnCi = by definition. Therefore we conclude 
that (2.16) holds. 

Now, since f satisfies (NT) and (3Geo*), Lemma A.l implies that the conditions (2.13) 
and (2.16) together are equivalent to 

T 2 5 (^ 2 ,v) < rf^Vi.v) Vv €S\A 2 . 

Therefore, S is a C 2 -set and hence S C C 2 . Since S = Z d \ C\, we thus have Ci U C 2 = 
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We now turn to the question of when the entangled process is well-defined, i.e. when 
the finally conquered sets Ci and C2 are disjoint. It was noted above that in order to 
construct the two-type process rjf Al ' A ^ algorithmically from a finite starting configuration 
(A\,A2), we had to assume that the two- type traversal measure f = (t\,T2) satisfied the 
"No Ties" property (NT), and that its two component measures t\ and T2 satisfied the 
"Finite Speed" property (FS). It turns out that this second condition is not quite sufficient 
to get a well-defined process for arbitrary infinite starting configurations. Instead, we will 
impose the following stronger condition on f : 

Definition 2.15 ("Finite Speed" property for minimum traversal measure). 

(MTFS) The minimum traversal measure r m - m = t\ A T2 satisfies (FS). 

The abbreviation (MTFS) stands for "Minimum Traversal (Measure) has Finite Speed." 
Observe that if f satisfies (MTFS), then the two traversal measures t\ and T2 both satisfy 
(FS), since obviously r/°(i) C ??° min (i) for i G {1,2} and t > 0. By Lemma 2.8, any i.i.d. 
random traversal measure f constructed as in Section 2.1.1 almost surely satisfies both (NT) 
and (MTFS), and we prove in the following lemma that these two properties together are 
sufficient to get a well-defined process. 

Proposition 2.16 (Sufficient conditions for a well-defined entangled process). If f is a 
two-type traversal measure on E(Z d ) which satisfies (NT) and (MTFS), then the two-type 
process r]^ Al ' A2 ^ is well-defined for all initial configurations (A±,A2). In particular, this 
holds almost surely for any random i.i.d. f satisfying the hypotheses in Lemma 2.8. 

Proof. Lemma 2.13 showed that the process is well-defined if either A\ or A2 is empty, so 
assume that A\ and A2 are both nonempty. We will prove that Ci D C2 = by contradic- 
tion. The strategy will be to assume that the intersection is nonempty, and then use this 
assumption to construct an infinite path 7 with r m i n (7) < 00, contradicting (MTFS). 

Suppose there exists some vertex w 6 Ci n C2. Let Po be a T x ^geodesic from A\ to 
w, and let uo be the first point in Po that's also in C2 (where "first" refers to the order 
in which the vertices in Po ar e traversed, starting in A\ and ending at w; this ordering is 
well-defined since Pq is finite and simple). Note that uq exists because w 6 C2, and we 
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must have uo G Ci n C2 since Po Q Ci. Now let Qo be a T 2 2 -geodesic from A 2 to Uo, and 
let vo be the first point in Qo that's also in Ci (again, "first" refers to the ordering of the 
vertices in Qo induced by its direction, and vo G Ci n C2 exists because the end vertex uo 
is in Ci). 

We continue this procedure inductively for all n G N, constructing two sequences of 
geodesies P n , Q n with intermediate points u n , v n . For n > 1, 

• Let P n be a T x 1 -geodesic from A\ to v n _i, and let u n be the first vertex of P n lying in 
C 2 . The geodesic P n exists because (by induction) v n _i G Ci, and every component 
of Ci contains a component of A\\ the vertex u n exists because (by induction) v n _i G 

c 2 . 

• Let Q ra be a T 2 2 -geodesic from A2 to u n , and let v n be the first vertex of Q n lying in 
Ci. The geodesic Q n exists because u n G C 2 , and every component of C 2 contains a 
component of ^2; the vertex v n exists because u n G Ci. 

Our goal will be to construct an infinite path 7 with r m i n (7) < 00 by gluing together 
subpaths of P n and Q n . In order to know that this works, we need to know several things 
about P n and Q n , which we enumerate in the following claims. 

Let P n [vli,u ra ] and P ra [u n ,v n _i] denote the subpaths of P n from A\ to u n , and from 
u n to v n _i, respectively. Similarly, let Q n [A2,v n ] and (5 n [v n ,u ra ] denote the appropriate 
subpaths of Q n . 

Claim 2.16.1. For n > 0, P n [^i,u n ] n C 2 = {u n }, and Q n [A 2 ,v n } D Ci = {v n }. 

This follows because u n is the first vertex of P n in C2, and v n is the /irsi vertex of Q n 
in Ci. In particular, Claim 2.16.1 implies that P n L4i,u n ] is a (Z d \ C2)*-path, hence is 
edge-disjoint from C 2 , and that Q n [^2,v n ] is a (Z d \ Ci)*-path, hence is edge-disjoint from 
d. 

Using Claim 2.16.1, we prove the following inequalities for the traversal times of P n and 
Q n , which are the crux of the argument: 

Claim 2.16.2. For n > 0, ri(P n [Ai, u n ]) > r 2 (Q„), and T 2 (Q n [A 2 , v„]) > ti(P„+i). 
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Essentially, Claim 2.16.2 holds because in order for the vertex u n to be in C2, species 2 
has to reach u n from within C2 before species 1 can reach it from outside of C2; similarly, 
in order for the vertex v ra to be in Ci, species 1 has to reach v ra from within Ci before 
species 2 can reach it from outside of Ci. 

Proof of Claim 2.16.2. Suppose the first inequality fails for some n > 0, i.e. t\ {P n \A\, u n ]) < 
T~2{Qn)- Then since (NT) holds, we must in fact have Ti(P„L4i, u n ]) < T2(Q n ), because 
P n [Ai,u n ] is edge-disjoint from C2 by Claim 2.16.1, hence edge-disjoint from Q n C C2. It 
then follows that 

rf (A 1 ,U n ) < niPniA^Un}) < T 2 {Q n ) = T^(A 2 ,U n ). (2.20) 

The first inequality in (2.20) holds because P n [A 2 ,u n ] is a (Z d \ C2)*-path from A\ to u n 
by Claim 2.16.1, and the final equality holds because Q n is a C2-geodesic from A 2 to u n . 
But then it follows from (2.20) and Part 2 of Lemma 2.11 that u n C 2 , contradicting the 
choice of u n G Ci n C 2 - Thus we conclude that T\(P n [Ai, u n ]) > T 2 (Q n ) for all n > 0. 
Similarly, if T2{Q n [A 2 , v n ]) < Ti(P n+ i) for some n > 0, it follows that 

Tf ^ Cir (A 2 , v n ) < T 2 (Q n [A 2 , V„]) < Ti(P n+ i) = 2f ^Ai.Vn), 

contradicting the fact that v n G Ci, so we conclude that T2(Q n [A2, v n ]) > T\{P n+ \) for all 
n > 0. □ 

The following relations are trivial, but worth highlighting: 
Claim 2.16.3. For n > 0, 

Ti{P n ) = ri(P n [Ai,u n ]) +ri(P n [u n ,v n _i]), and 

T2(Qn) = T 2 (Q n [^2, V n ]) + T 2 (Q„ [v„ , U n ]) . 

Claim 2.16.3 follows from the additivity of the measures t\ and t 2 and the fact that P n 
and Q n are simple paths (because they are geodesies), so they are the (edge-) disjoint union 
of the subpaths on the right. 

The next claim shows that our inductive construction of the paths P n and Q n does not 
"break down" after a finite number of steps, and actually yields an infinite sequence of 
distinct vertices u ra and v n : 
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Claim 2.16.4. The vertices u„ and v n (n G N) are all distinct. That is, for any m, n G 
N, u m / v n , and if m ^ n, then u m / u n and v m / v„. Moreover, the sequences 
{T^(A 1 ,u n )} neN and {T 2 C2 (A 2 , v„)} 

neN are str i ct ly decreasing. 

Proof of Claim 2.16.4- First note that since subpaths of geodesies are also geodesies, Claim 2.16.2 
implies that for all m, n G N we have 

T^ 1 (A 1 ,u m ) = n(P m L4i,u m ]) > r 2 (Q m ) = T 2 C2 (A 2 ,u m ), and 
T 2 C2 (A 2 , v n ) = T 2 (Q n [A 2 , v n ]) > ri(P n+ i) = TfHAx, v n ). 

If we had u m = v n for some m, n G N, this would imply that 

if^Ai.u™) > T 2 C2 (A 2 ,u m ) = T 2 C2 (A 2 , v n ) > Tf^A^Vn) = ^(Ai.u™), 

which is a contradiction, so we conclude that u m / v n for all m, n G N. Next, by combining 
Claim 2.16.2 and Claim 2.16.3, we get the following chain of inequalities for each n G N: 

Tl(P„[Ai,U„]) > T 2 (Q„) > T 2 (Q„[A 2 ,V n ]) > 7i(P n+ l) > Tl(P n+ l[Ai,U n+ l]) 

> T 2 (Q n +l) > T 2 (<5 n+ l[A 2 ,V n+ i]). 

In particular, for all n G N we have 

lf 1 (Ai,u n ) = Ti(P n [Ai,u n ]) >n(P n+ i[A 1 ,u n+ i]) =T 1 Cl (A 1 ,u„ +1 ), and 
T 2 C2 (A 2 , v n ) = r 2 (Q n [A 2 , v n ]) > r 2 (Q n+ i[A 2 , v n+1 ]) = T 2 C2 (A 2 , v n+1 ). 

Thus, the sequences {T-p 1 (Ai, u n )} neN and {T 2 ° 2 (A 2 , v n )} neN are strictly decreasing, so 
the maps n t- > u„ and n t- > v n must be injective. □ 

Finally, we are ready to construct the path 7 and derive a contradiction. For j G N, let 
72j = Qj[uj,Vj] := -Qj[vj,Uj], and let 7 2j+ i = Pj+i[\j, u j+1 ] := -P,- + i[u j+ i, vj], where 
the negative signs indicate that the subpaths are traversed in the reverse direction from the 
paths Qj and Pj+i- Then the concatenation 7 := 70717273 • • • is a path starting at uo and 
traversing the u n 's and v n 's in order: 



62 



By Claim 2.16.4, the vertices in the above sequence are all distinct, so the path 7 is infinite. 
Note that although the vertices u„ and v n are all distinct, we have no guarantee that the 
subpaths 7„ don't intersect at interior vertices, so the path 7 may not be simple. This is not 
a problem, however, since we only need an upper bound on the traversal time of 7, which 
we now derive. By Claim 2.16.2 and Claim 2.16.3, for j G N we have 

72(72.7) +T 2 (Qj[A 2 ,Vj}) = T 2 {Qj) < Ti(Pj[Ai,Uj]), and 
n(72j+i) +T 1 (P j+1 [A 1 ,u j+1 ]) = n(P j+1 ) < T 2 (Q j [A 2 ,v j ]), 

and hence 

r 2 {l 2 j) < Ti(Pj[Ai,Uj}) -T 2 (Qj[A 2 ,Vj]), and 

T"l(72j+l) < T 2 (Qj[A 2 ,Vj]) - Tl(P j + 1 [A 1 ,U j + 1 }). 

Thus, we get a telescoping sum bounding r m i n (7): 

Tmin(7) < ^(7o) + 7-i(7i) + 72(72) + 7-l(73) H 

00 

<II[ r i( p :^i> u j]) - T 2(Q^ 

00 

= E MPMi,Uj\) -T 1 (P j+1 [A 1 ,u j+1 ])] 
= ri(P [Ai,uo]) - lim if^A^Uj). 

j-5>00 

Therefore, 7 is an infinite path with r m i n (7) < T ± 1 (Ai,uo) < 00. Since this contradicts 
(MTFS), we conclude that Ci n C 2 = 0. □ 

Remark 2.16.1. If A\ and A 2 are not both infinite, the assumption (MTFS) in Proposi- 
tion 2.16 can be weakened. For example, if A\ is finite, then instead of (MTFS), we can 
assume merely that 77 satisfies (FS) and t 2 satisfies (3Geo*). Note that this assumption 
is weaker than the one needed for the algorithmic construction, and that it is not necessary 
for A 2 to be finite. The proof proceeds exactly as above up through Claim 2.16.4. Then, 
rather than constructing the infinite path 7, we simply observe that if A\ is finite, then 
the fact that {T^ 1 (A\, u n )} neN is strictly decreasing implies (via a compactness argument) 
that there is an infinite T 1 Cl -geodesic with finite traversal time, contradicting (FS) for t\. 
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2.4-3 First-Passage Competition as an Interacting Particle System 

In order to more easily make formal probabilistic arguments, we can view the first-passage 
competition process as a (possibly non-Markovian) interacting particle system (cf. Liggett 
[Lig85]) with state space (S,<S), where S = {0, l,2} zd , and S is the product u-field (gener- 
ated by cylinder sets). The state of a vertex v G Z d at time t > is if v has not yet been 
infected, and is 1 or 2 if v has been infected by species 1 or 2, respectively. If the process 
is well-defined and full, the state of every vertex eventually changes from to either 1 or 2, 
and then remains in that state forever. 

To describe the interacting particle system perspective more formally, first note that the 
state space S is in one-to-one correspondence with pairs of disjoint subsets of Z d : 

For X G S and A U A 2 C Z d with A 1 nA 2 = 0, we write 
X = (A 1 ,A 2 ) X = l-l Al +2-l A2 

(2.21) 

^ A l = and A 2 = X~ 1 {2}. 

Now let f be a random two-type traversal measure in some probability space (Q,A, Pr), 
and suppose that f satisfies (NT) and (MTFS) Pr-a.s., so that the entangled process 
n x = rjf^ 1 '^ is almost surely well-defined for all starting configurations X = (A±,A 2 ) 
by Proposition 2.16 (and also full by Proposition 2.14). Then, for any X G S, we let 
£ x = (£ x )- denote the S-valued entangled process on [0, oo] with initial configuration X 
and run with the random traversal measure f . That is, using the correspondence in (2.21), 
we have by definition 

^=Vf(t) for alUG [0,oo], (2.22) 

so that for v G 7L d and i G {1,2}, £*(v) = i iff v G rjf(t). Note that (2.22) is a pointwise 
definition, i.e. (^) f = ^(*) f° r an w m tne Pr-a.s. subset of Q, on which is well- 
defined. We leave it to the reader to verify that for all X G S and t > 0, the map 
(£t~) f ■ ^ — > S is ^,/5-measurable whenever the traversal measure f : — > (R + x M + ) E ( zd ) 
is Borel measurable. 

The two-type competition process £ x was originally defined in [HP98] and [HP00] as a 
Markov process on S. This is equivalent (by the memoryless property of the exponential 
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distribution) to specifying in (2.22) that f is i.i.d. with exponentially distributed model 
traversal times, say ~ Exponential(Aj) for some Ai,A2 > 0. In the Markov case, the 
process can be completely described by its infinitesimal dynamics (cf. [LiglO]): A vertex 
in state 1 or 2 never changes state, while a vertex in state changes to state % G {1,2} at 
infinitesimal rate A, times the number of neighbors it has in state i. 

For traversal measures f that are not i.i.d. exponential, the process £ x as defined in 
(2.22) is not Markov. However, £ x does always satisfy a sort of "spatio-temporal Markov 
property" rather than a purely temporal one, because if the "state" of a vertex is enlarged 
to carry extra information taking into account the time at which it was infected, then the 
future evolution of the process £ x only depends on the states of vertices on the boundary 
of the conquered region. We will use this idea to prove Lemma 2.31 in Section 2.5.3, which 
will substitute for the Markov property in the proof of Theorem 2.35 below. 



2.4-4 Additional Notation for the Two-Type Process 

In this subsection we introduce some additional definitions and notation for the two-type 
process that will be needed in Sections 2.5.2, 2.5.3, and 2.6 below, as well as in Chapters 5 
and 6. 



Occupied Sets and Entangled Passage Times 

Let (A\,A2) be an initial configuration and let f be a two-type traversal measure on Z d . 
For t > 0, we define the total occupied region at time t by 

Vit^it) :=^' i2) WU# lA) (t), (2.23) 

i.e. the set of sites conquered by either species by time t. If v G Z d and v ^ Vita^it)-) 
we say that v is unoccupied at time t. For v G Z d and i G {1,2}, we define species i's 
(Ai, A2)-entangled passage time to v by 

lj Al > A *\v) := inf [t : v G r,? 1 '^®} = if^.v), (2.24) 
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i.e. the time v is infected by species i in the entangled process started from (A\,A2). We 
also define the (A\, A 2 )-infection time of v (by either species) as 

T^(v) := inf {t : v G ^\t)} = if '^(v) A if ^(v). (2.25) 

More generally, we can similarly define the entangled hitting time of any subset B C Z d 
by one or either species in the two-type process. Note that if rj^ 1 '^ is well-defined and 
full, then exactly one of t[ Ai ' A2 \\) and T^ 1 '^ iy) is finite. With the above definitions, 
observe that 

4 A ^\t) = |v G 7L d : T^iy) < t}, and ^\t) = |v G Z rf : T^V) < t}. 

If (A l5 A 2 ) = X £ S, the notation for the total occupied region, entangled passage time, 
and infection time becomes n x u2 (t), T*(v), and T^ 2 {y)i respectively. 

Notation for Elements of the State Space S 

Here we introduce some convenient notation for elements of the state space S = {0, 1, 2} z . 
The following definitions are intended to be intuitive shorthand for converting between 
states in S and various related subsets of Z d , following the general convention of identifying 
a state with its set of occupied sites. If X G S, we define the occupied regions for X by 

Vi(X) := X _1 {i} for i G {1, 2}, and Vlu2 (X) := X'^l, 2}. (2.26) 

That is, if X = (Ai,yl 2 ), then rj^X) = Ai is the region occupied by species % in X, and 
r) lu2 (X) = Ai U A2 is the region occupied by either species. Note that it follows from (2.26) 
and the definition (2.22) of £ x that 

Vi (£f ) = V? (t) and Vlu2 ) = r/f u2 (t) for all t € [0, 00] . 

Just as we did for subsets of we can identify a state X G S with an induced subgraph 
of 7j d , namely the subgraph induced by its total occupied region n lu2 (X). In this way, we 
extend all of our graph theoretic notation to any X G S, e.g. 

N[X], N(X), OX, E(X), E C (X), E 9 (X), E*(X), 
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by replacing each instance of X in this notation with the subgraph of Z rf induced by ?7iu2(^0- 
Furthermore, for X, X' G S, we define the union of X and X' to be the set of vertices 

X U X' := Vlu2 (X) U 77 1U2 (X') G 2 Z ". (2.27) 

That is, X U 1' C Z d is the set of all occupied vertices in either X or X' . Following our 
convention for initial configurations (Ai,A2), we call a state X G S finite if |7/ 1u2 (a~)| < 00 
and infinite if |r/ lu2 (^)| = 00. We also call X final if n lu2 (X) = Z d ; thus any full process 
ends in a final state by definition. More generally, we define the following three subspaces 
of S: 

S {0 ,i} == {0,lf d , S {0j2} := {0,2f d , and S {lj2} := {1,2}*. (2.28) 

That is, S{ 0j j} is the set of states corresponding to a one-type process of type i, and S{ 12 } 
is the set of final states. Note that the three subspaces in (2.28) are precisely the collections 
of trivial initial configurations to which Lemma 2.13 applies. 

Notation for the Canonical Sample Space and Subspaces Q\\ 

Let Q, = x M + ) E ( Z ) be the canonical sample space for the two-type process, as defined 
in Section 2.1.1. We write oj = (wi,^) for an element of ft, where oj\, oj 2 € (M. + ) E ( ld } are the 
component functions of oj. Recall that in the canonical case, if f = (ti,T2) is the collection 
of traversal time pairs corresponding to the outcome then f = oj and Tj = cjj. If we 

want to view f as a measure rather than a function (as in definition (2.1), Section 2.1.2), 
we will write f w instead of oj. If A C E(Z d ), we write ui\\ for the function oj restricted to the 
edge set A, and 0Ji\\ (i G {1, 2}) for its component functions. We define Q<\\ := (R + x M + ) A , 
so that w|a G S7| a for any oj G £1. 

The Canonical Process Space S' ' 00 ' 

The first-passage competition process £ x is defined in Section 2.4.3 above as an S-valued 
stochastic process on [0, 00], where the state space S = {0, l,2} zd is endowed with the 
product ex-field S. For each X G S and t > 0, the state of the process started from X at 
time t is G S, which is a random element of (S, 5) in some unspecified probability space 



67 



(ft, A, Pr). Equivalently, for a given initial state X, the process £ is a random element of 
(g[o.°°], 5 ®[o,oo]^ which 

we call the canonical process space. We write Pr^ for the law 
of the two-type process started from X and using the random traversal measure r; that 
is, Pr^ := Pro((^ x ) f ) 1 is the pushforward measure on the canonical process space. 

The Two-Type Process as a Map Between Canonical Spaces 

In Sections 2.5.2, 2.5.3, and 2.6 below, we will assume that (fi, A, Pr) is the canonical 
probability space defined in Section 2.1.1, i.e. Q = (R + xW + ) E ^ d \ endowed with its Borel o- 
field A and a product measure Pr with marginals satisfying (FPS^), (MM^) , and (NTP1). 
In order to take the starting configuration X into account, it will be convenient to treat £. 
as a function HxS^ S^'°°\ which maps the pair (a;, X) to the process (£ X ) LU started from 
X on the outcome oj. This is not strictly correct, however, since for a given starting state 
X, the process £ x may only be defined on a Pr-a.s. subset of S7, and so £. is not well-defined 
for all pairs (uj,X) G 0, x S. Thus, we refer to any D C 0, x S on which £. is defined as a 
domain of definition for the two-type process, and we write £. : D — > S^'°°\ 

We explicitly identify one particular domain of definition D = Dq as follows. First define 
the set of good traversal measures by 

^good := e (R+ x M + ) E(zd) : w satisfies (NT) and (MTFS)} . (2.29) 

In the canonical probability space we have Q goo d £ A an d Pr(0 goO( j) = 1 by Lemma 2.8. 
Now define the initial domain of the two-type process to be 

D Q ■.= n x (s {0 ,i } u s {0 , 2} u s { i >2} ) u {n good x s) , (2.30) 

where S{ 0i i}, S{ 0)2 }, and S{ 12 } are the subspaces of S defined in (2.28). Then by Lemma 2.13 
and Propositions 2.14 and 2.16, the two-type process n^ is well-defined and full for all 
(cj,X) G Dq. In particular, the fact that n* is well-defined on Dq means that the occupied 
regions nf (t) w and r/^it)^ are disjoint for each t G [0, oo], so the map £ t is a legitimate 
function from Dq into the subspace S = 3 zd of the larger a priori codomain 2 zd x 2 zd = 4^ d , 
given by (oj,X) i->- (ryf-(t), ^(t)) = Thus, Do is a domain of definition for the 

two-type process, meaning that S' ' 00 ' is a valid codomain for the function £. : Do — >■ S^ ' 00 ! 
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defined on Do. We will see below (in Corollary 2.23 and Lemma 2.31) that we can in fact 
extend -Do to larger domains, which will be necessary to state some of the properties of £. 
that will be used later. 

2.5 Basic Properties of First-Passage Percolation & First-Passage Competition 

2.5.1 Locality and Equivalent Processes 

In this section we prove various properties about the restricted one-type process and the 
two-type process which show, essentially, that if an /^-restricted process is actually contained 
in some set S C R at a given time t, then knowledge about the process growing in S is 
equivalent to knowledge about the process growing in R, up to time t. We refer to this 
general property as "locality," and it implies (Lemma 2.20) that the growth of species % 
in the entangled process r)f Al ' A ^ up to time t is equivalent to the growth of species i's 
disentangled process restricted to any set containing rj^ Al ' A2 \t) and avoiding ^^'^(t) . 
This reduction of a two-type process to a one-type process is similar to Haggstrom and 
Pemantle's "separator lemma" [HP00, p. 5], and will be a key step in analyzing the entangled 
process in the next section. 

Lemma 2.17 (Locality of restricted passage times). Let r be a traversal measure on E(Z d ) 
with T =T T . IfACS^RC Z d , then 

1. T R (A, R\S) = T s * (A, R\S). 

2. IfveR andT R (A,v) < T s * (A, R\S), thenT R (A,v) =T 5 (A,v). 
Proof. Part 1: Since A C R, R \ S C R, and S C R, we trivially have 

T R (A, R\S)= T R * (A, R\S)< T s * (A, R\S), 

so we need to prove the reverse inequality. Given any i?-path 7 from A to R \ S, let 7* be 
the subpath of 7 ending at the first vertex of 7 lying outside of S. Then every vertex of 
7* is contained in S except for the final vertex, so 7* is an S"*-path from A to R \ S, and 
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t(i*) < t(i) since 7* is a subpath of 7. Therefore, 

T R (A, R\S) = inf {r( 7 ) : 7 is an i?-path from Ato R\S} 

> inf {t(7*) : 7 is an i?-path from A to i? \ S} 

> inf {r(A) : A is an S*-path from A to R \ S} 
= T S *(A,R\S). 

Part 2: Let v €. R, and suppose T fl (A, v) < T s * (A, R \ S). Since S C i?, the inequality 
T i? (y4, v) < T s '(^4, v) is trivial, so we need to prove the reverse inequality. Since T R (A, v) < 
T S *(A,R \ S), there is some i?-path 7 from A to v such that r(i) < T S *(A,R\ S) = 
T R (A, R\S), where the final equality is from Part 1. We claim that any such path satisfies 
7 C S. Indeed, suppose 7 contained some vertex u € R \ S. Then the subpath "f[A, u] 
would be an i?-path from A to R \ S, and we would then have 

T R (A, R\S)< r{ 7 [A, u]) < r( 7 ) < T R (A, R \ S), 

which is a contradiction. Therefore, since T R (A, v) < T R (A, R\S), we have 

T R (A, v) = inf{r(7) : 7 is an iZ-path from A to v, and rfr) < T R (A, R\S)} 
> inf{r(7) : 7 is an i?-path from A to v, and 7 C 5} 

= T s (A,v). □ 

The following lemma gives several equivalent conditions for checking that the left- 
continuous i?-restricted process is contained in some set S C R at time t. 

Lemma 2.18 (Restricting the process to a smaller set). Let r be a traversal measure on 
E(Z d ) with T = T T , and let A C S C R C Z d . TTten /or any i > 0, the following are 
equivalent. 

1. T S *(A, R\S)>t. 

2. IfveR andT R (A,v) < t, thenT R (A,v) =T 5 (A,v). 

3. V f' R (t') = J]r' S {t') for all t' < t. 
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4- Vr' R (t-) = T]r' S (t-). 

5. i]^ R {t-) C S. 

6. Rr\r]r'' S *(t-) C 5. 

Proof. (1 =► 2) Suppose T 5 * (A, R\S)>t. IfveR and T R (A, v) < t, then T*(A v) < 
T S *(A, R\S), so T R (A,v) = T s (A,v) by Part 2 of Lemma 2.17. 

(2 3) Suppose T R {A, v) = r 5 (A, v) for all v G R with r R (A, v) < t. Then for any 

t' < t and v G R, we have 

T fi (A v) <t' ^ T s (A,v) < if <=^ T s (A,v) < t' and v G S 1 

since T S '( J 4, v) = oo for v G" <5. Therefore, for any i' < i, 

r^V) = {v G R : T fi (A v) <t'} = {v£5: T S (A v) < if} = ^' S {t'). 

(3 4) If Statement 3 holds, then by definition we have 

^*(h = u = u ^ s it') = ^ s {t-). 

A' S 

(4 ==> 5) This is trivial since r/ T ' (t— ) C S 1 by definition. 

(5 => 6) Suppose riT ,R (t—) C 5. Since iC i? and 5 C P, we have 

T R (A, v) = T fi * (A, v) < T s * (A, v) for all v G R. 

Therefore, 

P n rif> s ~* (t-) = { v G P : T 5 * (A, v) < i} C { v G P : T fi (A, v) < t} = ^ R {t-) C 5. 

(6 => 1) Suppose P n 7?^ ;5 * (<-) C S, i.e. if v G P and T s *(A,v) < t, then v G S. 
Then for any v G P \ 5 we have T s * (A, v) > t, so T 5 * (A, R\ S) > t. □ 

The corresponding statement for the right-continuous process is slightly more compli- 
cated. 
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Lemma 2.19 (Re-restricting the right-continuous process). Let r be a traversal measure 
on E(Z d ) with T = T T , and let A C S C R C Z d . TTien 

1. For any i > 0, i/ie following are equivalent. 

(a) IfveR and T R (A,v) < t, then T R (A,v) = T 5 (A,v). 

(b) Vr'' R (t') = r)r' S (t') for all t! < t. 

(c) rfi R (t)=rf S (t). 

(d) rif' R *{t) = r^ ;5 *(t) and R n ri? ;S * (t) C 5. 

The equivalent conditions in Part 1 imply thatrjT' R (t) C S 1 , which in turn implies that 

A' S* A' S* 

Rr\r] T ' (t) C S\ //r satisfies (3Geo), i/ien Rr\rj T ' (t) C. S implies the statements 
in Part 1, so all six statements are equivalent in this case. 

3. The equivalent statements in Part 1 are all satisfied if T s (A, R \ S) > t. If dS \ dR 

A' S* 

is finite, then RC\r) T ' (t) C S implies that T b (A,R\S) > t, so all seven conditions 
from Parts 1-3 are equivalent in this case. 

Proof. Part 1: The implication la lb is proved the same way as the corresponding 

statement from Lemma 2.18 by changing the appropriate strict inequality into a weak one, 
and the implication lb ==> lc is trivial. We start by proving lc ==> la. 
Fix t > 0, and suppose rjr' R (t) = r]r' S (t). Then for any v G R, 

T R (A,v) < t =► T 5 (A,v) < t. (2.31) 

If T R (A,v) = t, then (2.31) implies that T S (A, v) = t since we always have T S (A, v) > 
T R (v4, v), so the conclusion of la holds in this case. Thus, suppose T R (A, v) < t. Note that 
we must have T R (A, R\S) > t since (2.31) implies that T R (A, u) > t for all u G Thus, 
T R (A,v) < t < T R (A,R\ S), so Part 2 of Lemma 2.17 implies that T R (A, v) = T 5 (^, v) 
in this case as well. 

Next we show that the first statement in (Id) follows from (la), and the second statement 
follows from (lc). Suppose (la) holds, and let v G Z d with T R * (A, v) < t. Then there exists 
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a sequence {7n}neN of minimal i?*-paths from A to v with inf n r(7„) = T R (A, v). Since 
there are only finitely many edges at v, there is some edge e = {v, u} contained in infinitely 
many of the 7„'s; without loss of generality, assume e G 7n for all n. Since each 7„ is a 
minimal i?*-path and A C R, each subpath j n [A, u] must be an i?-path, so 

T R (A,u) <infr( 7 n[Au]) = inf [r( 7 „) - r(e)] = T R *(A,v) — r(e). (2.32) 

n n 

Since r fl *(^4,v) < t by assumption, (2.32) implies that T R (A,u) < t, so T R (A,u) = 
T S (A, u) by (la). Now let {A„} n eN be a sequence of 5-paths from A to u with inf n r(A n ) = 
T s (^4, u) = T i? (yl, u), and let A n e denote the concatenation of X n with the edge e (plus its 
endvertices u and v). Then each A n e is an S'*-path from A to v, so we have 

T s * (A, v) < inf r(A n e) = inf [r(A n ) + r(e)l = T R (A, u) + r(e) < T R * (A, v), 

n n 

where the final inequality follows from (2.32). Since SCR, the reverse inequality T s * (A, v) > 
T R *(A,v) is trivial, so we must have T s *(A,v) = T R *(A,v). The above argument shows 
that if (la) holds, then 

VveZ d , T R *(A,v)<t =^ T R \A,w) = T s *(A,v), 

which implies that r]r' R (t) = rjr' S (t). Now, clearly (lc) implies that r]r' R {t) C S, and the 
implication r] T ' (t) C S =>• Rr\rj T ' (t) C S 1 is proved the same way as the corresponding 
statement from Lemma 2.18 by changing the appropriate strict inequality into a weak one. 
Thus, (Id) holds. 

Finally we show that Id =>■ lc. Suppose that (Id) holds, and let v G R with 

T R (A,v) < t. Then since v G R, we have T R *(Av) = T R (^l,v) < t, so T 5 * (A, v) < t 

A'S* 

by the first statement in (Id). But then v 6 finr) T ' (t), so the second statement in (Id) 
implies that v G S and hence T 5 (A,v) = T s *(A,v) < t. Therefore, T R (A,v) < t =^ 
T s (A,v) < t, and since the reverse implication is trivial, (lc) holds. 

A~ R A' R 

Part 2: Clearly lc implies that rj T ' (t) C S, and the implication 7] T ' (t) C S 1 =>• i? n 
r/r' (t) C 5 is proved the same way as the orresponding statement from Lemma 2.18 by 
changing the appropriate strict inequality into a weak one. We will prove that if r satisfies 
(BGeo), then fln^ ;S *(t) C S =^> la. 
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Suppose that R n rjr ;5 * (t) C 5, i.e. if u G -R and T s * (A, u) < t, then u G 5. Let v G Z d 
with T R (^, v) < i. Since r satisfies (3Geo), there is some T R -geodesic 7 from A to v, so 
r(7) = T R (A, v) < i. We will show that 7 C S by contradiction. If 7 contains some point 
outside S, let u be the first such point. Then u G N(S*), and the subpath 7LA, u] is an 
S'*-path. Therefore, 

r s '(4,u)<r( 7 [A,u]) <r(7)<t, 

which implies that u G 5 by hypothesis. This contradicts our choice of u, so we conclude 
that 7 C S. Therefore, 7 is an 5-path, so 

T s (A,v)<t(^) = T r (A,v). 

Since SCR, the reverse inequality is trivial, so we must have T S (A, v) = T R (A, v). 
Part 3: The first part follows from Lemma 2.17 the same way as in the proof of Lemma 2.18, 
and the second part follows because if dS \ dR is finite, then d(R \ S) C H(dS \ dR) is also 
finite, so the infimum defining T s * (A, R\S) becomes a minimum. That is, RC\r]r'' (t) C S 
means that T s * (A, v) > t for all v G R \ S, and since any S"*-path from A to R \ S must 
end in d(R \ S), the assumption that d(R \ S) is finite implies that 

T s * (A, R\S)= inf T s *(A,v)= inf T s *(A,v)= min T s *(A,v)>t. □ 
veR\S v£d(R\S) ved(R\S) 

Lemma 2.19 implies the following relationship between the one-type and two-type pro- 
cesses. 

Lemma 2.20 (Equivalence of one-type and two-type processes). Let f be a two-type traver- 
sal measure on E(Z d ) satisfying (NT) and (MTFS)fie. f G fl good ), and let rt^ 1,M) be the 
corresponding two-type process started from {A\,A2), as defined in Definition 2.10. For 
i G {1,2} and t G [0, 00], if S is any subset ofL d such that 

^ lA '(f)CSCZ i \^ A) (i-) 1 

then 

rii Al ' A2 \t')=n^ S (t') forallt><t, 
where for t = 0, we use the convention rj^l'^^O— ) = A2. 
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Proof. Let Ci and C 2 be the finally conquered sets from Definition 2.10. By Proposi- 
tions 2.14 and 2.16, the assumptions on f imply that Ci U C 2 = Z d and Ci n C 2 = 0, and 
also that each Tj satisfies (3Geo). These three properties will be needed for the proof. 

For concreteness, take i = 1. First note that since Ci = Z d \ C 2 , if i = 00, then we must 
have 5 = Ci by Part 4 of Lemma 2.11, so the result is trivial in this case. Thus, assume 
t < 00. Let St = v[ Al,M \t) and R t = Z d \ r] {Al ' M \t-). Then S t C S C i? t by assumption, 
so 

< i;S, (t)C< liS (i)C,^ fl '(t). (2.33) 

Now, S t = r/i Al,A2) (t) C Ci by definition, and since Ci n C 2 = and rjf uM \t-) C C 2 , we 
have Ci n ^ Al ' Aa) (t-) = 0, so Ci C i? t . Therefore, S f CCiC R t , and since »/{ Al ' A2) (t) = 
Vti' Ci (t), we have 

^ iSt (t)cf' i!) (i)C^A(t). (2.34) 

Our strategy will be to show that RtC\r] T1 1 (t) C S t by contradiction, whence Lemma 2.19 
implies that ffa 1 '^*^) = VTi' St (t), and the desired result then follows from (2.33) and (2.34). 

Suppose that Rt D f] Al,St (t) % St, i.e. T ri ' (Ai, v) < t for some v G i?t \ St- Then 
T°*(i4i,v) < t since 5 t C Ci. If v G Ci, this implies T^ 1 (A ± , v) < t, so v G »^ i;Cl (t) = St, 
a contradiction. Thus we have v Ci, so v G C 2 since Ci U C 2 = Then since 

T%*(A!,v) < t, we must have v G A 2 or T T ^ 2 (^1 2 , v) < i by Part 2 of Lemma 2.11. But 

(A A ~) S* 

then v G r?2 (* — ) = ^ d \Rt, also a contradiction. Thus we conclude that T n * (Ai, v) > t 

A 'S* 

for all v £ Rt \ St, which means Rt n rj T1 * (t) C Since r satisfies (3Geo), Part 2 of 
Lemma 2.19 then implies that 

ri 1 '*(t) = rft'> St {t). (2.35) 
Combining (2.35) with (2.33) and (2.34), we get 

r,^ S (t) = v[ Al ' A2 \t) = V^(t), 
and the conclusion of the lemma then follows from Part 1 of Lemma 2.19. □ 

Remark 2.20.1. The proof of Lemma 2.20 shows that we can replace the assumption that 
f satisfies (NT) and (MTFS) with the weaker assumption that each Tj satisfies (3Geo) 
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and that the finally conquered sets Ci and C2 partition Moreover, if we drop the 
assumption (3Geo) and assume only that Ci and C2 partition Z d , then using Lemma 2.18 
instead of Lemma 2.19, the same proof shows that if r]\ M ' A2) {t-) C S C Z d \ rji^]'^ (t-), 

itenr 1 ^ M \t-) = r ] A f(t-). 

The next result, which generalizes Lemma 2.12 for f 6 ^ goo d) follows immediately from 
Lemma 2.20 and the monotonicity of the one-type process with respect to the restricting 
set. 

Corollary 2.21 (Comparison with disentangled processes). Let f be a two-type traversal 
measure on E(Z d ) satisfying (NT) and (MTFS), and let ^ Al,M) be the corresponding 
two-type process started from (Aj.,^). If C C Z d \ n^'^^t— ) C D, then 

< i;C (0 C V \ Al ' A2 \l?) C <- D (t') /or a// i' < t. 
2.5.2 Orderings and Monotonicity 

It is intuitively clear that the two-type process r^ Al ' A2 \t) should satisfy a sort of mono- 
tonicity property with respect to the initial configuration (A, A) and the collection of 
traversal times f used to run the process. For example, suppose we run the process twice 
with the same set of traversal times r, but with different starting configurations. If we 
enlarge species l's starting set from A\ in the first process to some set A[ 5 A± in the 
second process, while keeping species 2's starting set A2 fixed, then species 1 should retain 
its advantage throughout the entire run of the second process. That is, at any time t > 0, 
the set of sites occupied by species 1 in the second process should be at least as large as the 
corresponding set in the first process, and the set of 2's in the second process should be no 
larger than the set of 2's in the first process. Similarly, if we keep the starting configuration 
fixed but decrease some of species l's traversal times while leaving species 2's traversal times 
untouched, then again, species 1 will have an advantage throughout the entire run of the 
second process compared with the first. 

Our goal in this section will be to prove this intuitive monotonicity property, in Lemma 2.22 
below. In order to state the result, we will work on the canonical sample space f2 = 
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(R+ x R+) E ^ d - ) , and as described in Section 2.4.4, we consider the two-type process as a 
map £ : D -> S^'°°\ where S = {0, 1, 2} z " is the state space, D C x S is some domain of 
definition for the process, and S^ ' 00 ^ is the canonical process space. Lemma 2.22 is stated 
in terms of appropriate orderings on 17 x S and s' ' 00 ', which we now define by starting with 
orderings on the lower-level spaces {0, 1, 2}, S, and Q. 

Ordering the Canonical Spaces by Favorability to Species 1 

By convention, we will choose our orderings to favor species 1. That is, for comparable 
objects x and y, we will say that x > y if x is better for species 1 (or equivalently, worse 
for species 2) than y. For example, a vertex in state 1 is strictly better than a vertex in 
state 0, which is strictly better than a vertex in state 2. This defines a linear ordering on 
the set of vertex states {0, 1, 2}, which we can easily remember by making the identification 
{0,1,2} = {0,1,-1} (mod 3): 

1 > > -1 = 2. (2.36) 

The ordering (2.36) induces the (componentwise) product partial order on S = {0, 1, 2} z<i = 
{0, 1, — l} zd (mod 3), which agrees with the usual partial order on functions: If X, Y G S, 
then X > Y iff X(v) > Y(v) for all v G Z d , where the latter instance of > refers to (2.36). 
Equivalently, 

VX,YgS, X > Y iffr^X) D ^(Y) and r] 2 {X) C r) 2 (Y), (2.37) 

where the occupied sets % are defined in (2.26). The ordering (2.37) in turn induces the 
product partial order on the space S^ ' 00 ! where the two- type process lives: 

VC,0. G S [0 '°° ] , C > iff Ct > $t for all t G [0, oo], (2.38) 

where the latter instance of > refers to (2.37). 

For two collections of traversal time pairs u, u) 1 G £1 = (M+ x R+) E ( Z \ the configuration 
id is better for species 1 than the configuration <J if the traversal times in u allow species 1 
to move faster and species 2 to move slower than those in oj' . More generally, we define the 
following partial order on Q\ A = (R+ x 1R + ) A , for A C E(Z d ): 

Vf,g G Q\a, f > g iff /!(e) < gi(e) and / 2 (e) > 52(e) for all e G A, (2.39) 
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where / = (/i,/2) and g = (51,52) for some fi,gi' A — > R+. Note that (2.39) is just the 
product partial order induced by the partial order on M + x R + given by (xi,X2) > (2/1,2/2) 
iff x\ < yi and x 2 > 2/2- 

The orderings (2.37) and (2.39) induce the product partial order on Q, x S, namely, for 
two pairs (00, X) and (a/, X') in U x S, 

(w, X) > (u/, X') iff u > J and X > X'. (2.40) 

The partial order (2.40) is actually stronger than necessary to get monotonicity for the two- 
type process. In particular, in order to compare two processes started from initial states X 
and X' with X > X' , we do not need any information about the traversal times within the 
initially occupied regions rji U2 (X) and rj lu2 (X'). Therefore, we define the following preorder 
(i.e. partial order without antisymmetry) > on x S, which treats the traversal times of 
two input pairs as equivalent if they agree outside the total occupied region. That is, for 
(uj,X) and (oj',X') in ft x S, we define 

(u,X) > {<J,X') ]SX>X' and M E c (XuX ,) > w'| E c (XuX ,), (2.41) 

where the partial orders on the right refer to (2.37) and (2.39), and X U X' = rj lu2 (X) U 
7?iu2(^')- More explicitly, (2.41) says that (u,X) > (u',X') if 

-/iW^i(l') and r, 2 (X) C r) 2 (X'), 

and for all edges e ^ E(?? 1 (X) U rj 2 (X')), 

001(e) < oj'i(e) and ^(e) > co' 2 (e). 

As with any preorder, (2.41) induces an equivalence relation defined by (cu, X) ~ (oj',X') 
iff [u,X) > {oj',X') and (u,X) < (u>', X'). That is, 

(w, A) ~ (w', A') iff A = A' and w(e) = w'(e) for all e £ E(A). (2.42) 

The preorder > corresponds to a partial order on the set of equivalence classes Q. x S/ ~ in 
the obvious way. 



78 



Monotonicity of £. and Extension of Domain via Equivalence Classes 

We are now ready to state the main monotonicity result for the first-passage competition 
process. 

Lemma 2.22 (Monotonicity of infection). Let n = (R+ x M + ) E ( zd ) and S = {0, 1, 2} zd . If 
D C $7 x S is any domain of definition for the two-type process f/ien £. : Z? — >■ S' ' 00 ] 
is increasing with respect to the preorder (2.41) and the partial order (2.38). That is, if 
((jU,X) and (cu',X') are two pairs in £2 x S on which £. is defined, and (uj,X) > (u',X'), 
then ) u , for allt>0. 

Proof. Let X = {A 1 ,A 2 ) and X' = (A[,A' 2 ). Then (u,X) > {(J,X') means that 

A\ D A[ and A 2 C A' 2 , 

and for all edges e ^ E(Ai U A 2 ), 

^i(e) < w^(e) and W2(e) > w 2 ( e )- 

For i G {1,2}, let Cj = r]f (oo)^ and = r]f (oo)^' be the final conquered sets for the 
entangled processes run with inputs (oj,X) and (u/,X'), respectively, as constructed in 
Definition 2.10. Our first goal is to show that Ci 5 C[ and C 2 C C' 2 , i.e. > (£*')u/. 

Let 5" be a subset of Z d satisfying the criterion defining C[, i.e. ^ C S', A' 2 n S" = 0, 
and 

2^(4, v) < T| d \ S,) * (A 2 , v) for all vG9S'\ A\. (2.43) 

We claim that the set S := S' U satisfies the criterion defining Ci, which then implies 
that Ci C Ci since S" C 5. We have A\ C S 1 by definition, and since D A 2 = and 
A 2 C A' 2 , we have A 2 n S C A' 2 n S" = 0. Furthermore, since ^ C^, if v € 95 \ Ai, then 
v G <9S" \ Now let v e dS\ A 1: let 71 be any S"-path from A\ to v, and let 72 be any 
(Z rf \ S")*-path from A' 2 to v. Then since S' n A' 2 = 0, we have E(7i) C E(A 1 U A' 2 ) C , and 
since A\ C S 1 , we have E(7 2 ) C E(Ai U A 2 ) , and hence 



r wi (7i) < ^(7i) and 7-^(72) > 7^/(72) 



(2.44) 
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since w|e(AiU/^) c > ^'Ie^uA^- Since 71 was arbitrary, and since S 5 S' and A± 5 A' ± , 
(2.44) implies 

Tg(A lt v) < T%(A u v) < igCAx.v) < T^'(A;, v). 
Since 72 was arbitrary, and since ^2 ^ A 2 and S 1 5 (2.44) implies 

t%" w\a 2 , v) > r(f \^(^ >v) > r^f \*)V 2 , v) > v). 

Combining these inequalities with (2.43), for all v G dS \ A± we have 

2£(*,v) < 35(^1, v) < tJ/ (A[ , v) < T^f S '^(A> 2 , v) < T(f \ S )*(A 2 , v), (2.45) 

and so S satisfies the criterion defining Ci as claimed. Therefore, C Ci, and the same 
argument with l's, 2's, and primes switched shows that C2 C C 2 . 

Now, C'± satisfies all the properties assumed of S', so the above argument shows that 
Tui{A\,\) < r^(Ai,v) for all v G Cj, and thus, since Ci 5 Ci, 

«i(t)u = r,^(t) D r£-> c Ht) 5 r,*r C Ht) = ri?(t)„> for all t > 0. 
Similarly, T*£{A 2 , v) > T^ 2 (^ 2 , v) for all v G C 2 , and thus, since C 2 C C 2 , 

^W. = ^ ; ° 2 (i) C i$ iCa (t) C ^(i) = for all t > 0. 

Therefore, (tf ) u > (£f V for all t G [0, 00]. □ 

The following result is an immediate consequence of Lemma 2.22. 

Corollary 2.23 (Irrelevance of internal traversal times; extension of domain). // (oj,X) ~ 
(uj',X') as defined in (2.42), then 

= forallt>0. (2.46) 

That is, if £. is already defined on the equivalent pairs (u,X) and (oj',X'), then (2.46) 
holds, and if £. is defined on (oj,X) but not (ui',X'), then we take (2.46) as the definition 
of In this way, if D C Q x S is any domain of definition for i/ien £. extends 

consistently via (2.46) to 5 := G x S : 3(w,A") G L> mt/i (uj',X') ~ 
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Monotone Subsets of Ordered Spaces 

If (P, <) is a preordered set, a subset S C P is called increasing (decreasing) if its 
indicator function lg is increasing (resp. decreasing) with respect to < and the usual order 
on R. Equivalently, S is increasing (decreasing) if whenever x £ S and x < y (resp. x > y), 
it follows that y £ S. 

Note that Lemma 2.22 implies that if -ff is an increasing subset of the state space S, and 
D is any domain of definition for then for any t G [0, oo], the set {(w,X)efl: (£t0w £ ^} 
is an increasing subset of Vl x S with respect to the preorder (2.41), since its indicator func- 
tion is the composition of monotone maps 1h ° £t- 

For our purposes, we consider increasing subsets of the canonical sample space ft (i.e. 
events) and of the state space S. The following lemma will be used in the proof of Theo- 
rem 2.35 below and in Chapter 6. 

Lemma 2.24 (Increasing sets). Let (fl,A, Pr) and (S,«S) be the canonical probability space 
and state space defined in Sections 2.1.1 and 2.4-3. If H G S is increasing, then for any 
X G S and t G [0, oo], the event G H} is increasing. If additionally X' G S and 

X < X' , then 

Vv\if G H} < Pr{ef G H]. 

Proof. Suppose G H and oj < oo' . Then (oj,X) < (oj',X), and since the partial order 

(2.40) is stronger than the preorder (2.41), Lemma 2.22 implies that (^) < (£t0 /i so 
) ' ^ ^ since H is increasing. Thus, G } is an increasing event. If X < X', then 
we also have < (Cf')^ by Lemma 2.22, so £ # since H is increasing. Thus, 

{ W :(^) w €F}c{ W :(fn w e4 □ 
2.5.3 STw/t Operators on ft x S, and a "Markov-esque" Property 

Our goal in this section will be to prove a property similar to the Markov property for the 
first-passage competition process, even when the process is not Markov. However, rather 
than being a probabilistic result, our "Markov-esque" property will hold pointwise on the 
initial domain Dq cOxS defined in (2.30), Section 2.4.4. Essentially, this Markovesque 
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property says that if we keep track of the infection times of the vertices on the boundary 
of the total occupied region, then we can pause the process at time t and then restart it, 
feeding in the current configuration and the infection times of the boundary vertices as the 
new initial input, and the process will continue to evolve as it would have if we had allowed 
it to evolve from time without pausing. 

We first prove the Markovesque property for the one-type process in Lemma 2.26 below, 
and then we use this result to show that the analogous property holds for the two-type 
process in Lemma 2.31. The first step will be to define "shift operators" that compute 
adjusted traversal times for edges on the boundary of the infected region, using the current 
state of the process and the infection times of the boundary vertices. These shift operators, 
defined in Definitions 2.25 and 2.29 below, operate on the set IR^ ^ x 2 zd for the one-type 
process, and on domains of definition D C Q x S for the two-type process, mapping a given 
input pair to a new input pair that we will use to run the restarted process. By comparison, 
for t G [0, oo], let 8 t : S^ ' 00 ! — > S^ ' 00 ! be the natural shift operator on the canonical 
process space for the two-type process, defined by OtC '■= Ct+-> i- e - 

(8 t (.) s = (t+s G S for all s, t G [0, oo] and C G S [0 '°° ] . (2.47) 

The shift operators t can be used to state the Markov Property in the case when the 
two-type process is Markov, and we will come back to the definition (2.47) in Chapter 6 
when we study the Markov version of the process. One way to interpret the Markovesque 
property (Lemma 2.31 below) is to view the shift operator Ot : D — > f2 x S in Definition 2.29 
below as a sort of "pullback" of the shift Ot through the process £. : D — > S' ' 00 ]. 

Pausing and Restarting the One- Type Process 

We start by defining, for each S C 1 d and t > 0, a shift operator Of : M.^^ x 2 %d -»• 
M + v x 2 for the restricted one- type process r\ r ' , where A C Z and r G M + 

Definition 2.25 (Shift operators for the one-type process). For any restricting set 5CZ d 
and t > 0, we define a shift operator Of on R^f Z ■* x 2 ld as follows. Given any initial set A G 
2 zd and collection of traversal times r G , define 9? S {A) G 2^ and of' S (r) G 
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by 

9T' S (A) :=n* s (t), 

and for e G E(Z d ), 



if e joins u G r]r' S (t) to v 6 n^ 4,5 (i), 



r(e) - (t - T T s (A,u)) if e joins u G ;5 (i) to v 
r(e) otherwise. 

Then set 0f(r, A) := (^ ;S (r), 9 T t ' S (A)) G M^ d) x 2 zd . 

Remark 2.25.1. To be sure that Definition 2.25 makes sense, we need to verify that 
# t ' (r) G R, , i.e. that the shifted traversal times are nonneg ative. Clearly 0" ' (r)(e) > 
for any e falling into the first case or third case of the definition, so we only need to worry 

A~ S A'S* 

about the second case, when e joins u G t] t ' (t) to v G" t] t ' (t). Suppose e = {u, v} is such 
an edge. Since u G S and e = {u, v}, we have T^* (A, v) < T^(A, u) + r(e), because if 7 
is any S-path from A to u, then the concatenation 7e is an S'*-path from A to v. On the 

A~ S* 

other hand, since v G" t] t ' (i), we have Tf (A, v) > t. Therefore, 

r(e) + T r s (i,u)>Tf( J 4,v)>t, 

so we have 

ef' s (r)(e)=T(e) + T T s (A,u)-t>0 

A' S A - S* 

for all e = {u, v} with u G r\ T ' (t) and v G" r\ T ' (t). This shows that the shifted traversal 
times are all nonnegative and hence define a valid traversal measure. 

Lemma 2.26 (Markovesque property for the one-type process). Let [9f : S C Z d ,t > 0} 
be the family of shift operators from Definition 2.25. Suppose A C S C 7L d , and for any 
t G M+ (Zd) and 4 > 0, let {r t ,A t ) = 0?(t,A). Then 

T?(A, v) = T%(A t , v) + t w/ieneuer T T 5 (,4, v) > t or T^(A t , v) > 0, and (2.48) 
T T S * (A, v) = T T f (A t , v) + t whenever Tf (A, v) > t or T T f (At, v) > 0. (2.49) 

Moreover, 

r)f' s (t + s) = r£' s (s) and n^ s * (t + s) = n^ s * (s) for all s > 0. (2.50) 
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Proof. Definition 2.25 was formulated specifically so that the shifted pair (r<, At) = Of(r, A) 
satisfies the following property, which will be the basis of the proof. 

Claim 2.26.1. If 7 is any 5*-path from u G dA t to v € N[S] \ f]r'' S * (t) such that 7 n A t = 
{u}, then 

r( 1 ) = T t ^)+t-T T s (A,u). (2.51) 

A~ S* 

In particular, if 7 is any minimal S^-path from A t to v G N[5] \ ry r ' (i), then (2.51) holds 
for 7's initial vertex u G cMf. 

Proo/ 0/ Claim 2.26.1. (2.51) holds because r agrees with r t on all edges of 7 except the 
initial edge e originating at u, and for this edge, the difference is r(e) — r t (e) =t — T^(A, u) 
(the assumption that 7 is an 5*-path that ends outside of rj T ' (t) is used to deduce this 
equation for the initial edge). □ 

Our first goal will be to prove the formula (2.48) relating the i>* -restricted passage times. 
Once this is done, the formulas (2.48) and (2.50) for the 5-restricted passage times and the 
growth processes will follow easily. We divide the proof of (2.48) into two claims. 

Claim 2.26.2. Tf(A,v) < T%*(A t ,v)+t for all v r]r'' S *(t). 

Proof of Claim 2.26.2. Fix v G Z \ 7/ r ' (t). If the right-hand side is infinite, then the 
inequality trivially holds, so we can assume that T^ t *(A t ,v) < 00, which means there is 
some S**-path connecting A t to v (and hence v G N[5] since A t C S). Then there exists 
a minimal »S*-path from At to v by Lemma B.7. Fix any such minimal path 7, and let 
u G dAt be the initial vertex of 7. Then jDAt = {u}, and hence t{^) = Tt(j)+t — Tf (A, u) 

A'S * 

by Claim 2.26.1 since v G M[S\ \ rj T ' (t). If A is any path ending at u, let A7 denote the 
concatenation of A with 7, and note that r(A7) < r(A) + r(7). Then since the concatenation 
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of any 5-path with 7 is an S'*-path, 

T r s *(A, v) = inf {t(P) : P is an S*-path from A to v} 

< inf {r(X"f) : A is an 5-path from A to u} 

< inf {t(A) : A is an S-path from A to u} + t(j) 
= T T 5 (A, u) + T t {i) + t - T T 5 (A, u) 

= r t ( 7 ) + t. 

Now, since 7 was an arbitrary minimal S^-path from A t to v, we have 

(A, v) < inf {r* (7) + f : 7 is a minimal S*-path from At to v} 

= T%(A t ,v)+t. □ 

Claim 2.26.3. Tf (A, v) > T T f (A t , v) + 4 for all v ;5 *(t). 

Proof of Claim 2.26.3. Fix v G Z d \rjr' S * (t). If the left-hand side of the inequality is infinite, 

then the statement is trivially true, so assume that T^*(A,v) < 00. Then there is some 

£*-path from A to v (so v G N[S] since ACS), and hence there exists some minimal such 

path by Lemma B.7. If 7 is any minimal »S*-path from A to v, let u 7 be the last vertex of 7 

to lie in At; note that u 7 G dAt exists because the initial vertex of 7 is in A C At while the 

final vertex of 7 is v ^ At by assumption. Then since 7 is minimal and therefore simple, the 

subpaths j[A, u 7 ] and 7[u 7 ,v] are edge-disjoint, so t(j) = t(j[A,u 7 ]) + r(7[u 7 , v]) . Now 

note that since ACS and u 7 G A t C S, the initial subpath 7[A, u 7 ] must be an S-path, 

hence must have r-measure at least T^(A, u 7 ). Moreover, the final subpath 7 [u 7 ,v] is an 

j\ m s* 

S*-path with jC\A t = {u 7 }, and we have v G N[5] \t/ t ' (i) by assumption, so Claim 2.26.1 
implies that 

r ( 7 ) = r(7[A, u 7 ]) + r( 7 [u 7 , v]) 

> T T 5 (A,u 7 ) + r t ( 7 [u 7 ,v]) + t-T T 5 (A,u 7 ) 
= T t (7[u 7 ,v]) +t. 

Therefore, since 7 was an arbitrary minimal 5*-path from A to v, and since u 7 G <9A t for 
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any such 7 by definition, we have 

T 3 (A, v) = inf{r(7) : 7 is a minimal S^-path from A to v} 

> inf |rt(7[u 7 , v]) + 1 : 7 is a minimal £*-path from A to vj 

> inf ItAP) + i : P is an .ST-path from u to v) 

> inf{r t (P) : P is an S*-path from A t to v}+t 

= T r f (A t ,v)+t. □ 

Claims 2.26.2 and 2.26.3 together imply the formula (2.49) for the S* -restricted times. 
To obtain the 5-restricted version (2.48), let v G Z d \ 7]r' S (t). If v G 5, then the result 
reduces to (2.49). Otherwise, both sides of (2.48) are infinite, so the result is trivial. Finally, 
to obtain (2.50), for s > we have 

v f> s * (t + 8 ) = { v G Z d : Tf (A, v) < t + s} 

= {vSZ rf :T T f(i i ,v)< S } by (2.49) 

= r ?r t ;5 *(^), 

so the proof is complete. □ 



In the next lemma we introduce various partial orders and preorders on the space ; x 
2 zd , similar to the orderings for the two-type process, and we show that the shift operator 9f 
is increasing in all of its arguments. Our convention for the one-type process is that "x > y" 
if "x is better for red than y." The proof of Lemma 2.27 consists of checking definitions 
and is left to the reader; the only part that will be needed later is Part 1. 

Lemma 2.27 (Monotonicity of the one-type shift). Let A, A', S, S' C Z d and r, r' G R+ (Zd) ; 
and fix t > 0. 

1. The map t >->• 9^(t, A) is increasing: If t < t' , then 0f(r,A) < 0§(t,A), i.e. 

e T t ' S (A) C e T /{A) and \r) > 6p S { T ). 

2. The map S ^ (9f(r,A) is increasing: IfSQ S', then 6?{t,A) < 9?\t,A), i.e. 

9? S (A)ce T t > S \A) and 9?' S {t) > Of' 3 ' (r). 
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3. The map (t,A) h->- #f(r, A) is increasing within S: 

{t,A)< s {t',A') ef(r,A)< s 0f(/,A'). 

This means that if 

AnS C A' nS and t\ E (s)\e(A>) > t'\e(S)\e(A'), 

then 

9 T t > S {A) C < ;5 (A') and ^ ;S (t)|e(5) > ^'Vfe)- 

The next lemma shows that the locality properties from Section 2.5.1 extend to the 
one- type shift operator. 

Lemma 2.28 (Locality of one- type shifts). If t is any traversal measure and A C S C R C 
Z d , i/ie following statement can be added to the list of equivalent statements in Part 1 of 
Lemma 2.19: 

0$( T , A) = 6?,(t, A) for all t' < t. (2.52) 

Proof. Clearly (2.52) implies (lb) from Lemma 2.19. On the other hand, if (lb) holds, then 
combined with (Id) we get 

r,^ R (t') = ri^ s (t') and V f> R * (t') = V f> s * (t') for alU' < t, 

and combined with (la), we get 

t' < t T R (A, u) = T^(A, u) for all v G rfr R {l!) = ^ s {t'). 

Thus, the formulas defining 9f,(r, A) in Definition 2.25 remain unchanged if we replace S 
with R, so (2.52) holds if the equivalent statements (lb), (Id), and (la) hold. □ 

Pausing and Restarting the Two-Type Process 

Definition 2.29 (Shifts on the domain of £.). Let D C Q, x S be any domain of definition 
for the two-type process, and suppose (uj,X) G D, so £. is well-defined on the pair (oj,X). 
For t > 0, define 6f(X) G S and 9?(u) = (9?(u)i,0?(u) 2 ) G Q by 

S and i^f'^'^) £ if » 
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where Ai = rj^X) and C« = r)f(oo) are species i's initial and final sets, respectively, 
in the process started from X, and 9 t *' 1 is the one- type traversal-shift operator from 
Definition 2.25. Then set 

t (w,X) := (lf( W ),TO)efixS. 

That is, fl^pf) is just the state of the process started from (oj, X) at time t, and Of(oj) 
is the traversal time configuration obtained from oj by zeroing out the traversal times within 
the conquered region at time t, and for each boundary edge of this conquered region, sub- 
tracting from its traversal time the length of time the infected endvertex of the edge has 
been in the infected state. Then 6 t (oj,X) is simply this "time-shifted" traversal/state pair. 
Note that the zeroing out of the traversal times within the conquered region is unimportant; 
this was done merely to emphasize the fact that the evolution of the process after time t no 
longer depends on these times. The point of these definitions is Lemma 2.31 below. 

Lemma 2.30 (Equivalent disentangled shifts). Let (oj,X) G Sl goo d x S, so oj G SI satisfies 
(NT) and (MTFS). For i £ {1,2} and t G [0, oo], if S is any subset of Z d satisfying 

r^(t) u CSCZ d \r^_ i (t-) u , 

then 

S v (u,X)i = ^(u^pQ) for all t' < t, 
where X)t := rj^X))). 

Proof. Unravelling the definitions, we have Of(u!,X)i = 9 t , l (wi,T/j(X)), where the expres- 
sion on the right is the one-type shift from Definition 2.25. Under the stated hypotheses, it 
follows directly from Lemma 2.20 that 

vf(t) = rif i ' Ci (t) = V t i '' S (t), 
and Lemma 2.28 then implies that 

~Bf ( Ui ,Vi(X))= 6$ fa , m (X)) for all t'<t, 
which proves the lemma. □ 
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Lemma 2.31 (Markovesque property). Let 6. be the family of natural shift operators on the 
process space S' ' 00 ^ defined in (2.47), and let 6. be the family of shift operators on domains 
DC(]xS from Definition 2.29. Then on the domain Do C 11 x S defined in Section 2.5.2, 
the first-passage competition process £. satisfies 

t o^=^o § t for all t > 0. 

That is, if(u,X) G Dq, then £. is well-defined on the pair (u>t,X t ) := 6t(oj,X) G Q x S, and 

{tf +9 ) u = £ s o 9 t { U , X) = for all t,s>0. (2.53) 

Proof. Assume that (oj,X) G Sl goo d x S; the proof for remaining elements of Dq follows 
trivially from Lemmas 2.13 and 2.26. Fix t > and let (uit,Xt) = 9t(uj,X). Our strategy 
will be to first show that rjf (oo)^ = r/^*(oo) Wt for i G {1, 2} using Lemmas 2.26 and 2.30. It 
will then follow from equation (2.50) in Lemma 2.26 that the process started from (cj t , X t ) 
is a time-shifted version of the process started from (uj,X). 

Let oj = (fjj\,uj2) and ojt = (^1,^2)1 ^ X = (^1,^2) and X t = (A^Aty, and let 
Cj = nf (oo) w and Cj = 77^' (oo) Wt for i G {1,2}. Note that by definition we have (uj, Af) = 
O^iui, Ai) and A\ = nf (t) w = r/^' Cl (t). Also note that since uj G fi goo d> we have CinC2 = 
and Ci U C2 = Z d by Propositions 2.16 and 2.14. We break the proof that Cj = C« into 
two claims. 

Claim 2.31.1. C; C C* for i G {1,2}. 

Proof of Claim 2.31.1. Take i = 1 for concreteness. We will show that Ci is a Ci-set, i.e. 
that Ci is one of the sets S in the union defining Ci: 

Ci = |J [S C 1 d \ A\ : (A\, v) < (4, v) for all v G dS \ A\) . 

Since A\ C C 2 , and Ci n C 2 = 0, we have Ci n ^ = 0- Now let v G <9Ci \ A* r Then 
since = fl^wi, Ai) and v £ A\ = f]^' Cl (t), the time-shift equation (2.48) from 

Lemma 2.26 implies that 

T%(A{,v) = T£(A 1 ,v)-t. (2.54) 
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We need to show that the expression in (2.54) is less than T^ t (A 2 ,v). First note that 
since v G C\ \ A\, Part 2 of Lemma 2.11 implies that 

T^(^,v)<r(f^)*(A 2 ,v). (2.55) 

Combined with the assumption that v G" A\, (2.55) implies that v G" rj^'^ ^ Cl ^ {t)i 
because otherwise we 'd have T^ Cl) * (A 2 , v) < t < T^{Ai,x), contradicting (2.55). 
Now, since C 2 = 1 d \ Ci, we have (u\,A%) = 6? 2 {u 2 ,A 2 ) = ef^ 1 (u 2 , A 2 ), and since 
v G" r?w 2 2 '^ Z ^ Cl ^ (*)> the time-shift equation (2.49) from Lemma 2.26 then implies that 

(Al, v) = T(f W (A 2> v) - t. (2.56) 

Combining (2.54), (2.55), and (2.56), we get that for all v G dCi \ ^ 

r^(4,v) = r^(^,v)-t < rtfw^v)-* = T(f\ c ^(4,v), 

which shows that Ci is a Ci-set and hence Ci C Cj. Switching all the l's and 2's in the 
above argument shows that C 2 is a C 2 -set and hence C 2 C C 2 . □ 

Claim 2.31.2. Q C Q for i G {1,2}. 

Proof o/ Claim 2.31.2. Take z = 1 for concreteness. We will show that Ci is a Ci-set, i.e. 
that Ci is one of the sets S in the union defining Ci: 

C 1 = \j{S0Z d \A 2 : T^{A U v) < T^\A 2 ,v) for all v G dS \A±^. 

Since A 2 C A| and A| n Ci = by definition, we have A 2 n Ci = 0. Now let v G dCi \ Ai. 
First suppose v G A\. Since A\ = r)^' ,Cl (t) C Ci, and Ci C Ci by Claim 2.31.1, Part 2 of 
Lemma 2.11 plus the monotonicity of T m and T'* 2 imply that 

T^(A u v) < T^(A u v) < Tg d W(A 2 ,v) < T% d ^ (A 2 , v) Vv G A{ \A V (2.57) 

Now suppose that v G" A\ . First note that by definition we have 

rf(t) u = A\ C Ci C 7L d \ A\ = Z d \ rg(t) u , 
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and taking complements, 

Thus, since oo G fl goo d, Lemma 2.30 implies that 

9^(u Jl ,A l ) = 6^(u l ,A 1 ) = {u{,A{), and (2.58) 
ef^\u; 2l A 2 ) = 9? 2 (u 2 ,A 2 ) = (J 2 ,Ai). (2.59) 

Now, (2.58) implies that A\ = rj^' Cl (t), so since v G" A\, the time-shift equation (2.48) 
from Lemma 2.26 implies that 

T^(A 1 ,v)=T^(A\,v)+t. (2.60) 

Next note that since v G C\\ A\, by the definition of Ci and Part 2 of Lemma 2.11 we 
have 

T5 i 1 (4,v)<r| d \ 6l) *(4,v). (2.61) 

We now claim that T^ 2 (A 2 , v) > t. For a contradiction, suppose T^ 2 (A 2 , v) < i, 
i.e. v G r/u2^ Z ^ Cl ^ (0- Then it follows directly from (2.59) and the construction of #f 
in Definition 2.25 that T^f ^ Cl ^ (Ar,,v) = 0, because either v G A| = ?7w 2 1,Z ^ Cl (0> or v i s 
connected to A\ by a single edge e with co 2 (e) = 0. On the other hand, since T^ 1 (Ai, v) > i 
by assumption, (2.60) implies that T^A^v) = T^^A^v) - t > 0. This contradicts 
(2.61), so we conclude that we must have T^ 2 0^2, v) > t. Therefore, combined with 
(2.59), the time-shift equation (2.49) from Lemma 2.26 implies that 

TSf\^\A 2 ,,) = T^\A\,v)+t. (2.62) 

Combining (2.60), (2.61), and (2.62), we get that for all v G dCi \ A\, 

^(Ai.v) = I%{A{,v)+t < T^(Al,v)+t = T^T{A 2 ^ 

and (2.57) showed the same inequality for v G A\ \ Ai, so it holds for all v G dC\ \ A\. 
This shows that Ci is a Ci-set and hence C\ C Ci. Switching all the l's and 2's in the 
above argument shows that C 2 is a C2-set and hence C 2 C C 2 . □ 
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Combining Claims 2.31.1 and 2.31.2, we have Ci = Ci and C2 = C2. Therefore, by 
(2.50) in Lemma 2.26, for i G {1, 2} we have 

V f(t + s) u = rtf?' c *(t + s) = r,f Ci (s) = r,f Qi (s) = ^{s) Wt V, > 0. (2.63) 

Since £. is well-defined on the pair (<jj,X) G Do, the fact that (2.63) holds implies that the 
sets 77^*(s) Wt are disjoint for all s > 0, which shows that £. is also well-defined on (uj t ,X t ). 
Therefore, the expression makes sense for all t, s > 0, and (2.53) is equivalent to 

(2.63). □ 

The next result follows immediately by combining Lemmas 2.22 and 2.31, and will be 
used in the proof of Theorem 2.35 below. 

Corollary 2.32 (Delayed domination). If £. is defined on the pairs (oj,X) and (uj',X'), 
and if9 to (oj,X) > e t0 (u',X') for some t > 0, then (g) u > (tf')^, for all t > t . 

The following is an alternate definition of a shift operator for the two-type process, 
defined directly in terms of the process rather than in terms of the one-type shifts. 

Definition 2.33 (Alternate two-type shift). Suppose £. is defined on the pair (w, X) G OxS. 
For t > 0, define 9?(X) G S and 0?{u) = ffi (w)i, 0f (w) 2 ) € fi by 

and for e G E(Z d ) and i G {1, 2}, 

ife€E(»^(t) w ), 
Wi(e) - (t - 7f(u) w ) if e joins u G »^(t) w to v g ^, 2 (t) w , 
Wj(e) otherwise. 
Then set t (u;,X) := (9? {u) , 9? (X)) G x S. 

The following lemma shows that for nice input pairs, the shift in Definition 2.33 is 
equivalent to the one in Definition 2.29. 

Lemma 2.34. If (u,X) G D , then t (u,X) ~ 9 t (uj,X) as defined in (2.42). Therefore, 9 t 
can be replaced with 9 t in lemma 2.31 and Corollary 2.32. 

Proof. The proof consists of checking definitions and is left to the reader. □ 



9?(u>)i(e) := { 
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2.6 Survival When One Initial Set Is Unbounded 

In this section we are interested in the case where one species starts on an infinite set while 
the other species starts on a finite set. The main result is Theorem 2.35 below, which says 
that if A\ is finite and A2 is infinite, the possibility of survival for species 1 depends only on 
the component of 7h d \ A2 in which species 1 starts, and not on the shape or location of its 
starting set A\. This is analogous to the result of [DH06a] (and also [GM05, Lemma 5.1]), 
which says that when both A\ and A2 are finite, and neither species is initially surrounded 
by the other, the possibility of coexistence doesn't depend on the initial configuration, but 
only on the distribution of the traversal measure f . Note that the present result, with 
A2 infinite, is in one respect easier to prove than the corresponding theorems in [DH06a] 
and [GM05], because the nonmonotone event that both species survive from finite initial 
sets is reduced to the monotone event that one species survives when the initial set of the 
other species is already infinite. On the other hand, allowing the set A2 to be infinite 
introduces the additional complication that species 2 can conquer infinitely many vertices 
in an arbitrarily small time interval. We will use a conditioning argument to control this 
potentially infinitely fast growth of species 2. 

In fact, in Theorem 2.35 we prove the stronger statement that for any fixed finite or 
infinite starting set A2, if species 1 is able to conquer a given set S C 7L d with positive 
probability from A\, then it is also able to conquer S with positive probability from A[ 
when A[ is in the same component of Z d \ A2 as A\. This version of the statement will be 
needed for some of our results in Chapters 5 and 6. The conditioning argument we use in 
the proof of Theorem 2.35 is adapted from a similar argument in the proof of Proposition 3.1 
in [DH07]. Recall from Section 2.4.4 that Pr^ 1 '^ denotes the law of the two-type process 
started from (^1,^2) and using the random traversal measure f. 

Theorem 2.35 (Irrelevance of starting configuration). Suppose f = (n,T2) is an i.i.d. 
random two-type traversal measure on E(Z d ) which satisfies (MM d ) and (NTP1), and 
also 

1. G suppri(e). 
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2. Neither ri(e) nor T2(e) has an atom at 0. 

Let A2 C Z d , and let A\ and A± be two finite connected subsets of Z d which lie in the same 
component of Z d \ A2 ■ Then if S is any subset of 7L d , 

Pr^ 1 '' 42 ' I species 1 conquers s| > <==^- Prf 1 '^' |species 1 conquers S*| > 0. 

In particular, if A2 is a fixed infinite set, then species 1 has a positive probability of surviving 
from the initial configuration (A' 1 ,A2) if and only if it has a positive probability of surviving 
from (Ai,A 2 ). 

Proof. Since A\ and A[ are both finite and connected and lie in the same component of 
Z d \A2, there is some finite path 7 C Z^\^42 connecting A\ and A[, and hence the subgraph 
A\ := A\ U 7 U A[ is finite and connected. We will consider the process started from the 
following three initial states: 

X=(A 1 ,A 2 ), X' = (A' 1 ,A 2 ), and X=(A 1 ,A 2 ). 

Let G\, G[, and G\ denote the event that species 1 conquers S from the initial state X, X', 
or X, respectively. More explicitly, 

G 1 = jr/f (00) D 5}, G\ = {r/f (00) D s} and Gi = {r/f (00) D s}. 

Note that the above definitions only make sense for outcomes where the process is well- 
defined for the given starting configuration; by convention, we assume that all events are 
subsets of the Pr-a.s. subset of £1 on which (NT) and (MTFS) hold, so that the entangled 
process is defined for all starting configurations. We will show that Pr(Gi) > 
Pr(G' 1 ) > 0, whence the reverse implication follows by symmetry. 

Suppose Pr(Gi) > 0. Then since X > X, Lemma 2.24 implies that Pr(Gi) > 0, 
because the set of final states in which species 1 has conquered S is an increasing subset of 
S. Now let Ni := N[Ai] \ A2, where N [Ai] denotes the graph neighborhood of A\ in Z, d , 
and for t > 0, define events 

ffi(t) := {^{Ai, Z d \A 1 ) > t} and H 2 (t) := {t 2 {A 2 ,N 1 ) > t} , 
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where T\ and T2 are the disentangled passage times for the two-type process corresponding 
to f. Since neither T\(e) nor T2(e) has an atom at 0, and A\ and N\ are finite, we have 
Pr(//i(0) n #2(0)) = 1. Thus, since Pr(Gi) > 0, we can choose some sufficiently small 
(deterministic) to > such that 



Pr 



(Gin#i(to)n#2(to)) >0. (2.64) 



Let £'(2.64) be the event in (2.64), and let A := E(iVi), the induced edge set of N\. Consider 
the u-field F = &{f(e)} e ^ A , generated by all the traversal times outside the edge set of N±, 
and define the event 

£+:= {Pr(£ (2 . 64) I F) > C)}. 

Note that Pr(£+) > since Pr(£ (2 . 64) ) > (cf. Lemma B.17), and clearly £+ G F. We 
pause briefly to describe in detail what the event means. 

Intuitively, Ej- is the event that given the traversal times of edges in , there is a positive 
probability that when we choose the remaining traversal times at random according to the 
marginal distribution of Pr on A, the event £(2.64) occurs. To describe this more explicitly, 
assume we are working on the canonical sample space Q = (R+ x R + ) E ( zd \ so that f u =cj 
for any outcome w £ Q. It can be verified using Fubini's theorem and the definition of 
conditional expectation that for Pr-almost every wed, 

Pr(£( 2 . 64) I F)(uj) = Pr|s G fi : Q\ A Ww| A c G £ (2 . 6 4)}, (2-65) 

where for / G S7| a and g G fJ| A c, we write / 1+) g for the "concatenated" function in f2 = 
(M+ x M + ) AuaC defined by 



f\t)g(e) 



/(e) if e G A, 
g(e) ifeGA c . 

That is, (2.65) says that for a given traversal time configuration oj G fl, the conditional 
probability Pr (£(2.64) | F) ( w ) is the probability that if we choose another Q G SI at random 
and replace w's traversal times on A with those of cD, but keep w's traversal times for edges 
outside A, the resulting new configuration is in the event £(2.64)- The event £^ is then the 
set of oj G SI such that the conditional probability in (2.65) is positive. 
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The point of conditioning the event in £7(2.64) ° n the cr-field T is that we can then 
independently control the traversal times of species 1 in the set A, as follows. For t > 0, 
define the event 

Fi(t) := {71(e) < j|j for alleG a}. 

Then Pr(F 1 (t)) > for all t > since r is i.i.d., G suppri(e), and |A| < 00. Moreover, 
Fi(t) is independent of T since £\(t) only involves traversal times of edges in A. Therefore, 
since 6 T we have 

Pr (Fx (t ) n £7+) = Pr(£i(t )) Pr(££) > 0. (2.66) 

Let ^ 2 66) := £i(i ) n ££. We will show that G[ occurs almost surely on the event £^ 2 66) > 
which will finish the proof since Pr(£[ 2 66) ) > by (2.66). To show this, we make the 
following claim. 

Claim 2.35.1. For Pr-a.e. uj' G E'^ 2m y there exists uj G £'(2.64) sucn that 6t (uj',X') > 
(cD, X) , where is the shift operator in Definition 2.33 and the preorder > is defined in 
(2.41). 

Assuming Claim 2.35.1 is true, given uj' in the full-measure subset of -E( 2 66) wn ere 
the claim holds, choose some uj G £7(2.64) satisfying the inequality in the claim. Then 
Corollary 2.32 and Lemma 2.34 imply that > f° r au * — *o- I n particular, 

> wh ich implies that rff (oo) u > 5 ??f (oo) c D 5 since w G £7 (2 . 6 4) C G\. 

Therefore a;' G G' 1: and since u/ G £7| 2 66 ^ was "almost arbitrary," we have £^ 2 66) — a - s - ^'1 
as claimed. Hence, Pr(Gi) > Pr(£7[ 2 66) ) > by (2.66). 

To complete the proof, it remains only to prove Claim 2.35.1. 

Proof of Claim 2.35.1. By (2.65) and the definition of Ej^, for Pr-a.e. uj' G Ej-, the event 

Eu' := |<2 G fl : cD| A W a/| A c G £7( 2 .64)} 

has positive probability, and in particular is nonempty. Therefore, for Pr-a.e. uj' G £7| 2 ^ C 
Ejr, we can define uj = w(u/) by choosing any Q G E^> and setting cD := u5| A l±l u/| A c. Then 
uj G £'(-2.64) by construction, and it remains to show that 6t (uj',X'^ > to (uj,X}. 
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Let K„A^ ) : = to (u/,X') and (£ to ,X to ) := to (£,X), and let 
u' t0 = {u't\J?) and = 

and 

X' t0 = {A'}°,A'l°) and X to = (2*° , A* ) . 

Note that Af° = rjf (t )oj' and A^ = r\f (t )z for i G {1, 2}. Also note that by construction 
we have 

w'| A c = S| A c. (2.67) 

This fact will be the basis of several of the arguments below. We break the proof of the 
desired inequality into two claims, one for the states, and one for the traversal times. 

Claim 2.35.2. X' tQ > X to . That is, A'{° D A[° and A'* C 

Proof of Claim 2.35.2. Our goal will be to prove the following pair of equations, from which 
Claim 2.35.2 follows directly: 

Vi'itoh' Ni 5 M (2 = ) V?(toh, (2.68) 
,f(tU ( C 4) V^H) ( = 8) 4f^\t) ^ Vhth Vt < t . (2.69) 

The labels above the relational symbols indicate the equation in which the relation is proved 
below. For the present proof, we only need (2.69) to hold with t = to, but the more general 
version will be needed in the subsequent proof of Claim 2.35.3. We now proceed to prove 
the relations in (2.68) and (2.69). 

First, since A[ C Ni and ui' G Fi(to), we have 



to 



supr^K,v)< Yl ^)<Y,m = t ^ ( 2 - 7 °) 

eEE(iVi) 



or equivalently, i] A ?' Nl (to) = Ni (this is a special case of the "total traversal measure bound 
for covering times" in Lemma 4.2). Next, since A'' = E*(Z rf \ Ni), we have w 2lE*(z d \JVi) = 
[i d \N 1 ) ^ (2-67), and Lemma 2.2 then implies that 

r (Z d \jVi)* = T ^z d \7V!)^ 
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In particular, since uj G i? 2 (to), (2-71) implies that 

t < r~ 2 (A 2 ,-/Vi) < r£ d ^'(Aa, M) = r^ 1 )*(A 2 ,iv 1 ). (2.72) 

Combining (2.72) with (2.70) we have 

T^(A[, v) < t < rir^ l) *(A 2 ,v) for all v G 

and thus species 1 conquers N± in the process by Proposition 2.9. Therefore, by 

Lemma 2.12 we have 

r j ?(to)„^V*f\to) = N 1 . (2.73) 

Taking complements in (2.73), we have Z d \ rjf (t )u/ C Z d \ JV 1} and since w G ^good; 
Corollary 2.21 implies that 

ifW^^^(i) Vt<t . (2.74) 

Next, since uj G fli(to), we have T~^(A\,Z d \ Ai) > to- Lemmas 2.12 and 2.19 then imply 
that r)i(to)si C 77-* (to) ^ Ai, and since the reverse inclusion is trivial, 

r?f(t )c = A 1 . (2.75) 

Similarly, since 2 G i? 2 (to), we have T~ 2 (A2,iVi) > to, and then by Lemmas 2.12 and 2.19 
we have 

r j §(toh^r l ^(t )CZ d \N 1 . (2.76) 

Since A x C iVi, combining (2.75) and (2.76) we get r/f (t ) 2 C Z d \ N 1 C Z d \ r?f (t ) 2 , and 
thus, since 2 G S\ odj Lemma 2.20 then implies that 

vhth=vif d ^(t) Vt<t . (2.77) 

Now, observe that by (2.71) we have T^ N \A 2 , v) = 2j^ JVl (A 2 ,v) for all v G Z d \ N u 
which implies that 

^H)=4f^it) VtG[0,oo]. (2.78) 

Finally, combining (2.73) and (2.75), we get (2.68), and combining (2.74), (2.78) and (2.77), 
we get (2.69). This completes the proof of Claim 2.35.2. □ 



98 



Claim 2.35.3. ^Ue^a'^u^ ) - ^B^A'^LiA^y That is ' for a11 e & E { A i° u ^2°); 

wf°(e) < S* (, (e) and w 2 *°( e ) > £*°(e). (2.79) 

Proof of Claim 2.35.3. The idea behind the proof is that the relations in Claim 2.35.2 imply 
that for most of the relevant edges, at most one of the traversal times ui^ and cDj will be 
affected by the shift 9t (for fixed i G {1,2}), and because we chose the two outcomes so 
that (2.67) holds, the inequalities in (2.79) will follow trivially. The only edges on which 9 to 
affects both J and ui for the same species are those in Eg (A^ ) HEq (A^' ) ; for these edges 
we will use (2.69) to obtain the desired inequality for species 2's traversal times. We now 
proceed with the proof. 

First note that by (2.73), we have TVi C A'* , and hence 

A = E(iVi) C E(A'I°) C E(A'I° U 2*2°). 

Taking complements, E Z (A'f U A^) C A c , and therefore (2.67) implies that 

w'(e) = 2(e) for all e G E C (A'/ U 2' 2 °) . (2.80) 

We will use (2.80) several times throughout the rest of the proof. 

Our goal is to verify (2.79) for all e G E^(A'*° U A^), so choose some such edge e. Then 
either e G E d (A'{° U or e E*(^ U First suppose e g" E*^* Uyl* ). Then, 

using Claim 2.35.2 and Lemma B.5, we have e G" E* (r]f' (to)^) and e E* (r/f- (to)s) f° r 
z G {1,2}, so it follows directly from Definition 2.33 that wf°(e) = w-(e) and 2*°(e) = Wj(e) 
for i G {1,2}. Therefore, by (2.80), 

oo' to (e) = w'(e) = 5(e) = £ to (e) for all e E* (A^ U 2*°), (2.81) 

and thus (2.79) holds for all such edges. 

Now suppose e G Eg^A'^ U A 2 ). Then e = {u, v} for some u G A'* U A 2 ° and some 
v A'* U 2 2 °. First note that, using Lemma B.5, the definition of N±, and (2.73), we have 

E*(2i) C E(N[2i]) C E(Ni U A 2 ) C E(ii t0 U^), 
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so e E*(Ai). Since rtf (t )c = Ai by (2.75), we have e E*(r?f (i )c) and hence £*°(e) = 
£5i(e) by Definition 2.33. On the other hand, we trivially have wf°(e) < w^(e) by Part 1 of 
Lemma 2.27, so using (2.80), we get 

wf° (e) < wi (e) = Si (e) = S*° (e) for all e G Eg (A'/ U 2*°) . (2.82) 

To get the desired inequality for species 2's traversal times, we divide the argument into the 
two cases e G E*(A' 2 to ) and e E*(A' 2 to ). Suppose first that e E*(A' 2 to ) = E*^' (t )u/)- 
Then by Definition 2.33 we have w 2 °(e) = uj' 2 (e), and combining this with (2.80) and the 
trivial inequality for Zoi from Part 1 of Lemma 2.27, we get 

cu' 2 to (e) = oj' 2 (e) = u 2 (e) > (e) for all e G E 9 (4*° U I* ) \ E* (A$> ) . (2.83) 

Now suppose e G E* (A 2 °) . Then either u or v must be an element of A' 2 to . Since A 2 ° C A 2 ° 
by Claim 2.35.2, and v G" A'* U 2 2 ° by definition, it must be that u G A 2 ° . It then follows 
from Claim 2.35.2 that 

u G A' 2 to and v A* U A^f & u G 2 2 ° and v 2*° U 2' 2 ° . 

Therefore, by Definition 2.33 we must have 

c4°(e) = 4(e) -t + T 2 x '(u) w / and £*°(e) = £5 2 (e) - i + T 2 x (u) s . (2.84) 

We now claim that 

T?{u) w , >lf(u) s . (2.85) 

To see this, observe that by (2.69) we have 

|w G 7L d : T 2 x '(w) w , < t} = r?f (^ C r?f (t) s = |w G 7L d : if (w) s < t} Vt < to, 

so (2.85) follows by taking t = T 2 ' (u) w / and noting that t < to since u G A 2 ° = rj 2 ' (to)^. 
Now, (2.80) implies that w 2 (e) = 22(e), and combining this with (2.84) and (2.85) we have 

c4°(e) =4(e)-t + T 2 x '(u)^ 

> S 2 (e) - t + T 2 * (u) s = £ 2 ° (e) for all e G E d (A'{° U 2' 2 ° ) n E* (A' 2 to ) . (2.86) 

Finally, (2.82), (2.83), and (2.86) together imply that (2.79) holds for all e G E a {A*° ul 2 °), 
and hence for all e G E^(A'*° U A l 2 ^ when combined with (2.81). This completes the proof 
of Claim 2.35.3. □ 
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Together, Claims 2.35.2 and 2.35.3 show that (u' to ,X' to ) > (uj to ,X to ) as defined in (2.41), 
which completes the proof of Claim 2.35.1. □ 

This completes the proof of Theorem 2.35. □ 
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Chapter 3 

EUCLIDEAN GEOMETRY & 
DETERMINISTIC FIRST-PASSAGE COMPETITION 

In this chapter we introduce one-type and two-type deterministic processes in R d which 
are analogues of the random one-type and two-type first-passage competition processes in 
Z d constructed in Chapter 2. We call these processes simply deterministic first-passage 
percolation and deterministic first-passage competition in M. d . The constructions will be 
essentially identical to the constructions of the lattice processes in Chapter 2, except that 
we replace the length structure(s) arising from a traversal measure r or f on E(Z d ) with 
the length structure(s) induced by a norm /j, or pair of norms (m,^) on R d , and we have 
to take into account some topological and geometric differences between Z d and R d . 

The significance of the one-type deterministic process is that when we choose the norm \i 
to be the shape function corresponding to a random traversal measure r, the Shape Theorem 
(Theorem 1.1) implies that on large scales, with high probability the deterministic process 
induced by fj, provides good approximations to the random process induced by r. Similarly, 
the two-type deterministic process will provide an approximation to the random two-type 
competition process. Thus, we can hope to gain a better understanding of the random 
processes by making a careful analysis of their limiting deterministic processes, which are 
simpler. 

Determining the evolution of the deterministic processes is a purely geometric problem, 
which has been studied computationally for Euclidean and polygonal norms in [SD91], 
[Sch92], and [KS02]. Our goal will be to reduce various probabilistic questions about the 
random processes to geometric questions about the deterministic processes, by showing 
that with high probability the random process behaves like the corresponding deterministic 
process in some sense. The tools for making such reductions, from the random processes 
to the deterministic, will be developed in Chapters 4 and 5. In the present chapter, we 
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make a detailed analysis of the relevant geometric aspects of the deterministic growth and 
competition processes. In order to do so, we will first introduce various elementary concepts 
from Euclidean convex and metric geometry. 

Chapter 3 is organized as follows. In Section 3.1 we introduce various elementary con- 
cepts from Euclidean convex geometry, and we define cones, /i-cones, /i-stars, and other 
related geometric objects that will appear repeatedly throughout the remaining chapters. 
In Section 3.2 we define induced intrinsic metrics in M. d and use them to define the de- 
terministic restricted one-type process, and then we explore some basic properties of this 
process; we will study the stochastic analogue of this one-type process in Chapter 4. In 
Section 3.3 we define the deterministic two-type process and prove some of its basic prop- 
erties; many of the proofs involve a type of generalized weighted Voronoi cell, which will be 
one of our main tools for analyzing the geometry of the process. In Section 3.4 we describe 
the behavior of the two-type competition process from certain starting configurations when 
both species' norms are multiples of the Euclidean norm; this simplest case serves as a 
prototype for understanding the behavior of the more general process. In Section 3.5 we 
describe the behavior of the competition process with general norms from certain bounded 
starting configurations that will be important for our analysis of the random process in 
Chapter 5. Finally, in Section 3.6 we analyze the deterministic process when one species 
starts on the exterior of a cone and the other species starts at a single interior site, providing 
the model and necessary geometric analysis needed for describing the analogous behavior 
of the random two-type process in Chapter 5. 

3.1 Elements of Convex Geometry in Euclidean Space 

3.1.1 Basic Definitions from Convex Geometry 

This section contains several definitions and basic results from convex geometry that will 
be needed in our analysis of the deterministic process. Some of these concepts will only 
be used in proofs located in an appendix, but we collect all the definitions here for easy 
reference. Additional results are located in Section B.3. 

An affine combination of the points xi, . . . , 6 R d is a linear combination ^j=i a i x i 
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with coefficients ay G R satisfying X^=i a j = 1- A convex combination is an affine 
combination with all the coefficients ctj G [0, 1] (equivalently aj > 0). If B is any subset of 
M. d , the affine hull or affine span of B is the set aff B of all affine combinations of points 
in B, and coincides with the smallest affine linear subspace containing B (cf. Moszynska 
[Mos06, p. 25]). For any B C R d , we denote by d a gB the relative boundary of B in 
its affine hull aff B. For a nonnegative integer k < d, a (relatively) open or closed k- 
dimensional affine half-space in M. d is any set of the form J = jx G A : (x — a, v) > 0} 
or J = {x G ^4 : (x — a, v) > 0}, respectively, where A C ]R d is an affine linear subspace 
of dimension fc, a 6 A, and v G JR d \ {0} is any vector that is not orthogonal to A (i.e. 
(x — a, v) ^ for some x G A). Note that then we have aff J = A, and d a gJ = {x G 
A : (x — a, v) = 0}, which is a (k — l)-dimensional affine subspace of A. In what follows, 
the term "half-space in R d " used without additional qualifiers will mean a d-dimensional 
open or closed affine half-space in R d . If J is a closed half-space in M. d , then J is called a 
support half-space of the set B C R d if B C J and B C\ dJ ^ %. In this case we say that 
any x G -B n d J is a support point of B and that H = dJ is a support hyperplane of B 
at x. We call a closed half-space J an opposing half-space of B at x if shell( J) =~M, d \J° 
is a support half-space of B at x, i.e. B n J° = and x £ 5n <9J. For every nonempty 
compact SCI'' and every v G M d \ {0}, there is a unique support hyperplane H of B with 
outer normal vector v, meaning that H = {x G M. d : (x — a, v) = 0} for some support point 
a G B such that aS> n £> = [Mos06, Theorem 2.2.2, p. 14]. 

A subset C of M. d is convex if x, y G C =>■ [x, y] C C. It follows directly from 
this definition that an arbitrary intersection of convex sets is convex. For any A C M. d , 
the convex hull of A, denoted by conv A, is the smallest convex set containing A, i.e. the 
intersection of all convex sets containing A. It can be verified (see e.g., [Mos06, Theorem 
3.2.4, p. 29]) that the convex hull coincides with the set of convex combinations of points 
in A. If C is convex, then aC + j3C = (a + (5)C for any a, j3 > [Mos06, Proposition 
2.3.6, p. 18]. Every point in the boundary of a closed convex subset of M. d is a support point 
[Mos06, Corollary 3.3.6, p. 34], and a nonempty closed subset of M. d is convex if and only if 
it equals the intersection of all its support half-spaces [Mos06, Theorem 3.3.7, p. 34]. It is 
easy to check that the interior and closure of any convex set are convex [Mos06, Exercise 
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2.3.8, p. 19]. Furthermore, Lemma B.12 shows that convex sets in M d are topologically 
friendly, in that if C is any closed convex subset of R d , then there is some k < d such that 
C is homeomorphic to either the closed Euclidean ball B e 2 , the closed half-space M k , or the 
whole Euclidean space R k . 

If z G M. d , a subset S of R d is star-shaped at z if y G S =>- [z, y] C S, and in this 
case we call z a center of S. Clearly, any convex set C is star-shaped at every z G C. A 
set that is star-shaped at some point in M. d is called a star set. We write ("A -2 ) for the 
collection of all sets that are star-shaped at z, and (-^-) for the collection of all star sets. 
More generally, for any i C l d , we define the collection of star sets at A by 

(* V ' eA ) := {scR rf :Vy6 S, Vz G A, [z,y] C s] , (3.1) 

and the collection of generalized star sets at A by 

(* 3,eA ) := 1 5 c R d : Vy G 5, 3z G A such that [z, y]C5}. (3.2) 

Thus, (* v,eA ) = n ze yi(* Z ) - (*)' and an element S 1 of (* 3,eA ) is a union of star sets 
with centers in A, but is not necessarily star-shaped unless A is a singleton. 

We define a body 1 in M. d to be a nonempty set -B C M. d such that £?° = B and 
= 5°, or equivalently dB° = dB = dB. More generally, for an integer k < d, we 
define an embedded £>body in M. d to be a nonempty set B C M. d for which there is a 
topological embedding (j> : B ■-^M. k such that the image 4>(B) is a body in M fc (it follows that 
a body in M. d is the same as an embedded d-body). Any convex subset of M. d with nonempty 
interior is a body in R d according to our definition (see [Mos06], Section 2.4, p. 19, and 
Exercise 14.2.2, p. 177), and moreover, Lemma B.12 implies that any convex set B C M. d 
with dim(aff B) = k is an embedded fc-body. A body in R d that is star-shaped is called a 
star body, and we denote the set of star bodies with center z by 

1 My definition of body seems to differ from standard usage, in that bodies in R d are usually required 
additionally to be compact (see, e.g. [Mos06, Definition 14.2.1, p. 177]). 
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3.1.2 Affine Scale- Invariance: Wedges, Directions, and Cones 
Wedges (a.k.a. Affine Scale- Invariant Sets) 

We call a subset W of R d a wedge 2 if there exists some a£l' i such that r a W = W for all 
r > 0, where r a : R d — >• M. d is the homothety defined by r a x = a + r(x — a). In this case we 
call the point a an apex of W. For an arbitrary W C M d , we define the apex set of W by 
apex(W) := {a G R d : r a W = W Vr > 0} , so that W is a wedge if and only if apex(VF) / 0. 
We write W a := {II 7 C R d : a G apex(W)} for the set of all wedges at a. If G apex(W), 
we say that W is scale- invariant. More generally, for any a G apex(W), we say that W 
is scale-invariant at a or that W is affine scale-invariant with apex a. It is easily seen 
that apex(W) = apex(R d \ W) , so W G W a if and only if R d \ W G W a . We call a wedge 
trivial if W G {0,R d }. 

Example 3.1 (Prototypical wedges). Two prototypical examples of wedges are: 

• An infinite cone as defined in elementary Euclidean geometry. Then the apex (a.k.a. 
vertex) of the cone is the unique element of the apex set. 

• The wedge-shaped region W defined as follows: Start with a plane in R 3 , then "fold" 
or "crease" the plane along some line contained in it, so that the intersection of the 
folded plane with any plane orthogonal to the fold-line comprises two rays with a 
common origin, and then take W to be all the points on one side of the folded plane. 
In this case the set of apexes is the line defining the fold (as long as W is assumed to 
be either open or closed). 

In both of these examples, the wedge is a body whose closure is homeomorphic to a closed 
half-space, so the wedges are in fact cones according to our definition at the end of Sec- 
tion 3.1.2 below. 

2 My definition of wedge coincides with what may be generically called an affine cone in linear algebra, 
although the restrictiveness of the definitions of such objects varies depending on author and context. For 
example, a "wedge" as defined by Aliprantis and Tourky [AT07] would be a convex pointed wedge at 
in my terminology, and then a "cone" would be a such a wedge with unique apex. I present my own 
definition of cone in the final subsection of Section 3.1.2. 
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A wedge is pointed if it contains at least one of its apexes, and blunt otherwise. It 
is easy to see that a set W C R d is a wedge at a if and only if either W = {a} or W 
is a union of pointed or blunt rays originating at a. This implies that an arbitrary union 
or intersection of wedges with apex a is also a wedge at a. If W is a wedge with apex a, 
we call the parallel scale-invariant set Wo := W — a the scale- invariant version of W. 
The following lemma justifies the use of the article "the" in this definition and enumerates 
several other useful facts about wedges. 

Lemma 3.2 (Properties of wedges). Let W be a wedge in M. d . 

1. The scale-invariant version Wo ofW is unique. 

2. apex(P^) is an affine subspace of R. d which can be identified with the vector space of 
translations that fix Wo ■ 

3. IfW is nontrivial (i.e. W £ {®,M. d }), then apex(l^) C dW . 

4- The sets W° , W , dW , ext W , and shell W and are all wedges whose apex sets contain 
apex( W) . 

5. If W is pointed, then it contains all of its apexes, and M d \ W is blunt. 

6. If W is pointed and contained in some half-space, then every apex of W is a support 
point of W . 

7. W C W + Wo, with equality if and only if W is convex. 

We prove Lemma 3.2 in Appendix A (Section A. 2); many of the parts rely on Lemma A. 2, 
which requires a bit of geometric intuition. 

We now introduce a few more definitions for a wedge W. We call W sharp if apex(W) 
contains exactly one element and flat otherwise. By Part 2 of Lemma 3.2, W is flat if 
and only if its apex set contains a nontrivial affine subspace. We call W small if it is 
contained in a half-space and large otherwise. Moreover, we call W extra-small if W is 
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small and the supremum of angles between rays in W is strictly smaller than tt, and we 
call W extra-large if the complementary wedge R d \ W is extra-small. An extra-small 
or extra-large wedge must be sharp, but not conversely; for example, the "pointed upper 
half-pace" {0} UM d and its (blunt) complement are both small sharp wedges in M. d , but are 
not extra-small. 

If W is a wedge and Wo is its scale- invariant version, we define the spherical section 
of W with respect to a norm ||-|| to be the intersection Wo n Sfuj 1 - Note that a pointed (or 
blunt) wedge is uniquely determined by its apex and its spherical section. For a G R d , we 
denote the set of closed wedges at a by W a := {W : W G W a }, and we topologize W a 
using the Hausdorff metric on spherical sections of its wedges. 

If I C R, B C R d , and a G R d , we define the /-partial wedge generated by B at 
a to be I a B = {r a x : r G /, x G B}; note that I a B is a pointed wedge if / = R + and 
a blunt wedge if / = (0, oo). It is easily seen that if B is convex and / is an interval, 
then I a B is convex; in fact, if B is convex and / = [a,/3] for some < a < (3 < oo, then 
I a B = conv (a a B U j3 a B). 

Directions in Wedges; Visible Directions in Subets ofR d 

If v G M d \{0}, we define the direction of v to be the blunt ray v = {rv : r > 0}. If W is a 
wedge, we define the direction space of W to be dir(IF) := {v : v G WoVjO}}, where Wo 
is the scale-invariant version of W (recall that Wo is unique by Part 1 of Lemma 3.2). Then 
dir(VF) is the quotient space of Wo \ {0} under the equivalence relation "v ~ rv if r > 0," 
and we endow dir(W) with the quotient topology. 3 If we fix some norm ||-||, then each 
direction v in dir(W) corresponds to a unique ||-||-unit vector v\\.\\ in Wo, and it is easily 
verified (e.g. using the Closed Map Lemma [LeeOO, Lemma 4.25]) that this correspondence 
is a homeomorphism between dir(W / ) and the spherical section Wo n Sy 1 - 

For any A C M. d and z G A, let W Z (A) := \J{z + v : z + v <Z A} . Then W Z (A) is a 
(possibly empty) blunt wedge at z and contained in A, which we call the visible wedge in 
A at z. Now define the visible directions in A at z by dir z (yl) := dir(W r z ( J 4)) . If we think 

3 Observe that the construction of dir(H / ) from W mimics the construction of the projective space P(V) 
from a vector space V, except that our equivalence classes are rays instead of lines. 
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of A as "open space," with points in the complement IR ^^ being "obstacles," then dir z (A) 
is the set of "unblocked" directions in A seen from z, meaning that if a beam of light is aimed 
in the direction v G dir z (A) from the point z, then it will travel through A forever, avoiding 
the obstacles in the complement. It follows from the definitions that if W is a wedge, then 
for any a G apex(W), W a (W) = a + \Jdiv(W) = W \ {a}, and div a (W) = dir(W). The 
following lemma shows that for any z G W, we have the containment dir z (W) C dir(W), 
since W Z (W) C W by definition. 

Lemma 3.3 (Monotonicity of direction sets). IfW and W' are both affine scale-invariant 
(possibly with different apex sets), and W' C W , then dir(W) C dir(VF), and the quotient 
topology on d\i{W') agrees with the sub space topology inherited from the quotient topology 
on div{W). 

Proof. Without loss of generality, assume W has apex 0. Let a be an apex of W, and let 
v G dir(W). Then v = —a + a^ for some x G W, and the ray ax' is contained in W' since 
W' is scale-invariant at a. For r > 0, let r a x := a + r(x — a) € ax. Since W' C W we 
have r a x G W for all r > 0, and since W is scale-invariant, we then have s ■ r a x G W for all 
r, s > 0. Taking s = -, we have - • r a x = ^a + (x — a) G W for all r > 0. Letting r — > oo, 
we see that x — a G W. Therefore, dir(VF) contains the ray 0(x — a) = —a + ax" = v. The 
statement about topologies then follows from abstract nonsense. □ 

Scale-Equivariance and Scale- Invariance of Functions 

If A C M. d is a scale- invariant set, a function \i : A — > R + is called scale-equivariant or 
positive homogeneous of degree 1 if /u(rx) = r/i(x) for all x G A and r > 0. Note 
that a norm ||-|| on M. d is a scale-equivariant function which is also subadditive, positive 
definite, and even. If A is scale-invariant and ||-|| is any norm on M. d , it is easy to see that 
the function /(x) = dist||.|| (A, x) is scale-equivariant and continuous on M. d . 

A function tp : A \ {0} — > Y, where Y is any nonempty set, is called scale- invariant if 
V>(rx) = V>(x) for all x G A and r > 0. Clearly, a ratio of two scale-equivariant functions is 
a scale-invariant function into R + . Moreover, for any set (or topological space) there 
is a natural correspondence between (continuous) scale-invariant functions tp : A \ {0} — > Y 
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and arbitrary (continuous) functions ip : dir(^4) — > Y, or equivalently, (continuous) functions 
from any spherical section of A into Y. 

More generally, if A is affine scale-invariant with apex a, we say that a function fi : A — > 
M. + is scale-equivariant at a if /u(r a x) = r//(x) for all x G A and r > 0, where r a := 
a + r(x — a) is the homothety with scale factor r and center a, and we say that a function 
ip: A \ {a} — > Y is scale- invariant at a if ^(r a x) = ^(x) for all x € A and r > 0. 

Cones in M. d 

For an integer k < d, we define a cone of dimension fc or fc-cone in M. d to be a wedge that 
is is also an embedded /c-body in R d whose closure is homeomorphic to the closed upper 
half-space M k = {x 6 M fc : > 0}. Equivalently, C C M d is a /c-cone if C is a wedge whose 
spherical section Co D S^T 1 is an embedded (A; — l)-body with closure homeomorphic to the 
closed Euclidean ball B(2 ^ . We say simply that C C M rf is a cone in ]R d if C is a /c-cone for 
some k < d, in which case we say that C is degenerate if k < d and nondegenerate if 
k = d. 

A cone in M. d is degenerate if and only if it has empty interior. Any open wedge is a 
union of open cones. Lemma B.12 implies that any convex wedge is either a cone or an affine 
subspace of M d . Our prototypical example of a cone is the wedge generated by a ||-||-ball for 
some norm ||-||. Specifically, if x 6 M rf and ||x|| > r > 0, then the pointed scale-invariant set 
generated by the closed ball x + W3||.|| is a nondegenerate extra-small convex closed cone at 
0. We expand on this construction in the next section. 

Remark 3.4. The primary reason for allowing nonconvex cones is that we want the flexibil- 
ity to consider some family of extra-large cones interpolating between the upper half-space 
M d and the "improper cone" M. \ {e~/L}, as these are the two configurations considered by 
Deijfen and Haggstrom [DH07]. In the present work the only interesting result we are able 
to prove about such cones is the large-deviations estimate in Theorem 5.13, but the general 
framework we develop should be useful for future projects. One such project would be to 
study competition in critical cones (defined in Section 3.6), including extra-large ones. At 
present we are unable to prove any results regarding critical cones in the random process, 
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but the consideration of critical cones is also one reason for allowing degenerate cones in 
our general definition, as we conjecture that species 1 will "typically" conquer a degenerate 
subcone of a critical cone in the deterministic process (though we don't attempt to prove 
this statement). 

3.1.3 fi-Cones and Other Subsets ofM. d Defined by a Norm 
\x-Cones and fi-Cone Segments 

Let /j, be & norm on M. d . We define a //-cone to be any wedge generated by a //-ball. A 
/i-cone is a cone as defined in Section 3.1.2 as long as the chosen apex is not in the interior of 
the ball; otherwise, the //-"cone" is all of M d . More generally, we define a //-cone segment 
to be an /-partial wedge generated by a //-ball for any interval / C R + , and we call this 
partial wedge an initial /i-cone segment if G /. 

More explicitly, for any z G R d , v G dir(M d ), 5 > 0, and < hi < h 2 < oo, 4 we define 
the ^-cone segment C*' ™ [hi , h 2 ] to be the [hi, /^-partial wedge generated by the //-ball 
B Z+V>J '(5) at the apex z, i.e. 

C z J[hi,h 2 ]-.= [hi,h 2 l-B z + g »(5). (3.3) 

(Recall that is the /i-unit vector in the direction v.) We call the ray z + v the axis, the 
radius 5 the thickness, and the lengths hi and h 2 the initial and final heights of the 
cone segment. We also refer to z as the apex even though the cone segment may not be 
a full wedge. If hi = 0, we omit it from the notation, writing C z '^(h) := C^[0,h] for the 
initial ^-cone segment of height h G [0, 00]. Finally, we define the ^-cone with apex z, 
axis z + v, and thickness 5 to be 

C Z J--=C z J(^) = z + R + -B^(5), (3.4) 

which is the wedge at z generated by the //-ball B z+ '" tJ '(5). If 6 > 1, this //-ball contains the 

4 For A C R d we interpret the expression 00 ■ A as a limit, i.e. 00 ■ A := lim, — >oo r^4, which can be defined 
rigorously using various notions of the limit of a sequence of sets. Then, extending the notation for 
homotheties, we define for a £ R d a map oo a : 2 R — > 2 R by oo a - A := lim r ^oo r^A := a + lim r ^oo r(A — a). 
Using this convention allows us to write various formulas without treating 00 as a special case. 
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point z in its interior, and hence the //-"cone" C Z, V is the trivial wedge M. d rather than an 
actual cone, but we nevertheless use the term //-cone in this case. 

It follows from the definition (3.3) and the convexity of //-balls that if h 2 < oo, then 

C?,?^!. M = (J ^ +h ^(5h) = z + conv (hrffid) U h 2 Bf{8)) . (3.5) 

h(z[hi,h,2] 

Evidently, 6 < 5' => C z '™[hi, h 2 ] C C*'"/[7ii, /12], so it makes sense to define 

C;;?-[^i,^]:= UCJ^] and C Z J + [h u h 2 ] := f| C z J[h u h 2 \. 

S><8 8>>8 

We will be primarily interested in full //-cones C z '™ and initial //-cone segments C z, ^(h). The 
following lemma describes these sets in more detail for different values of 5 and /i. The proof 
consists of checking definitions and is left to the reader. 

Lemma 3.5 (Description of initial //-cone segments). Let // be a norm, let z G M. d , v € 
K d \{0}, 5>0, and he [0,oo]. 

1. If 5 = 0, then C z ^{h) = z + [0, h] • is a line segment if h < 00 and a ray if h = 00. 
Ifh = 0, then Cjf (0) = {z} for any5>0. 

2. If0<5<l, then C z ^{h) is a compact convex body if0<h< 00, and if h = 00, then 
C Z 'V is an extra-small, nondegenerate, convex closed cone with unique apex z. 

3. If 5 > 1 and h< 00, then C z J(h) = B z+h ^(5h). If 5 > 1 and h = 00, then C Z J = R d . 

4- If 5 = 1, thenC z '™ is a small, pointed, nondegenerate convex cone with apexz. If there 
is a unique support hyperplane H at z, then C z '™ is a closed half-space with boundary 
H. 

5. For any 5 > 0, C Z J_ (h) = {z} U (c z *{h))° . 

6. If 5 ^ I, then C z J + (h) = C z J(h). If 5 = 1, then C z '* + (h) = B z+h "»(h) if h < 00, and 

C z 'f, = W d . 
n,i+ 
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For any z 6 M d and S > 0, we will use the notation Cones M (z, 5) for the set of all initial 
//-cone segments of thickness 5 with apex z, i.e. 

Cones M (z,5) := [c z J(h) | v G dir(IR d ), Ii6 [0, oo]| . (3.6) 

We call any member of Cones At (z, 5) a <5-thick /i-cone segment at z or simply a (//, <5)-cone 
segment. We make the following observations about the collection Cones At (z, 5). 

Lemma 3.6 (Decomposing //-balls and //-cone segments). Let z G R d and let 6 > 0. 

For any r > 0, i/ie [i-ball B^(r) is a union of members of Cones^(z, 5). 
2- If 5' > 5, then every member of Cones M (z, 5') is a union of members of Cones At (z, 5). 

Proof. Both parts follow from the triangle inequality for //. □ 

Here are some further results regarding //-cones that will be needed in Section 3.6 and in 
later chapters. The proof of Lemma 3.7 is an elementary exercise, and Lemma 3.8 follows 
from the convexity of //-balls and /i-cones. 

Lemma 3.7 (Boundaries of /i-cones). Let a G M. d , v G dir(R d ), and 5 G [0,1], and let 
C = C a f . 

1. a + 'v = {x G C : dist M (<9C,x) = <5dist M (a,x)}. 

2. dC = {y G R d : 3x G a + 'v with dist M (y,x) = 5 dist M (a, x)} . 

Lemma 3.8 (Special geometry of //-balls and /i-cones). Let // be a norm on R d . Then for 
any a > 0, r > 0, and 5 > 0, 

1. {x G B£(r) : dist M (^(r), x) > a} = B»(r - a) 

2. {x G Cjf : dist^aCjf , x) > a} = | • v, + Cjf . 

aeB-(a) 
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fi-Bowling Pins and p-Tubes 

An important construct in our analysis of the competition process will be to take the union 
of an initial //-cone segment with a /i-ball centered at its tip (i.e. apex). Due to its shape, 
we call such a subset of R d a //-bowling pin. 

More explicitly, for z G R d , v G dir(IR d ), r > 0, 5 > 0, and h G [0,oo], we define the 
/i-bowling pin 

KUh):=Bl(r)UC z J(h). (3.7) 

Thus, V^'r$(h) is a "bowling pin"-shaped region of height h along the axis z + v, with 
thickness 5 and a "head" of radius r centered at z. We call the point z the origin of the 
bowling pin; note that any bowling pin is star-shaped at its origin since the sets B^(r) and 
C^(h) are convex and contain z. We call V x ^ s (h) nondegenerate if r, 5, and h are all 
strictly positive; note that a nondegenerate bowling pin is a body in R d which is compact if 
h < oo. More generally, we may call any body in M. d a ^-bowling pin if its interior is equal 
to the interior of some P^ s (h) as defined above. 

All the "^-objects" defined so far, i.e. /(/-balls, ^-cones, /i-cone segments, and ^-bowling 
pins, are special cases of the following more general construction of "/x-tubes." For any 
z € R d , v G dir(M d ), h G [0, oo), and nonnegative function p: R + — > R + , define the initial 
/i-tube segment of height h with radius function p, origin z, and axis z + v, by 

Vf(h):= (J Bl +S ^{p(s)). (3.8) 
se[o,h] 

Then define the infinite /i-tube by 

r;f ■■= r;f (oo) ■.= [J r;f(h). (3.9) 

h>0 

For example, C*'J(/i) = T^p '(h) with p(s) = 5s, and V^ 5 (h) = T*, p v (h) with p(0) = r and 
p(s) = 5s for s > 0. In Section 4.6 we will consider //-tubes with a radius function p that 
grows faster than logarithmic but slower than linear. 
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/i-Stars 

Motivated by Lemma 3.6 above, we make the following definitions. For zeR d and 5 > 0, 
we define the set of (//, <5)-stars at z to be 

(*" j5 > := {Unions of elements in Cones M (z, 5)} = {{J J \ J C Cones M (z, 5)} . (3.10) 

That is, (*^) is the collection of star sets at z that are "(/i, <5)-thick" in the sense that 
every point is contained not just in an infinitely thin line segment originating at z, but in a 
5-thick //-cone segment at z. Using the triangle inequality, one can verify that the definition 
(3.10) coincides with the definition of (//, 5)-stars at z given in Section 1.3.3. We call a 
subset of M. d simply a //-star if it is a (//, <5)-star at z for some S > and z € M d , and we 
denote the set of all //-stars at z and the set of all //-stars, respectively, by 

<*m> : = IK*W' and <*m> : = U <**>• ( 3 - n ) 

<5>0 zeR d 

Part 1 of Lemma 3.6 shows that any //-ball with center z is a (//, <5)-star at z for every S > 0. 
Moreover, Part 2 of Lemma 3.6 shows that if 5' > 5, then every element of Cones M (z, 5') is 
a (//, 5)-star at z. It then follows from the definition (3.10) that 

5' > 5 =► (*^,) C <*^>, (3.12) 

so the collections ("A - ^ 5) form an increasing family as 5 \ 0, and it is easily seen that this 
family is strictly increasing. Moreover, Lemma 3.6 implies that //-bowling pins are //-stars, 
namely 

K'U h ) e <*^>- (3-13) 

This fact will be important in Chapter 5. Finally, note that for any 5 > 0, 

£ <*^> £ «o> = <* z >- 

Star sets will play an important role in our study of the deterministic process, as we will 
see later in Chapter 3. In Chapters 4 and 5, we will see that //-stars play an analogous role 
for the random process. 
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3.2 Induced Intrinsic Metrics and the One-Type Deterministic Process 

3.2.1 Induced Intrinsic Metrics in Subsets ofR d 

A path in R d is any continuous function 7: / — > R d , where / C R is an interval. A path 
is called simple if it is injective. We will sometime abuse terminology and identify a path 
with its image in R d . If A, B C R d , we say that a path 7: [a, b] — > R d is a path from A 
to B if 7(a) G A and 7(6) £8. If S is any subset of R d and / is an interval, we say that 
a path 7: / — > R d is an S'-path if either 7 is constant or 7(1) C S. Given a norm [i on R rf , 
let Len^ denote the length operator on paths in R d induced by the norm metric dist^, as 
defined in (B.2) in Section B.4. Then for A,B,S C R d (typically with A,B C S) we define 
the S-restricted /^-distance from A to B as 

dist^(A, B) := inf{Len^(7) : 7 is an S'-path from A to B}. (3.14) 

If we take A and B to be singletons, then dist^ defines a metric on R d , which is (by 
definition) finite on each "accessibility component" of S, and is called the intrinsic metric 
on S induced by dist M (cf. [BBI01, pp. 28-29]). We further define, for S C R d , an S^-path to 
be a path which is contained in S except perhaps for its endpoints, i.e. any path 7 : / — > R d 
such that 7(1°) C S. We then define the S'*-restricted ^-distance from A to B as 

dist^*(A, B) := inf{Len M (7) : 7 is an S^-path from A to B). (3.15) 

The S*-restricted distance will be used to define the two-type deterministic process on 
R d in the same way we used S^-restricted passage times to define the random two-type 
competition process on the lattice. A basic property of the intrinsic distance defined in 
(3.14) is the following. 

Lemma 3.9 (Intrinsic distance along a line segment). // x, y € R d and [x, y] C S, then 
dist^(x,y) = dist M (x,y). 

Proof. The generalized triangle inequality for metric-induced length structures ((B.3) in 
Section B.4) implies that dist^(x, y) > dist M (x, y) for any x, y G S. On the other hand, the 
simple path 7 defined on [0, 1] by j(t) = (1 — t)x + ty has image [x, y] C S, so 

dist^(x,y) < Len M (7) = dist M (x,y), 



116 



where the final equality follows from the fact that straight lines are distance minimizing 
paths with respect to any norm metric on W 1 (Lemma B.14). □ 

Note that Lemma 3.9 implies that distjf (A, B) = dist At (A, B) for any A,B C R d . More 
generally, if S C M rf is convex, then dist^ = dist^lsxs- 

3.2.2 The Restricted and Unrestricted One-Type Deterministic Processes 

Fix a norm fi on R d . For A, S C R d (typically with A C S 1 ), we define the S-restricted 
(deterministic) /i-first-passage percolation process started from A by 

B*' S {t) := {x G 5 : dist^(Ax) < t} for t > 0, (3.16) 

and we set B^' S (oo) := Ut>o &v' S (t)- If 5* = we drop the superscript S 1 from the 
notation, and we call B^(t) := B^' R (t), t G [0, oo], the unrestricted /i- first- passage 
percolation process. Note that it follows from the definition that for any A, B, S C M d , 

dist£ (A, B)=mf{t>0: B^' S {t) n B / 0} , 

so dist^(A, £?) is the hitting time of the set B for the restricted growth process B^(t). 

With this interpretation of dist^ as a hitting time, note that we can think of /x(x) = 
dist M (0,x) as the time it takes an unrestricted process started from to reach the point 
x£R d . For this reason, and in order to draw an analogy with the traversal measure r from 
the random process, we will refer to the norm fj, as the traversal norm for the collection of 
deterministic processes {B^' S : A, S C since fi measures the time it takes the process 
to traverse any fixed distance in a given direction. Since \x is interpreted as measuring time, 
we can fix any reference norm ||-|| on R d to measure distances, and then the speed of the 
process in the direction v is given by ||u|| ///(«). 

3.2.3 Unrestricted Growth and Scale- Invariant Starting Sets 

The unrestricted deterministic growth process B^(t) is rather simple 
it follows from the definitions that for any A C M. d and t > 0, 

B^(t) = A + tB^ 



. Since dist^ = dist M , 
(3.17) 
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where £> M is the closed unit ball for the norm fi. That is, at time t, the set of conquered 
sites consists of the union of all /it-balls of radius t centered at some point in A. Note that 
(3.17) is consistent with our definition in Chapter 1 of B*(r) as a /x-ball of radius r > 
centered at x G R d . 

It follows from (3.17) that if we take A to be a scale-invariant subset of M. d , then 
B^{t)/t = A + B^ for all t > 0. Thus, for scale-invariant starting sets, as soon as some 
nonzero amount of time has elapsed, the shape of the conquered region remains the same 
after rescaling by t. This invariance property is one reason why scale-invariant starting sets 
will play a central role in our analysis of both the deterministic and random first-passage 
processes. 

3.2.4 Restricted Growth in Star-Shaped Regions 

The evolution of the restricted deterministic process depends heavily on the choice of the 
restricting set S, and in general there is no simple formula such as (3.17) describing the 
conquered region B^ it) at time t. As an extreme example of how the process depends on 
S, take S to be a totally disconnected set, e.g. S = Q d . Then there are no nonconstant 
paths in S, and it follows that for any A C R d , we have B^' S (t) = A n S for all t. On 
the other hand, even if we choose a "nice" restricting set S, e.g. an open subset of R d with 
smooth boundary, then unless S is convex, it can be difficult to describe the evolution of 
the process explicitly because shortest paths in S may deviate from straight lines. However, 
for star-shaped regions as defined in (3.1), we have the following result, which generalizes 
(3.17): 

Proposition 3.10 (Deterministic growth in star-shaped sets). Let A C S C M. d , and 
suppose that S G ("A^* 6 " 4 ), i.e. S is star-shaped at each point of A. Then B^' S (t) = 
(A + tBfj) n S for allt>0. 

Proof. First note that the inclusion C is trivial since by definition the process is monotone 
with respect to the restricting set. That is, for any t > 0, 

Bp s (t) c B^\t) ns = (A + tB,) n S, 
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where the inclusion follows from definitions (3.14) and (3.16), and the final equality is from 
(3.17). To get the reverse inclusion, suppose x G (A + tB^) D S. Then there is some zei 
with dist M (z,x) < t. Let {z n }ne?t be a sequence of points in A with z n — > z. Since S is 
star-shaped at each point of A, we have [z n ,x] C S for all n G N. Then definition (3.14), 
Lemma 3.9, and the triangle inequality for dist M imply that 

dist^^x) < inf dist^(z n ,x) = inf dist„(z„,x) < dist M (z,x) < t, 

so we have x G i3 u ' (i) by definition (3.16). □ 

One of the main results of Chapter 4, Theorem 4.20, is an analogue of Proposition 3.10 
for the random one-type process. 

3.3 Definition and Basic Properties of the Two-Type Deterministic Process 

3.3.1 Construction of the Process and Monotonicity 

We now define the deterministic two-type competition process in a way that parallels the 
definition of the random two-type process in Section 2.4. 

Definition 3.11 (Deterministic two-type first-passage competition). Let A\ and A2 be 
disjoint subsets of R d , let p, = (m,^) be a pair of norms on R d , called the traversal norm 
pair for the two- type process, and set 

Di := (J [S C R d \ A 2 : Vx G OS, 00 / dist* (Ai, x) < distgf^*^,*)} , 
D 2 := |J [S C R d \ A l : Vx G OS, 00 / dist* (A 2 ,x) < distg^ 5 )*^,^} , 

if at least one of Ai, A2 is nonempty, and Di = D 2 := otherwise. We define the 
two-type deterministic /Z-first-passage competition process with starting config- 
uration (^1,^2) to be the pair of 2 Kd -valued functions 

B^' M \t) = (B[ M > M \t),B^> M \t))_, 

defined for t G [0, 00] by 

B[ Al ' M \t):=B^(t) and B {Al ' M \t) := jB^ a;Da (t) for t > 0, 
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and 

B\ M ' M \vo) := |J B\ MM \t) for i £ {1,2}. 

We call the sets Di and D2 the finally conquered sets for species 1 and species 2, 
respectively, and we call the process full if Di U D2 = R d . 

Remark 3.11.1. In contrast to Definition 2.10 of the random process, the finally conquered 
sets Di and D2 in Definition 3.11 will typically have nonempty intersection because there 
will usually be some set of tie points that both species reach at the same time, defined by 

{tie points} := {x G Di U D 2 : dist^ 1 ( A ± , x) = dist^ 2 (A 2 , x) } . 

Rather than mimicking our definition for Z rf -process and calling the M rf -process "well- 
defined" when Di n D2 = 0, we propose defining the M rf -process to be well-defined if 
Di n D2 = {tie points}, though we will not use this definition anywhere. We do note how- 
ever, that at least for some choices of the norms fj,i, ^2, it is possible to construct examples 
where the process is not well-defined in this sense. It is also possible to construct determin- 
istic processes that are not full, i.e. D1UD2 / M. d . This is accomplished by interlacing the 
initial sets A\ and A2 in such a way that prevents either species from ever reaching certain 
regions in M. d \ (A\ U A2); two such examples in R 2 are an "infinite yin-yang" spiral, in 
which neither species can escape a disc, or an infinitely stretched "topologist's sine curve" 
y = (-) sin (i) (x > 0) interlaced with a "topological comb" with increasingly long teeth 
suspended from the graph of y = 1 + ^ (x > 0), in which neither species can escape the 
right half-plane. 

Remark 3.11.2. The finally conquered sets Di and D2 in Definition 3.11 are precisely 
the crystal-growth Voronoi cells for crystals growing deterministically according to the 
norms //i, /x 2 from the "seed sets" A\ and A2. This generalizes the definition of "multi- 
plicatively weighted crystal-growth Voronoi diagrams" introduced by Schaudt and Drysdale 
[SD91] to the case where the crystals' norms are not necessarily multiples of each other. The 
finally conquered sets for first-passage competition between more than two species would 
coincide with the crystal-growth Voronoi diagram for a larger number of crystals. 
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The following three lemmas are the IR -process analogues of Lemmas 2.11, 2.12, and 
2.13 for the Z d -process; the proofs are left to the reader as they are very similar to the 
corresponding proofs in Chapter 2. Note, however, that Part 3 of Lemma 3.12 demonstrates 
the presence of topological nuances that arise in the M d -process but were irrelevant for the 
Z d -process. 

Lemma 3.12 (Properties of the finally conquered sets in the deterministic process). For 
any traversal norm pair fi and initial configuration (A±,A2), the finally conquered sets Di 
and Y>2 in Definition 3.11 satisfy the following for i G {1,2}. 

1. Dj D Ai and Dj n A^-i = 0. Moreover, Dj is empty if and only if Ai is empty. 

2. The following are equivalent. 

(a) xeDj 

(b) distJ.V 3 "'^^) < oo and distjj'^x) < distg!^* (As-*,*)- 

(c) oo / dist°/(A,x) < distg!f <r (A 3 _,,x). 

3. Every path component o/Dj in the intrinsic metric topology induced fo/dist^' contains 
a path component of Ai in the subspace topology inherited from M. d . 

I D i = ^ Al ^(oo) A . 

Lemma 3.13 (Comparison of entangled and disentangled deterministic processes). Let 
fx = {ll\,H2) be a pair of norms on M. d , let (A±,A2) be an initial configuration in M. d , and 
let i G {1,2}. 

(Ai Ao) 

1. In the two-type process B^ ' , each species is dominated by its unrestricted disen- 
tangled version. That is, B\ M,M \t) C B%(t) for all t G [0, oo]. 

2. If species i conquers some set S C M. d in the two-type process B^ 1,A2 \ then the 
entangled growth of species i dominates the growth of its disentangled version restricted 
to S. That is, B\ MM \t) D B A f(t) for all t G [0,oo]. 
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Lemma 3.14 (Trivial starting configurations in the deterministic process). Let fx = (p,\, /i 2 ) 
be a pair of norms on M. d , and let (A±,A 2 ) be an initial configuration in W 1 . 

1. If Ai = for some i S {1,2} and j = 3 — i, then 

B\ M ' M \t) = % and B {Al ' M \t)=B^{t) forallt>0. 

2. If Ax UA 2 = R d , then Bf l ' M \t) = (A 1 ,A 2 ) for all t > 0. 

Therefore, if at least one of the sets A\, A 2 , or R. d \ {A\ U A 2 ) is empty, then the two- 
type deterministic process with initial configuration (^1,^2) is well-defined and full for all 
traversal norm pairs fi. 

The following proposition is the deterministic analogue of Proposition 2.9. 

Proposition 3.15 (Conquering property for the two-type deterministic process). Consider 
a deterministic two-type competition process B^ 1 '^, with nonempty starting configuration 
{Ai,A 2 ) and traversal norm pair fx = (fii,/j, 2 ). If S is a subset of~U. d such that 

SnA 2 = d> and 00 / dist^ {A u x) < distjf (A 2 , x) for all x G dS, (3.18) 

then species 1 conquers S in the fl-process, i.e. B[ Al ' A2 \oo)p_ 5 S. A symmetric statement 
holds with the roles of species 1 and 2 interchanged. 

Proof. If S C R d satisfies the stated hypotheses, then it follows directly from Definition 3.11 
that S C Di, and by Lemma 3.12 we have Di =B (AlA2 \oo) fi . □ 

Analogously to the lattice process, we call a set S that satisfies (3.18) a conquering 
set for species 1, or a Di-set for the /^-process, and similarly for species 2. The following 
lemma about conquering sets is another example of the topological differences between the 
competition process in M. d versus Z d . 

Lemma 3.16 (Without loss of generality, conquering sets are closed). // S C R d is a 

conquering set for species i in the fi-process, then dS C Ai U S, and S is also a conquering 
set for species i. 
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Proof. Suppose S is a conquering set for species i. Then by definition, for all x G dS we 
have dist^.(^4j,x) < oo. By the definition of the intrinsic metric dist^., this means that 
there is an .S-path 7 from A{ to x, and the definition of an S-path then implies that either 
x G A-i or x G S. Thus, dS C ^ U S and hence SC A t U 6*. Since ^ n A 2 = and 
SnA^i = by assumption, we thus have SdA^i = 0, and since dS C dS 1 for any 5 C M d , 
we have 

Vx €8S, 00 + dist^i, x) < distJ.(Ai,x) < dist^*(A 2 ,x) < distg'f r (A 2 ,x) 
because 5 is a conquering set, so S is also a conquering set. □ 

Note that although Lemma 3.16 shows that conquering sets must be closed, the finally 
conquered sets Di and D 2 need not be (for example if A^ n A^-i 7^ 0). 

The following monotonicity property is a deterministic analogue of Lemma 2.22. 

Lemma 3.17 (Monotonicity of infection for the deterministic process). Let p = ( / ui, / u 2 ) 
and p' = (ni,^) be traversal norm pairs, and let (Ai,A%) and (A^A^) be starting config- 
urations. Suppose that fii < fi^ and /x 2 > (i 2 , and that A\ D A\ and A2 C A' 2 . Then 

B[ M ' M \t) D B^' lA ' 2 \t) and B { 2 Al ' M \t) C B^' 1 '^ (t) for all t > 0. 

More succinctly, this says that the deterministic process is monotone: If p > p' and 
(A±,A 2 ) > (A^A^), then B^ 1,A ^ > B^ 1,A2 \ where the orderings are chosen to favor 
species 1. 

3.3.2 Weighted Voronoi Cells and Star-Cells 

The finally conquered sets (a.k.a. crystal-growth Voronoi cells) Di and D 2 from Defini- 
tion 3.11 are in general not easy to describe explicitly, due to the "wrap-around" effect 
exhibited by the growth of the two species (or crystals) in the competition process. As a 
simpler, first approximation to the crystal-growth Voronoi cells, we can start with the ordi- 
nary Voronoi cells, which consist of the points in M. d that are closer to one species' starting 
set than the other. Here the word "closer" means that we are comparing the (unrestricted) 
traversal times of the two species to a given point, i.e. we measure distances from A\ using 
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dist /Ul and distances from A2 using dist^. This interpretation is more general than the 
usual definition of Voronoi cells using a single distance function. In fact, we will consider 
the even more general multiplicatively weighted Voronoi cells, in which one species' distance 
function is adjusted by a multiplicative constant. This flexibility in perturbing distances by 
a multiplicative factor will be only marginally important in our analysis of the deterministic 
process, but will be essential for adapting the proofs in the present chapter to the random 
process in Chapter 5. We now proceed with the relevant definitions. 

Let fx = [fii, /j, 2 ) be a pair of norms on and let A\ and A2 be disjoint subsets of R d . 
For ft > and i G {1,2}, we define the j3- weighted Voronoi cell (or simply (3- Voronoi 
cell) for species i in the /i-process with starting configuration (Ai,A 2 ) to be 

Yoi^(A 1 ,A 2 ) := {x G R d \A 3 _i : /3dist Mi (^,x) < dist^^x)} . (3.19) 

For example, species l's ft- Voronoi cell is the set of x € R d \ A2 which are closer to A\ 
than to A 2 by a factor of at least /3, meaning that either the initial distance from species 1 
to x is or else the ratio ^^(Aix) ^ s a ^ l eas t P- When we study the random process in 
Chapter 5, we will typically want (3 > 1 so that the points in species i's /?- Voronoi cell are 
strictly closer to species i by some fixed ratio, giving us some wiggle room to account for 
random fluctuations. By contrast, if /3 < 1, then some points in species i's /3- Voronoi cell 
may be farther from Ai than from A^i, but only by a factor of at most 

The case f3 = 1 in (3.19) corresponds to the ordinary unweighted Voronoi cells induced 
by the pair of distance functions dist m and dist^ 2 for the seed sets Ai and A 2 . When 
Mi = H2, the 1-Voronoi cells coincide precisely with the crystal-growth Voronoi cells Di and 
D2 from Definition 3.11. On the other hand, for a general pair of norms fi, even norms 
that are multiples of one another, Vorp\(Ai, A 2 ) neither contains nor is contained in the 
finally conquered set Dj, because definition (3.19) does not take into account the effect of 
the two species blocking each other's paths. However, as long as the species are able to 
travel in straight lines without interference, this blocking effect does not come into play. 
For example, if we know that every point in a line segment originating from some point 
z G Ai is closer to the point z than it is to any point in A2, then it is intuitively clear that 
this line segment will be conquered by species 1. We formalize this idea in the following 
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definition of "Voronoi star-cells," which provide a second-step approximation of the sets Di 
and D2. Namely, we will show in Proposition 3.18 below that species l's 1- Voronoi star-cell 
is contained in the set Di, and for any (5 > 1, species 2's /?- Voronoi star-cell is contained in 
the complement of Di. 

With p, and (Ai,A 2 ) as above, we define the /3-weighted Voronoi star-cells (or (3- 
Voronoi star-cells) for the //-competition process started from (A±,A 2 ) to be 

*Vor^(Ai, A 2 ) := {x G R d : 3z G A x such that [z,x] C Vor£Jj(z, A 2 )} , 

*Vor^(Ai, A 2 ) := jx G R d : 3z G A 2 such that [z,x] C Vor^(Ai,z)} . 

More explicitly, 



(3.20) 



Vor»(A,A 2 ) 



x G 



x 



G M rf 



3z G Ai such that [z, x] n A 3 _i = j if /? = 0, 

if /? > 0. 



3z G A such that Vy G [z,x], 
/3dist Mi (z,y) < dist jU3 _ i (A 3 _j, y) 

It is clear from definition (3.20) and the monotonicity of Voronoi cells with respect to their 

seed sets that 

*Vor« (A 1: A 2 ) C Vor« (A,^ 2 ) for i G {1,2}. 

The name "star cell" refers to the fact that *Vor^g(.Ai, A 2 ) is a union of star-shaped sets 
centered in Ai. That is, *Vor^( J 4i, ^4 2 ) G (* 3,eAi ), where (* 3,Gj4t ) is the collection 
of "generalized star sets at A" defined in (3.2). Note, however, that *Vor^(Ai, A 2 ) is 
not necessarily star-shaped unless Ai consists of a single point. Our main interest in the 
Voronoi star-cells is the above-mentioned intuition that the set *Vor^\(^4i, A 2 ) should get 
conquered by species i in the /i-process started from (Ai,A 2 ). We will prove this property 
in Proposition 3.18 below. First we make one more observation. 

Note that the /3- Voronoi cells and star-cells are decreasing in j3, so we can define the 
right-hand and left-hand limits of the cells as /?' \ ft or j3' /* ft, by taking a union or 
intersection respectively. With these definitions, one can check that for all (3 > 0, 

Voi®p.(A 1 ,A 2 ) = {x G R d \ A^i x G ~A~ or /3dist w (A,x) < dist /i3 _ i (A 3 _ i ,x)} , 



Vor« + (A,A 2 ) 



x G 



x G Ai or 3z G Ai such that Vy G [z, x], 
/3dist w (z,y) < dist At3 _ i (^ 3 _i,y) 



(3.21) 
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and Vor_0_ (Ai, A2) = Vor^^i, A2) for all (3 > 0. The corresponding description of 
*Vor^ fl _ (Ai, A2) is more complicated and is therefore omitted. 

Proposition 3.18 (Conquering a union of star-shaped sets in the deterministic process). 
In the deterministic Jx- competition process started from (A\,A2), species i conquers every 
point in ^Vor^^Ai, A2) and no point in * Vor^^ (^4i , A2). 

Proof. Take i = 1 for concreteness. For the first statement, let x G *Vor^ 1 (Ai, A2). Then 
there is some z G A\ such that x G *Vor^(z, A2) and hence [z,x] C Vor^(z, A2), by 
definition (3.20). We will show that the set S = [z,x] satisfies the hypotheses of Proposi- 
tion 3.15 and hence species 1 conquers 5. 

Let y G dS = S. Then since [z, y] C S, Lemma 3.9 implies that 

dist^i, y) < dist^(z,y) = dist Ml (z,y). (3.22) 

In particular, (3.22) implies that dist^ (A 1 , y) < 00. Also, since we 
have S n A 2 = by the definition (3.19). Finally, (3.22) and (3.19), together with the 
monotonicity of the star intrinsic metric with respect to the restricting set, imply that 

dist^i, y) < dist m (z,y) < dist M2 (A 2 ,y) < distgf ^ (A 2 , y). 

Therefore, the set S satisfies the three hypotheses in Proposition 3.15, so species 1 conquers 
the segment S = [z,x]. Since x was arbitrary, species 1 conquers all of *Vor^(Ai, A2). 

For the second statement, let x G *Vor_ i + (Ai, A2). Then by (3.21) there is some z G A2 
such that 

dist M2 (z, y ) < dist M1 (A x , y ) for all y G [z, x] . (3.23) 

For a contradiction, suppose x G B[ Al ' A2 \oo) = Di. Then by Lemma 3.16, x is contained 
in some closed conquering set S x for species 1. Let yo be a //2-closest point in [z,x] n 
to z. Then by Lemma B.l, we have yo G dS* and [z,yo) n S x = 0. Thus, [z,yo] is a 
(M. d \ 5 X ) -path from A2 to yo, so (using Lemma 3.9) 

distjf \ s ^(A 2 ,y ) < dist^ °](z,y ) = dist w (z,y ). (3.24) 
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Now, since S x is a Di-set and yo G dS x , we have 

oo / dist^^yo) < distgf \ & )*(A 2 ,y ). (3.25) 

Combining (3.24), (3.25), and the fact that the intrinsic metric in S x is at least as large as 
the unrestricted norm metric, we have 

dist w (Ai,y ) < dist^(Ai,y ) < dist M2 (z, y ). 

But since yo € [z,x], this inequality contradicts (3.23). Thus we conclude that x ^ 
&[ Al ' A2 \oo), so species 1 conquers no point in *Vor^ 1+ (Ai, A 2 ). □ 

Proposition 3.18 will be our primary tool for describing the finally conquered sets Di and 
D2 when we study competition in cones in Section 3.6. One of our main goals in Chapter 5 
will be to prove an analogue of Proposition 3.18 for the random two- type process. The main 
general result of this sort is Theorem 5.7 (and Corollary 5.8), which corresponds to the case 
A\ = {z} and will be our primary tool for analyzing random first-passage competition in 
cones in Section 5.4. Corollary 5.9 of Theorem 5.7 is a general analogue of Proposition 3.18 
in the case where A\ is bounded. Note that the converse of Proposition 3.18 is false in 
general, i.e. species i may conquer points outside of *~Vor^\(Ai, A2) by following a curved 
path instead of a straight line, or by blocking the other species' shortest path to these points. 

The following lemma allows us to convert between statements about the /3-Voronoi cells 
or star-cells for different /3's, by scaling one or both of the traversal norms by an appropriate 
factor. 

Lemma 3.19 (Transformation of the /3-Voronoi cells under speed scaling). Let \i\ and /j, 2 be 
two norms on M. d , and consider the traversal norm pairs p, = (fii,^) and ft' = (cci/ii, c^/^)? 
where 0:1,0:2 > 0. Then for any starting configuration (Ai,^), i G {1,2}, and (3,f3' > 0, 
the following are equivalent. 

1 ^1 = 1 

2. Vor« (A 1 ,A 2 )=Vov%,(A 1 ,A 2 ). 
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3. *Vor« (A ± ,A 2 ) = *Var%{A lt A 2 ). 

Proof. Since the distance functions for the respective norms get scaled by a.\ and a 2 , it 
is evident from the definitions (3.19) and (3.20) that the /3-Voronoi cells and /3-Voronoi 
star-cells get scaled accordingly. □ 

Lemma 3.19 implies that the /3-Voronoi (star-)cells can be interpreted as the 1-Voronoi 
(star-)cells in a process in which one species' speed has been scaled by /3, as illustrated by 
the following. 

Corollary 3.20 (/3-Voronoi star-cells and /3-adjusted processes). Let ji = (hi,/j, 2 ) be a 
traversal norm pair, let (Ai,A 2 ) be an initial configuration in M d , and let (3 > 0. Then 
in either of the "/3- adjusted" deterministic processes B^^^(t) or ^fa'p-i^fe)' species 1 
conquers every point in *Vor^(^4i, A 2 ) and no point in *Vor?^ + (^4i, A 2 ). 

Proof. Combine Proposition 3.18 and Lemma 3.19. □ 

The following lemma gives a rather obvious but useful characterization of the /3-Voronoi 
cells. We call this the "dual characterization" due to its similarity to Lemma 5.2 in Sec- 
tion 5.2; the "duality" refers to a change in perspective from a /^-process originating in 
some arbitrary set A 2 to a "dual" ^-process originating at a single point x. 

Lemma 3.21 (Dual characterization of the /3-Voronoi cells). Let (Ai,A 2 ) be a starting 
configuration and = (/j,i,fi 2 ) a traversal norm pair. Then for any (3 > and x E M. d , 

x G Vor^(^i,^ 2 ) 3r > /3 dist w ( A 1 , x) such that B* 2 {r-) n A 2 = 0, 

where B* 2 (0— ) is interpreted as {x}. A symmetric statement holds with species 1 and 2 
switched. 

Proof. Let x <E R d . First suppose B* 2 (r— ) n A 2 = for some r > (3 dist w (Ai,x). Then 
for every y G A 2 we have dist M2 (x, y) > r > (3 dist Ml (Ai, x), so x G Vor^(Ai, A 2 ). On 
the other hand, suppose B*(r— ) n A 2 / 0, where r = /3 dist m (Ai, x). Then there exists 
y G A 2 such that dist M2 (x, y) < r = /3 dist m (A±, x). Thus, dist M2 (x, A 2 ) < (3 dist m (Al, x), 
so x Vor^(Ai, A2). (Note: The special cases /3 = and r = should be handled 
separately.) □ 



128 



Using Lemma 3.21, we can prove the following similar "dual" characterization of the 
/3-Voronoi star-cells, which shows that the line segment [z,x] is contained in Vor^(z, A2) 
for some ft > if and only if A2 does not intersect a particular nondegenerate /i2-cone 
segment with apex z and axis [z,x]. To state the result, define 

S^(ft):=fti^l and 5f (ft) := ft^l for ft > and v G R d \ {0}. (3.26) 

We call the constants 8% (ft) and 5% (ft) defined in (3.26) the /3-separation thickness for a 
fi2-cone or fii-cone, respectively, in the direction v. These constants will appear in numerous 
results about the two-type process throughout the remainder of Chapter 3 and Chapter 5. 

Lemma 3.22 (Dual characterization of the /3-Voronoi star-cells). For any ft > 0, any 

x, z G R d with x / z, and any A2 C R d \ {z} ; we have 

x G ^Vorj^z, A 2 ) C z ' v €( (h)° n A 2 = 0, where v = x - z and /i = ^(f), 

and 5^ (ft) is defined by (3.26). A symmetric statement holds with species 1 and 2 switched. 
Proof. First note that for any y G (z,x], 

ft dist Ml (z, y) = ft dist^ 2 (z, y) 



dist Ml (z,y) 

U '^- y ' "^ !/ ^^' V "dist, 2 (z,y) 



= /3dist^(z,y) • ^fox) = ^(/3)dist^(z,y). (3.27) 

QlSt^ 2 (^Z, XJ 

Now, since z G" A2 we trivially have z G Vor^(z, A2), so 

x G *Vor£j,(z, A 2 ) <=► Vy € (z, x], y G Vor£j,(z, A 2 ) (by definition) 

<*=>Vy€(z,x], ^ 2 (/3dist m (z,y)-) n^ 2 = (by Lemma 3.21) 

^ U ^ 2 (^(/3)dist M2 (z,y)-)n^ 2 = (by (3.27)) 
ye(z,x] 

C z '^^. n ^ 2 = 0- (by definition) □ 

fJ-2,0 2 (p) 



3.3.3 Scale- Invariant Starting Configurations 

The following lemma shows that scale-invariance is preserved by the two-type process. 
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Lemma 3.23 (Scale- invariant starting configurations). If the initial configuration (A±,A2) 
is scale-invariant (i.e. both A\ and A2 are scale-invariant), then the finally conquered regions 
are both scale-invariant, and jBp^ 1,A2 \t) is constant for t > 0. 

Proof. This follows from the definition of the finally conquered sets and scale-equivariance 
of the norm metrics. □ 

For a scale-invariant starting configuration with Ai = {0}, it is particularly easy to 
compute species i's Voronoi star-cell. 



Lemma 3.24 (Scale-invariant starting configurations with A\ = {0}). If A\ = {0} and 

'.-invariant set, then *Vor^ 1 (0, J 4 
conquers all of Vor^(0, A2) in the process Bp 3 '^. 



A2 is a blunt scale-invariant set, then "^Vor^^O, A2) = Vor^^O, A2), and hence species 1 



Proof. By definition (3.19), 

Vorg(0, A 2 ) = {xel d : Ml (x) < dist M2 (^ 2 ,x)} . 

Since A2 is scale-invariant, the set on the right is evidently scale-invariant and contains 0. 
Therefore, if the point x is contained in Vor^^O, A2), so is the entire ray [0, 00) • x. In 
particular, this implies that the segment [0, 1] • x = [0,x] is contained in Vor^(0, A2), so 
x G *Vor^(0, A2) by definition (3.20). Since x was arbitrary, we have Vor^(0, A2) = 
*Vor^(0, A 2 ), and species 1 conquers this set by Proposition 3.18. □ 

3.4 Competition with Euclidean Norms 

Deterministic competition in which both species' traversal norms are Euclidean (i.e. [i\ and 
[i2 are multiples of the l 2 d norm) can be considered as a prototypical example which exhibits 
many of the essential features arising from competition with arbitrary norms. Since explicit 
calculations are possible when the norms are Euclidean, at least for nice enough starting 
configurations, it is worth investigating the geometry of the competition process in this 
case. We will focus on several simple starting configurations in dimension d = 2; higher 
dimensional analogues of these configurations can be obtained by rotation. 
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3.4-1 Cartesian Ovals and Logarithmic Spirals (Point vs. Disc) 

In this section we consider Euclidean competition from initial configurations in M 2 in which 
A\ and A2 are either points or discs. We first consider the case of equal speeds, then we 
will consider different speeds. In both cases, the first step in describing the crystal-growth 
Voronoi diagram is to describe the ordinary Voronoi diagram. 

Lemma 3.25 (Voronoi boundary for equal speeds). Suppose species 1 and species 2 have 
equal speeds. For i G {1,2}, let Ai be a nonempty open or closed disc of radius rj > 
centered at Zj 6 M?, and suppose that A\ n A2 = 0. If R = r± — ri, then the boundary 
between the Voronoi cells for the two species is 



If \R\ = dist^| (zi, Z2), then C is a ray originating from zi or Z2. If R = 0, then C is the 
perpendicular bisector of the segment [zi,Z2]. If < \R\ < dist^ (zi, Z2), then C is (by 
definition) one branch of a hyperbola with foci z\ and Z2. 

Since the Voronoi cells and crystal-growth Voronoi cells agree in the case of equal speeds, 
the preceding lemma implies the following result for the competition process. 

Proposition 3.26 (Equal speeds: Half-planes and hyperbolas). Suppose [i\ = [12, and 
suppose A\ is single point and A2 is a disc of radius r > 0. 

1. Ifr>0 and Ai lies on the boundary of A2, then species 1 conquers a ray perpendicular 
to the boundary of A2. 

2. If r = (i.e. the two species initially occupy two distinct points), then each species 
conquers a half-space. 

3. If r > 0, and the point A\ is separated from the disc A2, then species 1 conquers the 
region bounded by one branch of a hyperbola. 

The third case interpolates between the first two as the point moves closer to the disc or the 
radius of the disc increases from to dist(Ai, A2). 
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Next we describe the Voronoi diagram in the case of different speeds. 

Lemma 3.27 (Voronoi boundary for different speeds). Suppose species 1 and species 2 
have different speeds \\ and A 2 , respectively, and let A = A1/A2. For i £ {1,2}, let Ai 
be a nonempty open or closed disc of radius rj > centered at Zj £ I 2 , and suppose that 
A\ n A2 = 0. If R = r\ — Ar 2; then the boundary between the Voronoi cells for the two 
species is 

C = jx G M 2 : dist^(x, z ± ) - A dist^2 (x, z 2 ) = i?| . 

If R = dist^2 (zi, z 2 ), then C is the outer boundary of a looped limagon of Pascal. If R = 0, 
then C is (by definition) the Apollonius circle with distance ratio A for the points z\ and 
z 2 . If < \R\ < dist^2 (zi,Z2), then C is (by definition) one branch of the Cartesian ovals 
with foci z\ and z 2 and distance ratio A. 

The Cartesian ovals are a family of fourth degree algebraic plane curves; each member 
of the family consists of two branches, some of which are "oval" -shaped. For a description 
of these curves, see [RJ88, pp. 295-299]. The following proposition describes the crystal- 
growth Voronoi diagram for competing species with different speeds when the faster species 
starts at a point and the slower species starts on a disc. 

Proposition 3.28 (Different speeds: Logarithmic spirals and Cartesian ovals). Suppose 
species 1 is strictly faster than species 2, and species 1 starts at a single point A\ while 
species 2 starts on a disc A2 of radius r > 0. 

1. Ifr>0 and Ai is a single point on the boundary of the disc A2, then species 2 conquers 
a "heart-shaped" region bounded by two symmetric, partial logarithmic spirals. 

2. If r = (i.e. species 1 and species 2 start at two distinct points), then species 2 con- 
quers a "teardrop" shaped region, with the boundary of the teardrop's "head" consisting 
of an arc of the Apollonius circle for the points A\ and A2, and the boundary of the 
"tail" of the teardrop consisting of two partial logarithmic spirals. 

3. If r > and the point A\ does not lie on the boundary of A 2 , then species 2 conquers 
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a region shaped like either a "heart" or "teardrop" bounded by three curves, one being 
an arc of a Cartesian oval, the other two being arcs of symmetric logarithmic spirals. 

The third case interpolates between the first two as the point moves closer to the disc or the 
radius of the disc increases from to dist( J 4i, A2). 

Proof. The shape in Part 2 is described in [Sch92] and [KS02]. The other two parts are 
proved similarly, using Lemma 3.27 for Part 3. In Parts 2 and 3, the transition from 
the ordinary Voronoi boundary to the logarithmic spiral occurs at the points where a ray 
originating at A\ is tangent to the Voronoi boundary, as these are the farthest points on the 
boundary that can be reached by a shortest path (i.e. straight line) contained completely 
within species l's Voronoi cell. □ 

For a given point-disc starting configuration i y A\,A'i), the finally conquered regions in 
each part of Proposition 3.28 will approach the configuration in the corresponding part of 
Proposition 3.26 as the relative speed of the two species approaches 1. 

3.4-2 Conic Sections (Point vs. Hyperplane) 

In this section we consider Euclidean competition in the case where A\ is a point and A2 is a 
hyperplane. Note that in d = 2, the boundary between the (ordinary) Voronoi cells for this 
configuration is precisely a conic section with focus A\, directrix A2, and eccentricity equal 
to the ratio of species l's speed to species 2's speed. It turns out that the crystal-growth 
Voronoi diagram is equal to the ordinary Voronoi diagram in the hyperbolic and parabolic 
regimes, but is slightly different in the elliptic regime. 

Proposition 3.29 (Conic sections). Suppose A\ is a point and A2 is a line. There are 
three cases, depending on the relative speed of the two species. 

1. If species 1 is faster, then species 1 conquers a region bounded by one branch of a 
hyperbola with focus A\ and directrix Ai- 

2. If the speeds are the same, species 1 conquers a region bounded by a parabola with 
focus A\ and directrix A<i- 
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3. If species 1 is slower, then species 1 conquers an "elliptic teardrop, " with the boundary 
of the teardrop's "head" equal to an arc the ellipse with focus A\ and directrix Ai, and 
the boundary of the "tail" consisting of two partial logarithmic spirals. 

Proof. The first two parts follow because in the hyperbolic and parabolic case, any point 
in species 2's Voronoi region is connected to A2 via a shortest path contained completely 
within the Voronoi region. In the elliptic case, the shortest path from A2 to a point on the 
"far" side of the ellipse passes through the ellipse's boundary, so species 2 must follow a 
curved path to reach these points. Thus there are two transition points on the ellipse where 
the crystal-growth Voronoi boundary changes to a logarithmic spiral as in Proposition 3.28; 
the transition occurs at the points where shortest paths from the hyperplane are tangent to 
the ellipse. □ 

Also, note what species l's conquered set looks like in the limit as the point approaches 
the hyperplane: Cone for supercritical speeds; ray for critical (equal) speeds; point for 
subcritical speeds. 

3.4-3 Critical Speeds Greater than 1 (Point vs. Conical Shell) 

Consider what happens when Ai is a point and A2 is a union of hyperplanes, e.g. tangent to 
some small convex cone. Then the region conquered by 1 should be the intersection of the 
corresponding regions from Section 3.4.2. For extra-small cones, the critical speed always 
occurs in the hyperbolic regime. In an extra-small circular cone, criticality occurs when the 
asymptotes of all the conquered hyperbolas are parallel. 

3.5 Competition When Species 1 Is Initially Surrounded 

In this section we describe the deterministic growth from two starting configurations which 
will be important when analyzing the random process in Chapter 5. In both cases, species 1 
starts at a single point z, and species 2 initially occupies everything outside some bounded 
set containing z, namely A2 = shell B = M. d \ B° for some bounded B C M. d . 
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3.5.1 Conquering a fii-Ball 

For norms fi\ and ^2 on M. d and j3 > 0, define 

^ := ^ + n^iiu- and ^ := JTWM^- (3 - 28) 

We call ^ the /3-meeting radius for species 1 and g^ the /3-meeting radius for 
species 2; this terminology is explained by the following lemma, which shows that in a 
/3-adjusted process in which species 1 starts at some point z G M. d and species 2 starts 
outside a unit ^-ball centered at z, ^ is the radius of the /Ui-ball species 1 has conquered 
when the two species meet. The factors g@ and gy will show up in the proofs of several 
later lemmas concerning both the deterministic and random processes in Chapters 3 and 5. 

Lemma 3.30 (Competition inside a ^2-spherical shell). Fix r > and z G M. d , and let 
A2 = shell B^ 2 (r). Then for any (3 > 0, 

1. *VorW (z,A 2 ) D B^igpr), and if R > g p r, then *Vor^ + (z,A 2 ) D B^(R) + 0. 

2. In either of the (3-adjusted processes B^'^^^t) or ^[^g-i^C*)? the largest fii-ball 
conquered by species 1 is B^^gpr). In fact, 

(a) In the process B^^^(t) , the meeting time of the two species is figpr, and 

B^ M \pgpr)=Bl^r). 

(b) In the process ^(^g-i M2 )W? ^ e meeting time of the two species is gpr, and 

B^ M \gpr)=Bl 1 {gpr). 
If the roles of species 1 and 2 are reversed, symmetric statements hold, with gp replaced by 

(2) 

Proof. Note that from this starting configuration, each species' /3-Voronoi cell coincides with 
its /3-Voronoi star-cell, so Corollary 3.20 implies that in either of the /3-adjusted processes, 
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both conquered sets coincide with the corresponding /3-Voronoi cell. In the case /3 = 1, the 
meeting time of the two species is 

t meet = sup {t > : B^(t) C Bl 2 (r - t)} 

= Bup{t>0:B^(||g|| £co t)cB^(r-t)} 



sup 



1 + — 



Thus, any ^-ball of radius or smaller is contained in its 1-Voronoi cell, and any /ij-ball 
of larger radius intersects the interior of species 2's conquered region, which coincides with 
species 2's l + -Voronoi cell. The corresponding statements for general j3 > follow by time 
scaling and Corollary 3.20. □ 

3.5.2 Conquering a n±-Cone Segment 

The next lemma computes the largest /ii-cone segment contained in species l's /3-Voronoi 
cell when species 1 starts at the point z and species 2 starts on the complement of a ^2-cone 
segment with apex z. Recall the definitions 

5t{P):=p^f\ and 6 p := -— \ 

from (3.26) and (3.28). 

Lemma 3.31 (Conquering a /Ui-cone segment inside the shell of a ^2-cone segment). Fix 

a traversal norm pair p, = 

(Ati,A*2) on R d , z G R d , v G R d \ {0}, and /3 > 0. Suppose 
< /3 < /?0; and tei 5 := (/?o — /3)£>/3- T/ien 

1. IfA 2 C shell C^ (j8b) (M2(u)) and z A 2; i/ten *Vor^ (z,A 2 ) 5 C^M")). and 
hence species 1 conquers C^ s (m(v)) in the (3-adjusted process B^^-i ^(i) ■ 

2. If A 2 C shell C 2 ^ - and z i/ien *Vor^l(z, A 2 ) 5 C„ t ' ( j> and hence species 1 
conquers C*'" s in the (3-adjusted process B^^^^^t). 
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A symmetric statement holds with species 1 and 2 switched. 

Remark 3.31.1. In Lemma 3.31, the space inside the ^-conical shell initially occupied by 
species 2 becomes wider as /3q becomes larger. For large enough (3®, we have <5 2 (A)) > 1) 
and hence the ^ 2 -cone segment will actually be a ^-ball if finite, or all of M. d if infinite; 
thus Lemma 3.31 becomes trivial for large (3$ in the infinite case, but is always nontrivial 
in the finite case. The cone segment conquered by species 1 becomes narrower as (3 f~ /3q, 
approaching a line segment or ray in the limit. On the other hand, as (3 becomes smaller, 
the cone segment conquered by species 1 in the /3-adjusted process becomes wider, but the 
"margin of error" with which this set gets conquered becomes increasingly bad (the "margin 
of error" interpretation of (3 makes sense for (3 > 1; for f3 < 1, we have a "negative margin 
of error," meaning that species 1 needs to speed up by a factor of (3~ x in order to conquer 
the cone segment). 

Proof of Lemma 3.31. Assume without loss of generality that z = 0. For Part 1, set h\ = 
Hi(v) and fo 2 = A*2(v), and for Part 2, set h\ = h,2 = 00. Note that since C®'™ 5 (hi) is 
star-shaped at 0, we have 

C*Vor«(0,A 2 ) ^ C°* s ( hl ) CVor«(0,A 2 ). 

Thus, since C°'" s (hi) = Uxe[o,hH (^i( x )) > we seek a <5 > so that 2?^ (<5/ii(x)) is 
guaranteed to be contained in Vor^(0, A2) for all x G [0, h±v]. That is, we need to find 
some 5 > small enough that for any x G [0, hiv] we have 

/3dist m (0,y) < dist M2 (^ 2 ,y) for all y G (<5/xi(x)) . (3.29) 

Fix some x G [0,/iit>], and let (5 be a nonnegative number (yet to be determined). By the 
triangle inequality for fj,i we have 

dist w (0,y) < (l + <5) Ml (x) for all y G E*(<5 m (x)). 

Since A2 C shell C '"-, ^(^2), we have dist M2 (A2 , x) > /3o^i(x), and if //i(y — x) < <5//i(x), 
then jU 2 (y — x) < (5||// 2 /A i i||L oo A i i(x). Thus, by the triangle inequality for ^ 2 we have 

dist^^y) > (f3 + ||^ 2 /wIIl^)/"i( x ) for all x € 5^ (<fyti(x)). 
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It follows from the above two inequalities that (3.29) is guaranteed to hold if we choose 5 
small enough that 

(3(1 + <5)/ii(x) < (A) - <5||/x 2 /Aii|| L oc)/xi(x), 

or 

p+ ||/x 2 //xi||loo 

Thus, if we take (5 := (/?o — /?)f?/3, then (5/xi(x)) C Vor^(0, A2), and since this choice of 
5 is independent of x, the entire union C°^ 6 (h\) is contained in Vor^(0, A2) as claimed. □ 

3.6 Competition When Species 2 Starts on a Conical Shell 

In this section we consider a process in which species 2 starts on the boundary of a cone C 
in M. d , and species 1 starts at some point z inside the cone. Equivalently, we can consider 
the starting configuration (z, R d \ C), where z € C. With this initial configuration, species 
1 is confined to the interior of the cone C, surrounded by an infinite expanse of species 2 
on dC, and the only chance it has of escaping to infinity is to travel (asymptotically) in 
the direction of some ray in dir(C), hoping to outrun species 2 as it encroaches from the 
boundary. The main point of interest is whether species 1 is able to survive indefinitely 
within the cone, conquering an unbounded set, or whether it eventually ends up completely 
surrounded by species 2. 

In order to analyze the process from this starting configuration, it will be convenient to 
introduce some notation. For any set C C R d and any z G C, we define conq^(z,C) to be 
the region conquered by species 1 from the starting configuration (z, R d \ C) in a process 
with traversal norm pair Jx. That is, 

conq A (z,C):=£i z ' Rd \ C) (ooV (3.30) 

Although this definition makes sense for an arbitrary subset C of R d , we will always take 
C to be a cone. We will start with the simplest case where z is an apex of the cone, and 
our first goal will be to classify cones according to whether species 1 can escape to infinity 
from this starting configuration. This classification is accomplished in Definition 3.33 and 
Proposition 3.35 in Section 3.6.1. We then prove some technical results in Sections 3.6.2 
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and 3.6.3 before considering the case of general z G C in Section 3.6.4. In Section 3.6.5 we 
describe some additional results about competition in cones that follow from the results in 
Section 3.6.4. 

3.6.1 Speed Advantage; Favorable Directions; Wide and Narrow Cones 

Let C C M. d be a pointed cone with apex a, and let Co be the scale-invariant version of C, 
with apex 0. We first consider the case when species 1 starts at the apex, i.e. the initial 
configuration is (a, R d \ C) . Intuitively, since this starting configuration is scale-invariant at 
a, species 1 gains nothing by following a curved path — the only chance it has of escaping 
is to move along each ray in the cone from a out toward infinity, and hope that it can stay 
ahead of species 2 in some direction. By the scale-invariance of the starting configuration, 
if at any time t > species 1 is ahead of species 2 in some direction, then it will stay 
ahead of species 2 for all t > 0. That is, species 1 can survive indefinitely within the cone if 
and only if it can survive for some positive amount of time within the cone. We will prove 
these statements formally below (Proposition 3.35), but first we use this intuition to classify 
directions within the cone according to how favorable or unfavorable they are to species 1, 
by quantifying the rate at which species 1 outruns or falls behind species 2 when traveling 
in that direction. 

Favorability of Directions in a Cone 

Let v G Co \ {0}, and fix a traversal norm pair p,. We define the speed advantage, or 
simply the advantage, of the direction v in C for species 1 as 

adyC ;= diswaco,^ 

Note that the advantage is well-defined and continuous on dir(C) since it is defined as a 
scale-invariant continuous function of points in Co \ {0}. We call the direction v G dir(C) 
favorable, unfavorable, or critical for species 1 in C according to whether adv?(£) is 
greater than, less than, or equal to 1, respectively. If v is favorable in C, then species 
1 outruns species 2 from the starting configuration (a, R d \ C) by traveling along the ray 
a + v. If v is unfavorable in C, then (at least intuitively; see Remark 3.32.1 below) species 
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2 beats species 1 to every point on the ray a + v, and if the direction is critical, then the 
two species tie along this ray. 

We also make the following definitions for a G apex(C): 

fav„(a,C) := {x <E C : dist^fa, x) < dist„ 2 (5C,x)}, 

(3.32) 

fav±"(a,C) := {x G C : dist m (a,x) < dist M2 (3C,x)}. 

We call the sets fav^(a,C) and fav^"(a, C) the favorable wedge at a and the strictly 
favorable wedge at a, respectively, because the ray a + v is contained in fav^(a, C) (resp. 
fav^(a, C)) if and only if adv?(£) > 1 (resp. adv?(£) > 1). Our first result is the following. 

Lemma 3.32 (Favorable directions are conquered). Let C C M. d be a pointed cone with 
apex a, and let p, be a traversal norm pair. In the deterministic two-type process Bp*' R 
species 1 conquers the favorable wedge at a; that is, conq^(a, C) 2 fav^(a,C). 

Proof. By translation-invariance, it suffices to assume a = 0. Note that 

favp(O.C) = {x€C :/ii(x) < dist M2 (aC,x)} = VorW(0,M d \ C). 

Since R d \ C is scale- invariant, Lemma 3.24 implies that 

Vor«(0,lR d \C) = *Vor« 1 (0,lR d \C), 

and this latter set is conquered by species 1 according to Proposition 3.18. Thus, species 1 
conquers the entire set fav^(0, C). □ 



Remark 3.32.1. The containment in Lemma 3.32 can be strict in general, at least for 
large cones (i.e. those not contained in a half-space). That is, for some large cones C, one 
can find traversal norm pairs such that species 1 conquers some unfavorable directions in C 
from the starting configuration (a, R d \ C) . This is accomplished by "blocking off" a set of 
unfavorable directions from species 2 by surrounding the unfavorable region with favorable 
or critical directions. 
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The Advantage in a Cone 

By Lemma 3.32, as long as there is some favorable direction in C, then species 1 can survive 
from the apex by traveling in that direction. This motivates the following definition. For 
the traversal norm pair fi, we define the advantage in C of species 1 as 

Adv p (C):= sup adv£(tJ) = sup ( 3 - 33 ) 

vedir(C) xeC\{a} dls V l a ' X > 

It is clear by the translation-invariance of the norm metrics that Adv^(C) = Adv^(C ), so 
the advantage in the cone is independent of the choice of apex since the scale-invariant 
version of C is unique. Similar to our above classification of directions according to (3.31), 
we use (3.33) to classify the entire cone in terms of its favorability to species 1, as follows. 

Definition 3.33 (Super- and sub- criticality regimes for cones). Let C be a cone in M. d , and 
let a = Adv^(C), defined in (3.33). Then we say that species 1 is supercritical, critical, 
or subcritical for C, or that C is wide, critical, or narrow for species 1, according to 
whether a > 1, a = 1, or a < 1, respectively. 

Before proceeding, we prove the following basic result about the advantage in a cone. 

Lemma 3.34 (Existence of a direction of maximal advantage). Let C be a cone in M. d 
with apex a and scale-invariant version Co. If C is degenerate, then Adv^(C) = 0. If C is 
nondegenerate, then < Adv^(C) < ||/X2 / A*x || < °°> an d the first supremum in (3.33) 
is achieved for some v G dir(C°); equivalently, there is some v G Cq such that the second 
supremum in (3.33) is achieved by every x G C° of the form x = a + rv with r > 0. 

Proof. If C is degenerate, then C = dC, so dist^ 2 (DC, x) = for all x G C, and so Adv^(C) = 
by the second formula in (3.33). For any cone C, we have G dCo, so for any v G dir(C), 

adv^) < dlSt ^ ( V ) = ^1. 



Therefore, since v was arbitrary, 



Adv p (C)< sup < 
Cedir(c) m v ) 



[12 



< oo. 

L°° 
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If C is nondegenerate, then Cq is nonempty. Choosing any v G Cq, we have v G dir(C°) and 

dj^w^) > o 

To see that the supremum in (3.33) is achieved for some v 6 dir(C°) when C is nondegenerate, 
first note that since every nondegenerate cone is a body by definition, we have dCo = dCo 
and hence adv^(v) = adv^(v) for any v € dir(C), and also (C)° = C°. Therefore it suffices 
to assume C is closed. 

If C is closed, then dir(C) is compact (being homeomorphic to Sjj^ 1 n Co), so the contin- 
uous function adv?(-) achieves a maximum on dir(C). Since adv^(-) is zero on dir(dC) and 
strictly positive on dir(C°), the maximum must occur at some direction v G dir(C°), which 
corresponds to some point u 6 Cq. Finally, if r > and x = a + rv, then x G C°, and by 
the translation-invariance and scale-equivariance of the norm metrics, 

dist M2 (<9C,x) = dist^ 2 (dC ,rv) = ady C/ ^ 
dist w (a,x) n^rv) ' & Vp[V) ' 

so the supremum in the final expression in (3.33) is achieved for any such x. □ 

The Size of the Conquered Region in Wide, Critical, and Narrow Cones 

The classification of cones in Definition 3.33 leads us to the following proposition, which is 
one of the central ideas underlying this thesis. Namely, in Proposition 3.35, we show that 
the classification of cones as wide, critical, or narrow corresponds generally to the "size" 
of the set species 1 conquers when it starts at an apex of the cone. The proofs for wide 
and critical cones follow easily from Lemmas 3.32 and 3.34 above, and the proof for narrow 
cones follows from Lemma 3.36 below. In turn, Lemma 3.36 relies on Lemmas A. 4 and A. 5, 
whose proofs are rather intricate and have therefore been placed in an appendix to avoid 
interrupting the flow of the section. Proposition 3.46 in Section 3.6.4 below generalizes 
Proposition 3.35 to the case where species 1 starts at a general point in C, not necessarily 
an apex. 

Proposition 3.35 (The conquered region in a cone when species 1 starts at an apex). Let 
C C R d be a pointed cone with apex a, and let conq^(a, C) be species 1's conquered region 
from the starting configuration (a, M d \C), as defined in (3.30). 
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1. If C is wide for species 1 then conq^(a, C) contains a nondegenerate cone at a. 

2. If C is critical for species 1, then conq^(a, C) contains at least a ray from a. 

3. If C is narrow for species 1 and additionally is contained in a half-space, then 

con q/i (a,C) = {a}. 

Proof. It suffices to assume a = 0. Recall from Lemma 3.32 above that conq^(0,C) 5 
faVjs(0,C), where fav^(0,C) = {x G C : ^i(x) < dist M2 (dC, x)} is the favorable wedge at 0. 

First suppose that C is wide for species 1. Then the strictly favorable wedge, fav^ (0, C) = 
{x G C : /txi(x) < dist M2 (dC, x)} , is nonempty, and it is open by the continuity of the 
norm metrics. Moreover, fav^(0,C) is scale-invariant and hence contains a nondegenerate 
cone since any open scale-invariant set contains an open cone (simply take the blunt scale- 
invariant set generated by an open ball). Thus, since fav^"(0,C) C fav^(0,C), species 1 
conquers a nondegenerate subcone of C when C is wide. 

Now, if C is critical for species 1, then fav^(0,C) contains some x / by Lemma 3.34, in 
which case it contains the entire ray x since the set fav^(0,C) is scale- invariant, so species 
1 conquers at least an entire ray from when C is critical. 

Finally, suppose C is narrow for species 1 and additionally is contained in a half-space. 
Since C is narrow, we can choose some (3 with 1 < /3 < Adv^(C) -1 . Since C is contained in a 
half-space and /3 < Adv A (C)~ 1 , Lemma 3.36 below shows that *Vor^(0,M d \C) = M d \{0}, 
and since /3 > 1, Proposition 3.18 then implies that species 1 conquers no point in R d \ {0}. 
Thus we must have conq^(0,C) = {0}. □ 

Remark 3.35.1. The proof of Proposition 3.35 shows that Part 2 can be improved to say 
that species 1 conquers every critical direction in an arbitrary cone (though it ties with 
species 2 in these directions). In a small critical cone, the set of critical directions should 
typically be a degenerate cone whose dimension depends on the specific geometry (though 
we do not attempt to prove this statement). The general statement in Part 2 merely states 
that the dimension of the conquered subcone is at least 1 in any critical cone, which may 
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be suboptimal. In fact, for certain choices of fx, it is possible to find large critical cones in 
which species 1 conquers an entire nondegenerate subcone. 

Remark 3.35.2. The conclusion of Part 3 of Proposition 3 should also be true for cones that 
are not contained in a half-space. However, a different proof is needed because Lemma 3.36 
below does not necessarily hold for large cones — if the cone is not contained in a half-space, 
species 2 may need to follow a curved path from the boundary (similar to the logarithmic 
spiral for Euclidean norms) in order to block species 1 at the apex. 

Lemma 3.36 (Species 2's star-closer set in a small cone). Let C be a cone at which is 
contained in some half-space. Then for any (3 < Adv^(C) -1 , 

*Vorg(0,M d \C)=M rf \{0}. 

Proof. If (3 = the statement is trivial, so assume j3 > 0. Then > Adv^(C), so by 

Lemma A. 5, for any x G C \ {0} there exists a y x G dC and e x > such that for all 
Yx e B£(e x ), 

sup dist (y x , y) <rl 

ye[y^,x] dist m (0,y) 

Since y x G dC, the ball Bf£ (e x ) intersects R d \ C, so choose any y x in this intersection. 
Then y x G M. d \ C, and y x satisfies (3.34), or equivalently, 

Vy G [y x ,x], /?dist M2 (y x ,y) < dist Ml (0,y). 

This shows that [y x ,x] C Vorl 2 ^(0,y x ) and hence 

x G * Vorg> (0, y x ) C * Vorg (0, R d \ C) . □ 



Before proving a more general version of Proposition 3.35 in Section 3.6.4, we first prove 
some additional properties of the speed advantage in Section 3.6.2 and then generalize the 
notion of advantage in Section 3.6.3. 

3.6.2 Properties of the Speed Advantage 

Lemma 3.37 (Monotonicity of the speed advantage). Let C be a closed cone in M. d and let 
C be a subcone of C (possibly with different apex set). Then adv?(£>) > adv? (v) for any 
v G dir(C'), and Adv^(C) > Adv p (C). 
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Proof. Note that since C is closed, dir(C) D dir(C') by Lemma 3.3, so adv?(t;) is well-defined. 
Without loss of generality, assume C has apex 0. Let a be an apex of C, and let v G dir(C'). 
Then if v is any representative of v, there is some x G C'\{a} such that v = x— a. For r > 0, 
let r a be the homothety with scale r and center a, and let v r := r a x = a + r(x — a) G C'. 
Then it follows from the definition (3.31) plus translation- invariance and scale-equivariance 
of the norm metrics that 

, r'/^x distu, (C'r., v) dist u , (C, v r ) 
adv? (v) = - M2V / °' / = - M2V ' / for any r > 0. 3.35 

Now observe that ^v r = £a + (x — a) — > x — a = v as r — > oo, and since ^ r ~ v r for any 
r > 0, we have v r — > v in dir(C). By continuity, we thus have 

lim adv?(£ r ) = adv£(u). (3.36) 

Next, since CDC' and t> r G C, we have dist M2 (<9C, v r ) > dist (U2 (9C / ,f r ). Using this 
inequality and the triangle inequality for fii, and then using (3.35), we have 

adv c (v ) = dis WdC,^r) > dhst^dC ,v r ) ^ dist^ 2 (dC , v r ) 1 

^ r dist Ml (0,i> r ) _ dist M1 (a, v r ) + //i(a) dist m (a,u r ) i + Mi (a) 

= adv C ;(^-(l + ^g iJ )" 1 . (3.37) 

Combining (3.36) and (3.37) we get 

advJ(tJ) = Urn advj(t> r ) > advg'(^) ■ Hm (l + I • * = adv£(tf). 

This proves the first statement, and the second statement then follows trivially from the 
definition (3.33). □ 

Note that Lemma 3.34 implies that Adv^(C) = Adv^(C) for any cone C, so the conclusion 
of Lemma 3.37 is also true for non-closed cones C as long as v is assumed to be in dir(C). 

The following lemma gives explicit bounds on the advantage in a /i2-cone, improving the 
trivial bounds given in Lemma 3.34 above. This result has several useful consequences. 
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Lemma 3.38 (The advantage in a small ^2-cone). For any a G M. d , v G R d \ {0}, and 

S(= [0, 1], 



^<Adv s (cS)< 4 



Ml 



T/ie i/iree quantities are equal if v is any direction that maximizes n 2 j 



Proof. If 5 = 0, the cone is degenerate and the result follows from Lemma 3.34, so suppose 
5 > 0. Assume a = 0, and let C := C°^. Then t> G C \ {0}, so we have 

dist w (dC,i;) _ <5^ 2 H 
AdV ^ (C) " dist M (0^) " "^P 

where the equality dist^ (dC, v) = 8fi 2 (v) holds by Lemma 3.7. This proves the lower 
bound. The upper bound relies upon the following geometric claim. 

Claim 3.38.1. If ip G C = C®f & and dist^ 2 (dC, ip) > dist^dC, v), then n 2 {ip) > ^(v). 

Proof of Claim 3.38.1. By the scale-equivariance of [i 2 and dist M2 (<9C, •) it suffices to assume 
^2{v) = 1. Then dist^ 2 (dC, v) = 8 by Lemma 3.7, so the claim is equivalent to the statement 
that v is a //2-closest point to in the set Cs ■= {<p G C : dist^ 2 (<9C, ip) > 5}. By Lemma 3.8 
we have C s = f • v + C°* s = Cj$. Since K 1 we have Cj£ C C% = (R + ) w • B£+«(l) C J, 
where J is any support half-space of B^ V {1) at By the symmetry of fi 2 (i-e. evenness), 
J must be an opposing half-space of B™~ v (l) = 23jJ 2 (l) at v, since is the reflection 

of B^ v (l) through the boundary point v. Lemma B.10 then implies that v is a ^-closest 
point to in dJ, hence in J as well by Lemma B.l. Since v G Cs C J, i; must be a ^-closest 
point to in Cs- □ 

Now, by Lemma 3.34 there exists (p G dir(C°) with Adv^(C) = adv„(0). Choose a 
representative ip G <p with dist^ (SC, ip) = dist (U2 (dC,i;); note that this is possible because 
for any representative ip G 0, we can take ip := ip ■ aist^idc '<pl) G Then, using 
Claim 3.38.1 in the second-to-last step, we have 

distjjJdC^ip) _ dist^ 2 (dC,v) _ Sfi 2 {v) ^ Sn 2 (<p) ^ _ <W X ) 



Advp(C) = ' r ' = ^ ' 7 = < ZS^JLL < sup 



/ii(V») m(<p) ni(<p) xe c\{0} 

This proves the upper bound. The final statement then follows trivially since if v maximizes 
fj, 2 /Hi, then the upper and lower bounds must be equal. □ 
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The first corollary of Lemma 3.38 gives us another way of interpreting the separation 
thickness 8% (a) defined in (3.26). 

Corollary 3.39 (Characterization of 8% (a) in terms of advantage). For a > and v G 
R d \ {0}, let S$(a) = as defined in (3.26). Then 

Adv A (C a '* ( .) > a. 

Proof. This follows immediately from Lemma 3.38 since 62(a) ■ = a. □ 

The next corollary guarantees that if H^/miIIl 00 > lj then there exist wide convex 
closed cones that are extra-small (i.e. interior angles at the apex are strictly less than n). 

Corollary 3.40 (Existence of extra-small wide cones). Let v 6 R d \{0}. If li\(v) < Li2(v), 
then there exists 6 < 1 such that the [12- cone C®'™ s is wide for species 1, and this cone is 
extra-small by Lemma 3.5. 

Proof. Choose any 6 with < 6 < 1. Then 6 = 6f(a), where a := 6^0^ > 1, so the 

result follows from Corollary 3.39. □ 

The following result will be relevant in Chapter 6. 

Corollary 3.41 (Advantage for norms that are scalar multiples of one another). Suppose 
Hi = (i and fi2 = A~V for some norm (i and some A > (meaning that species 2 is X times 
as fast as species 1 in every direction). Let fx = (m, ^2) = (ll, A -1 //) • Then for any a 6 M. d , 



v G dii 


:(R d ), and 6 G [0, 1], we have C*£ s = C*f & 






Adv A (<£?) 


6 

~ A' 



Proof. In this case every direction v maximizes = A 1 , so the three terms in 

Lemma 3.38 are equal for any v. □ 

Combining Lemmas 3.34 and 3.37, we get the following useful result, which shows that 
the lower bound in Lemma 3.38 is always achieved in some direction. 

Lemma 3.42 (Existence of a ^-subcone with equal advantage). Let C C R d be a closed 
cone with apex a G M. d , and let v G dir(C). 
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1. Let 5 = dist M2 (<9C ,£ M2 ) ; and let C = Cf£ s . Then C C C, and advg'(v) = adv£(£). 

2. Suppose Adv^(C) = a, and Zei (a) = a ^|^| as in (3.26). If v achieves the supre- 
mum in (3.33), then the fi2-cone C a ' 1 ' B . . is contained in C and has advantage a. 

>"2 v^v 



Proof. Assume without loss of generality that a = and hence Co = C. For Part 1, 
suppose dist At2 (dC, £> M2 ) = 5. Then since C is closed, we must have B^ 2 (5) C C, because 
otherwise there would be some y 6 dC with dist M2 (y, C M2 ) < S. Since C is scale- invariant and 
closed, this implies that C contains the entire scale-invariant set R+ • B^ 2 (8) = =: C. 
Moreover, by definition (3.31) and Lemma 3.7, we have 

advj'(t>) = ^glfa) = = ^glfa) = adv c (t3) . 

M MiK 2 ) M1K2) wK) M 



For Part 2, suppose adv^(£>) = Adv^(C) = a (note that there exists some such v € dir(C) by 
Lemma 3.34). Then dist^ 2 (<9C, v) = apL\{v) for any d £ jj, so dist M2 (<9C, €> M2 ) = a ^ 2 (^j = 
<5f (a). By Part 1 we then have C := C '^, , C C and adv^'(t)) = adv?(£) = a. Therefore, 
Adv^(C') > a, and since C C C, we also have Adv^(C') < a by Lemma 3.37. □ 

The following lemma gives some other useful ways of thinking about the advantage in a 
cone; for example, the last two properties can be visualized as packing a very solid, ^-ball- 
shaped scoop of ice cream as tightly as possible into the "ice cream" cone C. The proof is 
left to the reader. 

Lemma 3.43 (Equivalent characterizations of the speed advantage). Let C be a nondegen- 
erate cone in U. d with apex 0, and let p, = (1^1,^2) be a traversal norm pair. Then 

1. Adv A (C) >P if and only if C° n Vor^ (0, R d \ C) is nonempty. 

2. Adv A (C) = sup{a : 3x £ B^ ± n C with dist M2 (3C,x) > a}. 

3. Adv A (C) = sup{a : B* 2 (a) C C for some x G 
I Adv^C)-^ inf^x) :x + ^ 2 CC}. 
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3.6.3 The Advantage of Species 1 in an Arbitrary Starting Configuration 

We now generalize the idea of the advantage of species 1 in a cone to the advantage of 
species 1 in an arbitrary initial configuration (Ai,A 2 ) of the deterministic process. We 
will use this definition in the next section to analyze the process when species 1 starts at 
different locations within a given cone, and we will use a "lattice-ized" version of this general 
definition in Chapter 6 when analyzing the random process. 

If p, is a traversal norm pair, we define the advantage of species 1 in an arbitrary 
initial configuration (Ai,A 2 ) to be 



Adv p (A 1 ,A 2 ) := sup \ Adv A (C) 



C is a cone with apex(C) D A\ / 
and C n A 2 = 



(3.38) 



With this definition, it follows from Lemma 3.37 (monotonicity) that if C is a cone with 
apex a, then 

Adv A (C) = Adv A (a,M d \C), (3.39) 

so we can view (3.38) as a generalization of the definition of the advantage in a cone. 
Moreover, it follows from Lemma 3.42 that for any initial configuration (A±,A 2 ), 



Advfj,(Ai, A 2 ) = sup < a > 



3v €R d \ {0} and a G A 1 with 



(3.40) 



Thus, we can take (3.40) as the most general definition of advantage, and treat the advantage 
in a cone as a special case defined by (3.39). Just as we classified cones in Definition 3.33, 
we can classify an arbitrary starting configuration (Ai,A 2 ) as wide, narrow, or critical 
for species 1 according to whether Advp(Ai, A 2 ) is greater than, less than, or equal to 1, 
respectively. 

Remark 3.44. We mention that if one wants to analyze the geometry of the (random or 
deterministic) first-passage competition process in more depth, it might be more appropriate 
to redefine the advantage of species 1 using "near-isometric" embeddings of cones into M. d , 
e.g. "bent" or "twisted" cones, rather than using only "straight" cones, because in general 
species 1 can escape by following curved paths rather than straight lines. It may also be 
fruitful to define the "local advantage" of species 1 at an arbitrary location a G Ai, perhaps 
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by homothetically zooming in on the configuration at a, and taking the local advantage at a 
to be the advantage of a maximal cone in the scale-invariant limit. However, the definition 
(3.38) or (3.40) will be sufficient for our purposes. 

Lemma 3.45 (The configuration advantage in cones). If C C M rf is a cone and z £ C, then 
Advp(z, R d \C) < Adv A (C). If C is convex, then Adv A (z, R d \C) = Adv^(C) for all z e C. 

Proof. Since cones are bodies and Adv^(C) = Adv^(C) by Lemma 3.34, it suffices to assume 
C is closed. First note that it follows directly from (3.38) and Lemma 3.37 that 

a i t irvd \ „\ f a i mi\ C is a cone with z £ apex(C') 1 ^ . , , n . 

Adv A (z, R d \C)= sup | Adv A (C) and C C C J Adv ^ C) ' 

which proves the first statement. Now suppose C is convex. Assume 6 apex(C), and let 
a = Adv^(C). If a = 0, the statement is trivial, so assume a > 0. Then by Lemmas 3.34 
and 3.42, there exists v G dir(C°) such that the U2-cone C '^-. , is contained in C and has 
advantage a. Since C is convex with apex 0, we have z + C C C for any z G C by Part 7 of 
Lemma 3.2. Therefore, 

C z '* =z + C%. . Cz + CCC, 

so we have Adv^(z, R d \C) > a by (3.40). The first statement then implies that Adv^(z, R d \ 
C) = a, which proves the second statement. □ 

3.6.4 The Conquered Regions in Wide, Critical, and Narrow Cones 

Our main goal in this section will be to prove the following proposition, which generalizes 
Proposition 3.35 to the case where species 1 starts at an arbitrary location within the 
cone, not necessarily the apex. We break the proof into several smaller results which will be 
treated individually after the main statement. When we study the random two- type process 
in Chapter 5, the results of Section 5.4 will parallel those in the present section, providing 
stochastic analogues for the deterministic growth described here. The main result of that 
section, Theorem 5.12, is the analogue of Proposition 3.46. 

Proposition 3.46 (The conquered region in a cone). Let C be a cone in R d , let z£C, and 
consider a ji-process with starting configuration (z, R d \ C) . 
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1. If C is wide for species 1, and Adv^ (z,IR d \ C) > 1, then species 1 conquers at least 
a nondegenerate subcone of C with apex z. Moreover, the thickness of the conquered 
cone is bounded below by a positive constant that depends only on Adv^ (z,M d \ C). 

2. If C is wide or critical for species 1, and Adv^ (z,R d \ C) =1, then species 1 conquers 
at least a ray from z. 

3. If C is narrow for species 1 and additionally is contained in a half-space, then species 
1 conquers only a bounded set, no matter which z G C is chosen. 

Proof. Parts 1 and 2 follow from Proposition 3.47 below, and Part 3 follows from Proposi- 
tion 3.50 below. □ 

Remark 3.46.1. If C is a convex cone, then Adv A (z, R d \C) = Adv A (C) for all z G C by 
Lemma 3.45, so Part 1 of Proposition 3.46 applies to all points in a wide convex cone, and 
Part 2 applies to all points in a critical convex cone. However, if C is nonconvex, there 
may be z <E C with Adv^ (z,R d \ C) < Adv^(C), so Parts 1 and 2 of Proposition 3.46 may 
not apply to every point in a nonconvex cone. In fact, it is fairly easy to construct wide 
nonconvex cones in which species 1 cannot survive from some starting locations. 

Remark 3.46.2. It should be relatively straightforward to improve Part 2 of Proposi- 
tion 3.46 to conclude that species 1 in fact conquers at least an entire half-cylinder of 
positive radius if Adv^ (z, R d \ C) = 1 and z ^ dC. 

The following result, which follows from Part 2 of Lemma 3.31, implies Parts 1 and 2 of 
Proposition 3.46. 

Proposition 3.47 (Survival from the wide and critical regions in a cone). Let C C M. d be 

a cone that is wide or critical for species 1, and let z G C with Adv^(z,]R d \ C) = a > 1. 
Then there exists (53.47(a) > 0, with 53.47(a) > if a > 1, such that species 1 conquers a 
fii-cone of thickness £3.47(0) at z in the fi-process started from (z, R d \ C) . If C is convex 
and has advantage a > 1, then this statement holds for all z G C. 
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Proof. Let a' := ^(1 + a). Since a' < a = Adv^(z,IR rf \ C), there is by definition some 
v G dir(R d ) such that C z '^-, C C (note that then C z '^-, / R d , which implies that 

v ' (12,6% (a') — K (i2,6%{a') 

<$f (a') < 1 and hence > a >y 

Since a 1 > 1, by (3.46) and Lemma 3.52, we then have 

conq A (z,C) D con % (z, C'*^) D M(a/) . 

Thus we can take 5^Ai{oi) ■= ^3.52(a') > 0, and 53.47(a) > for a > 1 since a' > 1 in this 
case. The statement about convex cones follows from Lemma 3.45. □ 

Our next goal will be to prove Part 3 of Proposition 3.46, showing that species 1 can't 
survive in small narrow cones. The main result is restated in Proposition 3.50 below; its 
proof will require two preliminary lemmas. Recall from (3.7) that for a norm fx, the fi- 
bowling pin with parameters r > 0, S > 0, y G M. d , v G dir(R d ), and h G [0, 00] is defined 

by 

The point y is the origin of V^g(h), and V^g(h) is nondegenerate if the parameters 
r, 5, and h are all strictly positive. 

Lemma 3.48 (Fattening a /3o-closer segment into a /3-closer bowling pin). Let A\ C M. d , 
and let y £R d \A 1 with dist m (A 1 ,y) = r . Fix (3 > and x G *Vor^ o (Ai, y) \ {y} ; and 
Ze£ t; x = x — y. Then 

1. ^ 1 n^ i5fx(ft)) ( m K))° = 0, «*en ! ^-(A) = Af^} fas in (3.26)). 

2. For any (3 G [0, (3o], we have 

*Vorg»(Ai,y) ^ ^i(M2(«x)), «*ere r = ro^ and <J = (ft - /3)^ 2) . 
T/ie ^-bowling pin is nondegenerate if r > and /3 < (3 . 



Proof. Combine Lemmas 3.22, 3.30, and 3.31, with the roles of species 1 and species 2 
switched. □ 
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Lemma 3.49 (Covering a spherical section with bowling pins). Let C be a closed cone at 
a G K rf that is contained in some half-space, and let K be a spherical section ofC. Then 
for any (3 < Adv^(C) -1 , there exists a finite collection P of nondegenerate ^-bowling pins 
such that 

1. The origin yp of each P G P lies inR d \C. 

2. The collection P° := {P° : P G P} forms an open cover of K. 

3. There is some open neighborhood U a of a such that for every P £ P, 

PC*Vorg(C/ a ,y P ). 

4- Each P G P has the same thickness 5, which depends only on (3 and Adv^(C). 

Proof Let ft = |/3 + ± Adv^C)" 1 and ft = \P + fAdv^C)" 1 , so /3 < ft < ft < 
Adv^(C) -1 . Then by Lemma 3.36, since ft < Adv^(C)^ 1 we have 

*Vorg 2 (a,IR d \C)=R d \{a}. 

Thus, for every x G C \ {a}, there is some y x G R d \C such that x G *Vor^ 2 (a, y x ), which 
then implies x G ^Vor^ 2 ^ (a, y x ) since ft < ft. For each x G C \ {a}, let i; x = x — y x / 0, 
r x = dist w (a,y x ) > 0, and £ x = 5^ (ft) = ftggfj > 0, and define 

Also let f x = l^fx and <5 X = |j5 x , and define 

P x:= py*>*< ( m („ x )). 

Since x G Vor ^ ^ 2 (a, y x ) , Part 1 of Lemma 3.48 implies that a ^ P°. Since r x < r x and 
<5 X < <5x, we have P x C P°, so 

a£P x VxGC\{a}. (3.41) 

Now let r x = ^ 2) f x and S = (ft — /3)^ 2) , and define 
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Then each of the ^-bowling pins P x is nondegenerate, and x G P°. Thus, the collec- 
tion {Px} xe K 1S an °P en cover °f the compact set K, so there is some finite subcover 
{P° x , . . . , P° fc } ; let P = {P Xl , . . . , P Xfc } . By (3.41) we have a g (JjU ^ • Therefore, since 
Uj=i is closed, there is some open neighborhood U a of a such that 

c/ a np x . =0 Vje{i,...,fc}. 

Since C Yx ^ x (/ii(t> x )) C P x for all x, Lemma 3.22 now implies that x 7 - G *Vor?l (f7 a , y x .) 

fix ,<5 X v ' J M:Pi v 

for all j, and then Part 2 of Lemma 3.48 implies that 

Px, C *Vorg(C/ a , y x .) Vj G {1, . . . , k}. (3.42) 

Thus, (3.42) proves Part 3 of Lemma 3.49, and Parts 1 and 2 follow by construction, since 
y Xj G W d \ C, and the collection P° = {P X1 , . . . , P° k } covers K. For Part 4, simply note 
that the thickness of each P Xj is 5 = (ft - /?)^ 2) = i(Adv p (C) -1 - /3)^ 2) . □ 

Proposition 3.50 (Extinction in small narrow cones). Let C C R d be a closed cone that is 
narrow for species 1 and is contained in some half-space. If A\ is any bounded subset of C, 
then conq^(Ai,C) is also bounded. 

Proof. By translation invariance we can assume that C has apex 0. Since C is narrow for 
species 1, we can choose some (3 with 1 < /3 < Adv^(C) -1 . Let K = S^" 1 n C, and let 
P = P(K, f3) be the family of //2-bowling pins from Lemma 3.49. Then P covers K, and 
there is some open neighborhood Uo of such that 

VPgP, PC*Vorgj(t/ ,yp), (3.43) 

where yp G M d \ C is the origin of P. Let a > be small enough that ctB Ml C Uo- We claim 
that a < 1. To see this, first note that (3.43) implies that P n Uo = for all P G P since 
Yoi n^( U o>yp) ^ Rd \ u o by definition. Since P covers K, this implies that K n U = 0. 
Now, since -K" C S^" 1 c if we had a > 1, then we would get K C a£> Ml C Uo, which is 
a contradiction, so we must have a < 1. 
Now let v4i C C be bounded, and define 

/ii(z) 

P := sup < oo. 

zgAi « 
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Then for all z G A\ we have /Ui(z) < Ra, so 



Ai C RaBu! C PP - 



(3.44) 



Thus, scaling the sets in (3.43) by R and using (3.44), we have 



VP 



G P, RFC *Vorj5 (RU , Ry P ) C *Vorg (Ai, Py P ) . 



(3.45) 



Now, since K d \C is scale-invariant and y P G M d \C, we have Pyp G IR d \C for all P € P, and 
since P covers P, the collection PP := {PP} PeP covers PP. Thus, since /3 > 1, (3.45) 
and Proposition 3.18 imply that species 1 does not conquer any of [jp^pRP 5 PP from 
the initial configuration (Ai,R <i \C). Thus we have DiflPP = 0, where Di = conq^(Ai,C). 

Finally, observe that since a < 1, by (3.44) we have A\ C RaB^ C RB^, and hence 
every path in C from A\ to C\RB lix must pass through Cnd(RB fll ) = RK. Since DiPlPP = 
0, this implies that there is no Di-path from A\ to C \ RB^ L . Therefore, species 1 cannot 
conquer any point in C \ RB^, because every point in Di must be connected to A\ via 
a Di-path by Part 3 of Lemma 3.12. Thus we have conq^(Ai,C) C RB^, which proves 
Proposition 3.50. □ 

3.6.5 Additional Results for Competition in Cones 

Note that it follows immediately from definition (3.30) and the monotonicity of the deter- 
ministic process (Lemma 3.17) that for B,B' C M. d , 




(3.46) 



This fact implies the following result. 



Lemma 3.51 (Conquered sets and convex subcones). Let B C R d , let z G B, and consider 
a fl-process started from (z, M. d \ P) . If C is a convex pointed cone such that C C B and 
z G C, then 



conqJz,B) D z + conq A (0, C ), 



where Co is the scale-invariant version of C. 
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Proof. Since B 3 C, we have conq^(z,i3) D conq^(z,C) by (3.46). Now, since z £ C and 
C is convex and affine scale- invariant, Part 7 of Lemma 3.2 implies that C 5 z + Co, and 
hence conq^(z,C) D conq^(z, z + Co) by (3.46). Finally, conq^(z, z + Co) = z + conq^(0, Co) 
by the translation-invariance of ft. Note that since C is pointed by assumption, (0, Co) is a 
valid starting configuration and hence this conquered region is nonempty. □ 

Using Lemma 3.51, we derive the next result as a special case of Part 2 of Lemma 3.31; 
this corresponds to Proposition 3.47 in the special case where C is a ^2-cone. 

Lemma 3.52 (Conquering a /ii-subcone of a wide ^-cone). Suppose \\j^\\ L oo > a > 1, 
and for v G R d \ {0}, let <$f (a) = ag^ as defined in (3.26). Then 

1. If > a and a G f/ie se£ C := ^"gs^- ^ a small cone with Adv^(C) > a. 

2. There exists £3.52(0) > such that if v and C are as in Part 1, then for any z G C, 

conq A (z,C) DC;5 3m(q) , 

and 53.52(a) > if a > 1. 

Proo/. Part 1: If > q, then <5f (a) < a • a" 1 = 1, so the set C := C a ' C c is a small, 
convex, pointed cone by Lemma 3.5, and we have Adv^(C) > a by Corollary 3.39. 
Part 2: Let 53.52(a) := (a — l)g a , where g a > is defined in (3.28). Then £3.52(0) > 0, with 
53.52(a) > if a > 1, and by Part 2 of Lemma 3.31 we have 

C ZsM*) ^ *Vor«(0,R d \C ) C con % (0,C ). 

Then since C is convex and pointed, Lemma 3.51 implies that for any z G C, 

conq r ,(z,C) D z + conq,- 7 (0,C ) z + C M A , , = C z '* , v □ 

M M V ' 7 — m^v > u; _ /ii ,1)3.52 (a) ^1,03.52(0:) 

The next results follow from Proposition 3.46 in the previous section. 

Proposition 3.53 (Competition with norms that are scalar multiples of one another). Let 
H be a norm on M. d , and for each A > let fi\ = (/x, A _1 /i). Consider a competition 
process started from (z, R d \ C*f ), where a G v G dir(M d ), 5 G (0, 1], and z G Cjf . 
T/ien /or any v G dir(R d ), 
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1. Adv 



(<%) = t 



2. The cone C^'J is wide, critical, or narrow for species 1 according to whether 5 > X, 
5 = X, or 5 < X, respectively. 

3. For any z G C*'g, species 1's conquered region, conq^ A ^z,C^^j, contains a nonde- 
generate cone at z if 5 > X and is bounded if 5 < X. 

4- If 5 = X, then species 1 conquers at least the closed ray z + 'v. If additionally z = a, 
then species 1 conquers precisely the closed ray a + 'v. 

Proposition 3.54 (Existence of critical speed ratio in convex cones). Let jl = (^1,^2) be 
a pair of norms on W 1 . For any Ai,A2 > 0, consider the deterministic process using the 
pair of scaled norms /^a 1 ,a 2 = (A]~Vii ^2 V2) o,nd started from the configuration (z, R d \C), 
where C cM. d is a convex cone, and z G C. 

1. If A2/A1 < Advp(C), then species 1 conquers a nondegenerate cone at z. 

2. If X2/X1 > Advp(C), then species 1 conquers only a bounded region. 

Thus, for a given traversal norm pair jl, any nondegenerate convex cone C has a critical 
speed ratio A C (C) £ H^H^cL) 00 ) stiC ^ that in the jl\ 1: \ 2 -process started from (z, R d \ C), 
species 1 conquers a nondegenerate cone if A1/A2 > A C (C) and dies out if A1/A2 < A C (C). 
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Part II 



ANALYZING THE RANDOM PROCESSES BY COMPARISON WITH 

DETERMINISTIC PROCESSES 
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Chapter 4 

LARGE DEVIATIONS ESTIMATES FOR GROWTH IN CONES 



The aim of this chapter will be to obtain large deviations estimates for the growth of a 
restricted first-passage percolation process in Z d , showing that for various restricting sets, 
the restricted process grows asymptotically at the same speed as an unrestricted process. It 
will be most convenient to treat the restricting sets as subsets of M. d rather than subgraphs 
of Z d ; to convert between the two, we use the lattice approximation and cube-expansion 
operations, as discussed in Section 2.2.5. We focus on restricting sets that are /x-stars, i.e. 
unions of /x-cone segments (cf. Sections 1.3.3 and 3.1.3), because in these sets it is relatively 
easy to measure distances relative to the shape function /x of the random process, allow- 
ing for an easy comparison with the growth of the restricted deterministic //-process from 
Section 3.2. In principle, one can use the estimates for growth in /x-stars to obtain similar 
large deviations estimates for growth in other regions (for example, all convex bodies) by 
approximating these regions with sufficiently thin //-stars, though we do not explicitly state 
any such results. All the results in this chapter give good estimates only in "large" restrict- 
ing sets, getting exponentially better as the scale of the picture increases. For example, the 
results are useful for all sufficiently large times when the restricting set is scale-invariant 
(such as an infinite cone) or is a compact //-star with very large diameter. 

The large deviations estimates we obtain can be seen as generalizing classical shape 
deviation estimates for the unrestricted process, such as Lemma 4.9 below. In fact, the 
large deviations estimate in Lemma 4.9 for unrestricted growth will be the starting point 
for proving our main results about restricted growth. Namely, we will bootstrap on the es- 
timate in Lemma 4.9, extending it to increasingly general restricting sets — first to //-balls 
(Lemma 4.13), then to /x-cone segments (Lemma 4.18), and finally to /x-stars in Theo- 
rem 4.20, which is the main general result of the chapter. The general strategy for proving 
each of these estimates (Lemmas 4.13 and 4.18 and Theorem 4.20) will be to show that 
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with high probability, the process first covers a "permeating subset" of the restricting set 
within approximately the right amount of time, and then, with high probability, the process 
spreads from the permeating subset to the remainder of the restricting set in a relatively 
short amount of time. In Section 4.2 below, we give a formal definition of "e-permeating 
subset" (our definition coincides with the definition of "e-net" from metric geometry), and 
we go into a bit more detail about how this concept fits into the structure of the later proofs. 
This idea of employing "permeating subsets" is essentially the same strategy that is used 
to prove the Shape Theorem (cf. [Kes86] or [How04]); in the Shape Theorem, the set being 
covered is a ^-ball, and the permeating subset is taken to be a collection of lattice points 
lying on a family of geometrically expanding spheres in the ^-metric. The main difference 
between the proofs of the estimates in this chapter and the proof of the Shape Theorem 
is the tool used to show that the permeating subset is covered in approximately the right 
amount of time. Namely, in the results below, the primary tool will be Lemma 4.9 (a large 
deviations estimate for the Shape Theorem), while in the proof of the Shape Theorem itself, 
the primary tool is the subadditive ergodic theorem. 

The organization of Chapter 4 is as follows. In Section 4.1 we introduce the idea of "cov- 
ering times" and prove some elementary results about the restricted first-passage percolation 
process in Z d , treated as a growth process in subsets of R d . In Section 4.2, we briefly discuss 
permeating subsets, and we prove a basic large deviations estimate for traversal of lattice 
paths that will be the basis of the large deviations estimates for "short paths" that appear in 
all the main results of the chapter. In Section 4.3 we combine the main result of Section 4.2 
with the basic large deviations estimate in Lemma 4.9 for unrestricted growth to obtain a 
large deviations estimate for growth restricted to /U-balls, in Lemma 4.13. In Section 4.4 
we use Lemma 4.13 to prove a large deviations estimate for covering a fi-cone segment, in 
Lemma 4.18; this will be the main technical result needed for the general results in the final 
two sections. In Section 4.5 we use Lemma 4.18 to prove the main result of the chapter, 
Theorem 4.20, which is a large deviations estimate for a first-passage percolation process 
restricted to any jit-star. We then use this result to derive several corollaries, including a 
shape theorem in /i-cones. Finally, in Section 4.6 we use Theorem 4.20 to prove a shape 
theorem for growth restricted to a [i-tube whose width grows faster than logarithmically 
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with its height. 

Remark 4.1 (Notational conventions for constants and events). Throughout Chapters 4 
and 5, numerous constants will appear in the statements and proofs of the various results. 
I use the following conventions to help the reader keep the notation straight. 

• Usually, time will be denoted by t or s, and distances will be denoted by r (for radius) 
or h (for height). The thickness of cones will be denoted by 5. 

• I will usually use e for a small positive constant measuring the "relative speed error" 
in various events, similar to the e appearing in the statement of the Shape Theorem. 
The variables a or j3 may also play a similar role, corresponding roughly to 1 — e or 
1 + e, respectively (see below). 

• In large deviations estimates: C = large positive constant, usually depending on e; c = 
small positive constant, usually depending on e; and K = (typically large) universal 
constant, not depending on e. In general, the constants C, c, and K also depend on 
the dimension d and the distribution of the traversal measure r, and sometimes on 
other parameters that will be identified in particular results. These constants will 
usually have subscripts identifying which lemma they are from. 

• Events: Ej(a; b) denotes an event in Lemma j, whose probability we bound explicitly 
as a function of the parameter(s) a and non-explicitly as a function of the parameter(s) 
b. 

• The variables a, (3, S, e will be used to denote nonnegative constants. Usually, 5 and e 
should be thought of as positive constants that are close to 0, while a and (3 should 
be thought of as constants that are close to 1, typically with a < 1 and /3 > 1. In 
Chapters 5 and 6, a will also be used to denote the advantage of species 1, as defined 
in Section 3.6. 
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4.1 Covering Times and Properties of the Continuum Process 

Let r be a (one-type) traversal measure on E(Z rf ), and let X" = T T be the family of pseudo- 
metrics induced by r. For U, V, S C Z d , we define the S'-restricted covering time of V 
from U as 

f 5 ([/,V) : = supT 5 (C/,v). (4.1) 

To explain the terminology, observe that f S (U, V) = inf ji : rff ;S (t) D F j . That is, T 5 (J7, V) 
is the time at which the set V is "covered" by the S-restricted process rj T ' started from U. 

We define covering times for continuum sets by taking lattice approximations, the same 
way we did for passage times: If A,B,SC R d } we define the S'-restricted covering time 
of B from A as 

f s (A, B) := T M (A, B) = sup T S (A, v). (4.2) 

ve b 

If S = B, we call T B (A,B) the internal covering time of B from A, and we use the 
notation 

f lnt (A,B) := f B (A,B), (4.3) 

which will make some formulas more readable later on, particularly when B is some subset 
of W 1 with unwieldy notation. It follows from the definition (4.2) that 

f s (A, B) = sup f s (A, y) for any B, S C R d . 
yeB 

However, note that if B is not a lattice set, then in general T S (A, B) / sup y6B T S (A, y), 
because if y € <9[v] for some v G Z d , then |y| > 1, and so typically T s (^l,y) / T s (^l,y). 
On the other hand, note that if y G [[v]° for some v G Z d , then |y'| = 1, and so T s (A,y) = 
T s (A,y). We now enumerate some elementary properties of covering times. The proof is 
an easy exercise. 

Lemma 4.2 (Properties of covering times). For any A, B,C,SQ R d , the following proper- 
ties hold. 

1. IfS' C S, then f s '(A,B) > f s (A,B) (monotonicity in S). 
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2. T S (A,B) = inf T S (A',B) = sup T S (A,B') (monotonicity in A and B). 

A'CA b ,qb 

3. f s (A,C) < f s (A,B) + f s (B,C) (triangle inequality). 

4. If B = \J ieI B,i, then T S (A, B) = sup T S (A, B-i) (decomposition). 

5- If B C U ieI Bi, and if A{ C A and Si Q S for all i G I, then 

T S (A,B) < sup T Si (Ai, Bi) (superdecomposition). 
iei 

6. If AC R d , and B is a connected subset ofM. d or Z d with B C S, then 

f s (A, B) < T S (A, B) + t(B) (total traversal measure bound), 

where t(B) := t(E(B)). 

Note that, unlike the passage time T S (A, B), the covering time T (A, B) is asymmetric 
with respect to A and B. However, the usefulness of covering times comes from the fact 
that they satisfy the triangle inequality with arbitrary subsets of M. d as arguments, rather 
than just points in Z d , whereas this property fails for passage times. We now prove a 
simple extension of the triangle inequality (as well as the monotonicity properties and finite 
decomposition property above) that allows us to bound the covering time of a set B by 
taking a finite number of intermediate steps. This will be our main tool for analyzing the 
restricted process using covering times. 

Lemma 4.3 (Chaining of covering times). Let {Ak}^ =1 , {Bk}^ =0 , and {5fc}£ =1 be collec- 
tions of subsets ofM. d , and suppose A^ C Uj=o for 1 < k < n. Then for any B, S C R rf 
with B C |Jfc=o B k and Ufc=i ^ S, 

n 

f s {B^B)<Y,T Sk {A k ,B k ). 
k=i 

Proof. We prove this by induction on n. For n = 0, we have B C B$ and hence T s {Bq, B) = 
0, which equals the empty sum on the right, so the bound holds in this case. Now suppose 
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n > 1, and for fixed sets {A k }^ =1 , {B k }^ =0 , {S k }^ =1 , and S 5 Ufe=i ^fc> assume inductively 
that if B' is any subset of R d with 5' C |J^~q B k , then 

n— 1 

f s (B ,B') < Y,T Sk {A k ,B k ). 
k=i 

Set B' = Ufc=o Then for any B C (JLo 5 fe we have B \ B ' ^ B n, and since T 5 (B', B) = 
T S (B', B \ B') by the decomposition property, we get 

r 5 (B , B) < f s (B , B') + T 5 (B', B) (triangle inequality) 

n-l 

< ^ <f ^ ^ + f s {B', B \ B') (inductive hypothesis, decomposition) 

k=i 

n-l 

< ^ y 5 fc Bfe) + fs n ^ Bn) ( monotonicity ) 
k=i 

n 

= Y J T s *{A k ,B k ). □ 

k=l 

Remark 4.3.1. Note that Lemma 4.3 also follows easily from the Markovesque property 
(Lemma 2.26). However, the direct inductive proof of Lemma 4.3 given above is much 
simpler than the rather subtle proof of Lemma 2.26. 

Recall the definition of the one-type continuum process started from A C K d and re- 
stricted to S C R d : 

^ s (t) := {xe5:T T s (i,x)<t}, 

where T^(A, x) = T T S (A, x) by definition. We now define a similar continuum process 
using covering times instead of passage times, which we will call the continuum covering 
process: 

7j^ s (t) := |x £ S : T?(A, x) < t} . (4.4) 

It is then natural to ask how the two processes rj and rj are related. Since for v G Z d , the 
passage time T^(A, v) and the covering time Tj~(A, v) agree, both of the above processes 
can be viewed as continuum versions of the underlying lattice process on S; that is, 

rfi's\t) = 7j T A ^'(t) = {v G S : T T S (A, v) < t} . 



164 



In fact, rj A ' S (t) is obtained by placing a closed unit cube at each vertex of r/r' S {t), then 

' A'S A*S 

taking the intersection with S, and r\ T ' (t) is simply the relative interior of r\ T ' (t) in S. 
That is, r]r' S (t) = SO \r] A ' S (t)J , and ^ A]S {t) = SC\ \r] A] ' S {t)J° . The following proposition 
shows that both continuum versions of the process will be useful. 

Proposition 4.4 (Hitting times and covering times for continuum processes). Let r be a 
traversal measure on E(Z d ), and let A,B,S C R d with B C S. Then 

A'S 

1. The hitting time of B for the process rj T ' (t) and the hitting time of B for the process 
Vt' S (t) are both equal to T^(A,B); that is, 

T?(A,B) = infji : r]f' S {t) n B / 0} = infjt : rf>" s \t) nfi/ft}. 

2. The covering time of B for the process rj T ' (t) and the covering time of B for the 
process r/r' S (t) are both equal to T^(A,B); that is, 

T?(A,B) = infjt : 7} T A ' S (t) 3fiJ = infjt : rfi's (t) 5 b). 

The proof of Proposition 4.4 is left as a trivial exercise in unravelling the definitions. In 

A'S ~A'S 
light of Proposition 4.4, we refer to r\ T ' as the hitting process, and rj r ' as the covering 

process, for the underlying lattice process r^ 4 ' 5 (t). The hitting process is appropriate for 
proving upper bounds on the growth of the conquered set, while the covering process is 
appropriate for proving lower bounds on growth. 

Here is another useful property of the continuum processes, which follows from Lem- 
mas 2.18 and 2.19 in Section 2.5. 

Lemma 4.5 (Continuum process containment). Let r be a traversal measure on E(Z d ), and 
let A,S QR d with A C S- 7/r/^ ;Rd (t) C S for some t > 0, then 

r ] f' S (t') = r ] ^ Rd (t / ) and 7j T A ' S (t') = ^\t') for all t' < t. 

If t satisfies (3Geo), the above conclusions also hold for t' = t. 

Proof. After unwinding the definitions for the continuum processes, this follows directly 
from Lemmas 2.18 and 2.19 in Section 2.5. □ 
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The following formulas, based on a simple result in Appendix C, will be useful for 
converting between statements about the process r\ T ' (or rj T ' ) and statements about 
the underlying pseudometric (or "quasipseudometric" Tf). I call these the "inversion 
formulas" because they encode what Howard [How04] refers to vaguely as an "inversion 
argument" (but does not write down explicitly) in the proof of the Shape Theorem. 

Lemma 4.6 (Inversion formulas for first-passage growth). Let A,A',S C M. d . 

1. For any a > (in particular a < 1), 

(a) \jj^' s (t) D Bf' s {at) Vt > t } = {t t s (A,x) < t V a" 1 dist£(A',x) Vxgs}. 

(b) [v T A ' S (t-) D Bf' s (at) Vt > t } = {f r s (i,x) < t Va^distJ^'.x) Vx G s}. 

2. For any (3 > (in particular (3 > I), 

(a) {^ ;5 (t) C Bf> s ((3t) Vt > t } = {to V 7f(Ax) > r 1 dist^A',x) Vxes}. 

(b) {vr'* S (t) C B*> s {pt-) Vt > t } = {to VT T s (A,x) > dist^A', x) Vx G s}. 

Proof. The formulas are special cases of the general formulas in Lemma C.l; take the 
functions / and g to be T^(A, •), T^(A, •), or dist^(A', •), as appropriate. □ 

4.2 Permeating Subsets and Large Deviations for Traversal of Lattice Paths 

Here we introduce a simple concept that will be useful for understanding the structure of 
the proofs in this chapter. Let (M, dist) be a metric space, and let e > 0. We say that A 
is an e-permeating subset of M (with respect to dist) if dist (^4, y) < e for every y G M. 
This definition of an e-permeating subset coincides precisely with the definition of an e-net 
of the metric space (M, dist) (cf. [BBI01, p. 13]), but I opt for the term "e-permeating" 
rather than "e-net" because I feel it is more descriptive and avoids any potential confusion 
with the unrelated concept of nets in general topology. 

In this chapter we are interested in showing that a restricted process doesn't take too 
long to cover some set B C R d . In this setting, we take M to be the set B, typically endowed 
with the "natural distance" dist^ associated with a first-passage growth process with shape 
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function fi. The general strategy for proving that the process covers B within, say, time 
(1 + e)t, is to break the the covering event into two steps: First, the process takes over a 
oi-permeating subset of B within time (1 + e\)t for some small 5 > and t\ < e; then, it 
spreads from the (5t-permeating subset to cover the rest of B in a short amount of time, say 
62t, where t\ + 62 < e. In order to apply this "two-stage covering" technique, we need large 
deviations estimates putting a small upper bound on the probability that a "bad" event 
happens in each of the two covering stages. 

In the first stage, in order to show that the process is likely to cover a permeating 
subset of B in about the right amount of time, we need some result showing that with 
high probability, the speed of the process on large scales doesn't deviate too much from the 
asymptotic speed identified in the Shape Theorem; Lemma 4.9 in the next section provides 
the necessary starting point, and we will bootstrap our way from there to obtain similar, 
increasingly more general results. In the second stage, we need to show that with high 
probability, the process doesn't take too long to reach the rest of the set B once it covers a 
permeating subset; for this we use elementary large deviations estimates for sums of i.i.d. 
exponentially-tailed random variables to obtain a crude bound on the time it takes the 
process to travel a short distance. Lemma 4.7 below provides the basic large deviations 
estimate in the appropriate context; we use Lemma 4.7 to prove Lemma 4.8, which will be 
our primary tool for bounding the traversal times of "short" paths in later proofs. 

Lemma 4.7 (Upper large deviations bound for traversal measure). Let r be an i.i.d. traver- 
sal measure on Z d such that r(e) satisfies (EM). For any a > Er(e), there exist positive 
constants 6*4.7(0) and 04.7(a) (which depend also on £(r(e)) ) such that for any finite set of 
edges F C E(Z d ) with \F\ < n G N, 

Pr{r(F) > an} < C 4 . 7 (a) e - Ci - 7 ^ n . 

Proof. By definition we have t(F) = X^ e eF r ( e )- By assumption, the collection {r(e)} e eF 
is i.i.d. with r(e) = Zq for all e. Thus, since \F\ < n we have t(F) = Y^j^i %j ^ Sj=i ^31 
and hence 

Pr{r(F) > an) < Pr i ^ Zj > an 1 < C B .i 6 (a)e- Cs i6(a)n , 
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where the final inequality follows from Lemma B.16 since r(e) has a finite exponential 
moment and a > Er(e). □ 

Lemma 4.8 (Traversal measure of lattice paths near a line segment). Let r be an i.i.d. 
traversal measure such that r(e) satisfies (EM), and for any u, v G 7L d and t > 0, define 
the event 

E 4 . 8 {u,v,t) = {r([x,y]) < t for all x G [u] and y G [v]}- 

Then for any norm fj, and any function (ft: R + — > R with <f)(r)/r — > as r — > oo, there exists 
some positive constant K% 8 = i^^ g (Er(e)) and positive constants C4.8 = C4.s(</>, >C(r(e))) 
and C4.8 = C4.8 (</>, /U, £(r(e))) suca that for any r > and any u, v G Z ' mi/t dist^(u, v) < 
r + </>(r), we aaue 

Pr(£ 4 .s(u,v,K 4 V)) > 1 " C4. 8 e- C4 - 8r . 

Proof. First, observe that the definition t(A) := r (E(yi)) for A C R rf preserves the mono- 
tonicity property of measures, i.e. if A C 73 C R d , then r(A) < t(B). Now note that the 
definition of convex hull implies that 

U [x,y]=conv([u]U[v]). 

x€[u],y€[v] 

In particular, [x, y] C conv([[u]] U |[v]]) for all x G [u] and y G [v], so 

sup r([x,y]) < r(conv([u] U [v]))- 
xeH.yeH 

Therefore, for any K > 0, 

#4.8 (u, v,Krf = {r([x,y]) > Kr for some x G [u] and y G 

C {r(conv(H U [v])) > Kr ) ■ ( 4 - 5 ) 

For the sake of more compact notation, let co UjV := conv([[u]] U [v]), and let F u v := 
E (c'6 U)V ) . We want to bound the cardinality of the edge set F u v in order to choose K large 
enough that Lemma 4.7 can be applied to the event in (4.5). First note that since 7L d is 
2d-regular, we have |E(V)| < d ■ |V| for any V C Z d , so \F UjV \ < d ■ |cb UiV |. By Lemma B.2, 
we have |cb u v | = ([cb UjV ])> and [c'o' u v ] C co U)V + £>£j=. Now Lemma B.13 implies 
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that co UjV = [u, v] + \B^, and hence co UiV + Bg9° = [u,v] + §#^°- Therefore, noting that 
dibj°° (i 2 d ) = \fd, we get 

[c6 u , v ] C [u,v] + |Vd-B^. (4.6) 

The set on the right-hand side of (4.6) is the union of a Euclidean cylinder of radius 
and height dist^(u, v), with two solid hemispherical caps of radius pp at its ends. Taking 
the Lebesgue measure of both sides of (4.6), we get 

|co u , v | = ml ([co UiV ]) < B d ■ (^P) d + Bd-\ ■ (^Y' 1 ■ dist,2(u, v), (4.7) 

where B n is the Lebesgue measure of Bp , the Euclidean unit ball in W 1 . Setting a d := 
dB d (^Pj 1 and b d ^ := dB d _i ^il^Ou), (4.7) implies that 

|F UjV | < d- \c6 u ;„\ < a d + b d ^dist fM (u,v) < a d + b d ^{r + <p(r)). (4.8) 

Now choose tq > a d /b djfJ/ large enough that <p(r)/r < 1 for all r > r$. Then for all r > tq 
we have 

a d + b d ,,(r + <t>{r)) = b^r + 1 + < db^r, 

so (4.8) implies that 

Vr > r , |F U , V | < 3b d ^r. (4.9) 
Now define K% g := 46^ Er(e). Then for all r > ro we have 

E 4 . 8 (u, v,^ 8 r) C C |r (E (cd u , v )) > tf£ 8 r} (by (4.5)) 

Q {r(F u>v ) > ^ • L36 d ^rJ | (by the definition of F u>v ) 

= \r(F u>v ) > i E r(e) • L36 d , M rJ | . (by the definition of K^) 
Therefore, by (4.9) and Lemma 4.7, for all r > ro we have 

(£ 4 .8(u,v,K 4 V) C ) < Pr|r(F u , v ) > ^Er(e) • [3b d ^r\ \ 

< C 4 .7 (|Er(e)) e - C 4.7(|Er(e))L3fe d , M rj 

< C 4 . 8 e- C4 - 8r , 
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where, with a = | Er(e), 

C4.8 := 36 d , M c 4 .7 (a) and C 4 . 8 := C 4 . 7 (a) e C4 7 ( a ) V e c « r ° . 

Note that we took the maximum with e C4 - 8r ° in the definition of C4.8 to get rid of the floor 
in the exponent. But then since C4.8 > e C4 - 8r ° by definition, it follows that if r < tq, then 
C4.8e~ C4 - 8r > 1, so the probability bound trivially holds for r < ro, hence for all r > 0. □ 

4.3 Growth Restricted to a [i-Ball 

Throughout the rest of the chapter, unless otherwise specified, r will be a one-type traversal 
measure on E(Z d ) which is i.i.d. with model traversal times {Zj}j e ^ satisfying (FPS^) and 
(EM), and fi will denote the shape function for r as defined in Theorem 1.1. 

The goal of this section will be to prove Lemma 4.13 below, which says that with high 
probability, the internal covering time of a large /^-ball from its center is not greater than 
its radius plus a small linear factor. Lemma 4.13 will be the key tool for analyzing growth 
restricted to cone segments in Section 4.4. Before proving Lemma 4.13 in Section 4.3.2, 
we first prove two basic large deviations estimates in Section 4.3.1. These two results are 
Lemmas 4.11 and 4.12, which correspond to steps one and two, respectively, in the "two- 
stage covering" strategy from Section 4.2; that is, Lemma 4.11 gives a large deviations 
estimate for covering a permeating subset (a ^-ball in this case), and Lemma 4.12 gives a 
large deviations estimate for traversing a particular collection of "short" paths. Lemma 4.11 
follows easily from a standard large deviations estimate for the unrestricted process, stated 
in Lemma 4.9 below. Lemma 4.12 is proved using Lemma 4.8 from the previous section. 
We will use both Lemmas 4.11 and 4.12 in the main proof of Lemma 4.13 as well as in later 
proofs in Chapters 4 and 5. 

4-3.1 The Basic Large Deviations Estimates 

Garet and Marchand [GM08] state the following result bounding the growth of the first- 
passage percolation process. It is a generalization of a large deviations estimate proved by 
Grimmett and Kesten [GK84] for the passage times in a fixed direction. For a proof that 
works simultaneously in all directions, see Ahlberg [Ahlllb, Proposition 1.5]. 
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Lemma 4.9 (Shape deviation bounds [GM08, Proposition 2.1]). For any e > 0, there exist 
positive constants C and c such that for all t > 0, 

Pr {fl°((l - e)t) C rj^(t) C fl°((l + £ )t)} > 1 - Ce"*. 

In Lemma C.10 in Appendix C, we prove a general result about first-passage growth 
processes that yields the following stronger version of Lemma 4.9 as a corollary. 

Corollary 4.10 (Stronger shape deviation bounds). For any e > and any o(t) function 
(j): M + — > R + , there exist positive constants C4.10 = C4.io(e, (f>) and C4.10 = C4.io(e, 0) smc/i 
that for all to > 0, 

Pr {Bj((l - e)/ + #t)) C ^""(t-) and ^(t) C Bj([(l + e )t - Vi > t } 

> l-C*4.ioe _C41oto . 

Proof. The above statement corresponds precisely to the second of the two equivalent state- 
ments in Lemma C.10, with S = R d and A = A' = {0}, and the first of the two equivalent 
statements in Lemma C.10 is weaker than the statement in Lemma 4.9. □ 

Using Corollary 4.10, we can easily obtain the following simple result, bounding the 
growth of a one-type process started at v G Z d using //-balls centered at some nearby point 
z € R d , rather than requiring the /[/-balls to be centered at v itself. In fact, we can trivially 
get the bound to work simultaneously for all nearby points z, in particular for all z G [v] . 
This formulation will obviate the need to find lattice points approximating some x 6 M. d later 
on, making many of the longer arguments cleaner than if we used Corollary 4.10 directly. 
We will use Lemma 4.11 in the proofs of Lemma 4.13 and Proposition 4.19 below, as well 
as for some results in Chapter 5. 

Lemma 4.11 (Bounding growth with slightly shifted //-balls). For v G Z d , to > 0, and 

e > 0, define the event 

Elu(to;e):= f] {flj((l - e)t) C v^\t-) and rj?*{t) C ^((1 + e)t-) Vt > t„}. 
ze[v] 
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Then for any e > 0, there exist positive constants C4.11 and C4.11 such that for any v € Z 
and to > 0, 

Pr(££ n (to;e)) > 1 - C 4 . n (e)e~ c ^ to . 

Proof. By translation invariance it suffices to assume v = 0. To get the desired bound 
simultaneously for all z € [0], observe that if we set k = ^ dil^x> (//) , then by the triangle 
inequality for fi, for any r > we have 

U^)CBj(r + «) and Bj([ r -«]-)c f| fl£(r-). 

z6[0] ze[0] 

Applying Corollary 4.10 with <j>(t) = k (a constant function), this implies that for any to > 
we have 

l-C 4 .io(e,K)e C4 - 10 ( £ ' K )* 
< Pr - e)t + k)C ?j?-> Rd (t-) and rg* d (t) C Bj([(l + e)/ - «]-) Vt > t } 

<Pr(n H {6;((l-^)^r(Hand^( t )C6;((l + e)t -)} 

V>*0Z6[0] / 

= Pr (E2. 11 (t ;e)). 

Thus we can take C4.n(e) := C4.io(e, k) and C4.n(e) := C4.io(e, k). □ 

Using Lemma 4.8 from Section 4.2 above, we prove the following result, which will be 
needed in the proofs of Lemmas 4.13 and 4.16. Lemma 4.12 says that with high probability, 
the traversal measure of every radial lattice path connecting two concentric /x-spheres is 
bounded above by a fixed constant times the difference in the spheres' radii. Similar to 
the statement of Lemma 4.11, the event in Lemma 4.12 simultaneously treats all pairs of 
spheres centered in a unit cube around the origin. 

Lemma 4.12 (Traversal of radial paths in a /i-spherical shell). Let K4.12 = ^4 s(E r ( e )) • 
For e £ (0, 1] and r > 0, define the event 

£ 4 .i2(r;e)= f| f| {r([z + (1 - e)y,z + y]) < K 4A2 ■ et for all y G 0Bj(t)}. 

z€[0] *>r 
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Then for any e G (0, 1], there exist positive constants (74.12(e) and 04.12(e) such that for any 
r > 0, 

Pr(£ 4 .i 2 (r;e)) > 1 " C 4 . 12 (e) e - C ^ r . 
Proof. Fix e G (0, 1]. For any t > 0, define the event 

P| {r([z + (l-e)y,z + y]) <^ 4 .i2-et for all y € dB®(t)} , 
zeio] 

and for j G N, define the event £7j := Hj<t<j+i &t- Then for any r > 0, 

00 

E4.i2(r;e) = f]E t D f] Ej. (4.10) 

t>r j> |rj 

We will obtain a lower bound on the probability of E^uir; e) by showing that each of the 
events Ej occurs on a finite intersection of events of the form in Lemma 4.8. In order to 
do this, we need to count pairs of lattice points near the endpoints of the intervals in the 
definition of E t . 

Let re = dihjoo(/z), and note that sup zg j ] //(z) = re/2. Given z G [0] and y £ dB®(t), 
choose v,u£Z d with z + y G [v] and z + (1 - e)y G [u]. Then dist M (v, z + y) < re/2 and 
dist M (u, z + (1 — e)y) < re/2, so the triangle inequality implies that 

t — re < ju(v) < t + re and — re < dist M (u, v) < et + re. (4.11) 

Furthermore, since the point z + (1 — e)y is contained in the line segment [z, z + y], we have 
dist^°°(u, [z,z + y]) < 1/2. Now note that since z G [0] and z + y G [v], the entire line 
segment [z, z + y] is contained in conv([[0]] U [v]) = [0, v] + [0], which is the ^-neighborhood 
of [0, v] in the £°f norm. Therefore, 

1 1 

dist eT (u, [0, v]) < dist^ ( u , [z, z + y]) + sup dist £? ( x , [0, v]) < - + - = 1. (4.12) 

xe[z,z+y] " 1 1 

We wish to obtain an upper bound on the number of lattice points u which satisfy (4.12) 
and are also within some specified distance of v. Namely, for each v G Z rf and a, b > 0, we 
wish to bound the cardinality of the set 

E/jY b] : = j u G Z d : dist € ~ (u, [0,v]) < 1 and dist M (u,v) G [a,b]\ . (4.13) 
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Using an argument similar to the one in the proof of Lemma 4.8, one can show that for 
any v G Z d and < a < b, the set U* a fe j is contained in a Euclidean cylinder of some 
radius depending only on d and of height that is linear in (b — a), so there is some constant 
Qd,n < oo such that 



U [a,b] 



< Qd,n ■ [(b -a) VI] for all v G Z d and < a < b. (4.14) 



Now, returning to the definition of the event E t , the inequalities (4.11), (4.12), and the 
definition (4.13) imply that 

Et 2 H P| {r([x, x']) < K4.12 • et for all x G [u] and x' G [v] } 

t — K<ll(V)<t+K, 

f| P| E 4 . 8 (u,v,K 4A2 et). 

t — K<ll(v)<t+K 

Recall that Ej = f]j <t< j +1 E t , and observe that since the events E 4 .$ (u, v, et) are 
increasing in t, it then follows that 

n n n ^.s^v,^.^) 

j<t<j+i ve z d ueUf et _ Ket+K] 

t — K<^(v)<t+K 

5 n n ^4.s(u,v,k 4 

Now note that since e < 1, if u G U^_ K e ^ +1 ^ +K y then dist At (u, v) < ej + (1 + k). Thus, 
applying Lemma 4.8 with r = ej and (p(r) = 1 + k, and using Lemma B.3 and the bound 
(4.14) to estimate the number of lattice points in the sum, we get 



Pr (^)- ^ ^ Pr(^E 4 . 8 (u,v,K 4A2 ejf) 

J-K<^(v)<J+l + K 

< w^j + 1 + K) d -\l + 2/e) • Q diM (l + 2k) • C 4 . 8 (l + ^K^^K (4.15) 



Set C4.8 = C4.g(l + k, /i) and C4.8 = C4.§(1 + n, fi). Then combining (4.10) and (4.15), and 
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using Lemma B.18 to sum the resulting series, we get 

oo 

Pr(^ 4 .i2(r;e) C ) < ^ Pr (e^ 

3 = [r\ 



< zu^QdA 1 + 2 ^) 2 • Ca.8 C/' + 1 + «) d_1 e" C4 - 8£j 



/ t~\ ( -\ o \ 2 /~i 4[(2(i - 2) V (1 + k)]^ 1 _£tfli| r , 

<^Q^(l + 2^-C 4 , 8 - [(c4 ; e ; Al] / J -e - W 
< C 4 .i 2 (6)e- C4 - 12 ^, 

where C4.i2(e) and 04.12(e) are some positive constants depending only on e, d, and the 
distribution of r(e). □ 

^.5.5 Proof of Large Deviations Estimate for Covering a fi-Ball 

Now we are ready to prove the main large deviations estimate for growth restricted to a 
/i-ball, which will be the main ingredient for analyzing growth restricted to ,u-cone segments 
in the next section. As in Lemmas 4.11 and 4.12, we consider an event that simultaneously 
treats all /i-balls centered near a given lattice point, in order to simplify later arguments. 
This convention will be propagated throughout most of the main results in Chapters 4 and 
5. 

Lemma 4.13 (Internal covering time for /it-balls). For any e > there exist positive con- 
stants C4.13 and C4.13 such that for all veZ d and ro > 0, 

Pr jf7 r v;B ?M ((1 + e )r) = BJJ(r) for all z G [v] and r > r } > 1 - C 4 .i 3 e~ C4 ' 13ro . 

Proof. By translation invariance it suffices to assume v = 0. Given e > 0, let e\ = ei(e) := 
2K e — , let a = a(e) := and for each r > ro let t r := (l + ei) _1 r. That is, t r is chosen so 
that (1 + e\)t r = r, so the unrestricted random process is likely to be contained in the ball 
£>^(r) at time t r , and then ar = (1 — e\)t r is the radius of a slightly smaller ball, which the 
random process is likely to have covered by time t r . Here, the smaller ball B*(ar) plays the 
role of the permeating subset; namely, it is a (1 — a)r-permeating subset of B^(r). The value 
of ei was chosen so that (1 — a)r « k\-& ' r ' so ^ na ^ Lemma 4-12 implies that the remainder 
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of the large ball is likely to be reached within an additional time of er, via approximately 
straight paths. 

More concretely, the outline of the proof is as follows. First we combine Lemma 4.11 
with Lemma 4.5 to show that the restricted process covers the union Uze[o] ^( ar ) by ti me 
t r with high probability. Then we use Lemma 4.12 to show that with high probability, the 
remaining spherical shells B*(r) \B*(ar) are covered within an additional time of er, and so 
the total covering time is at most t r + er < (1 + e)r. More explicitly, the chaining property 
(Lemma 4.3) implies that on any realization of r, for each z € [0] we have 

T b mM (0,f$(r)) < TW ( ,B£(ar)) +tW (dB*(ar), B^r) \f$(ar)) . (4.16) 

Our goal, then, is to show that with exponentially high probability in ro, for all r >tq and 
all z 6 [0], the first term on the right in (4.16) is bounded above by r, and the second term 
on the right is bounded above by er. 

We start with the first term on the right in (4.16). To get the desired bound simultane- 
ously for all z £ [0], observe that if we set 5 = \ dibj°o(/x), then (by the triangle inequality) 
for any t > 0, 

[J B*(t) C B°(t + 5) and fl°(f - 5) C f| B^t). 
ze[o] ze[oj 

Applying Corollary 4.10 with 4>{t) = S, this implies that for any ro > we have 

l-C 4 .io(ei,5)e- C4 - 1 °( ei ' <5 ^o 
< Pr {fjj((l - ei )t r + 5)C rj T °' R \t r -) and r,^\t r ) C Bj((l + ei)t r - <5) Vr > r } 

<Pr( H n ^((l-eOMc^V-Jand^VjCiBjCa + eiJtr)} 

\r>r z£[0] 

(4.17) 

Note that B^((l + ei)t r ) = B*(r), and by Lemma 4.5 and Lemma 2.18, 
{r,^\t r ) C BJ(r)} c = ^\t r -)} , 

so (4.17) implies that 

Pr fl PI C^ T °W (tr _)}| >l-C 4 .io(ei,<5)e- C41 °^^o. (4.18) 

\r>r ze[0] / 
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Since r > t r , the process at time r contains the process at time t r — , so (4.18) implies that 
Pr I p| fl {s-(or) C rj?W r \r)} J > 1 - C 4 .io(ei, <5) e - Cl ^°, (4.19) 

V>roz6[0] / 

where we have set c\(e) = (l + ei(e)) 1 C4.io (ei(e), <5) and have recalled that (1 — e\)t r = ar. 
The above event, call it -E^.ig), says that T B ^ r ^ (0,B^(ar)) < r for all r > vq and all 
z € [0], so (4.19) provides the desired bound for the first term in (4.16). 

Now we turn to the final term in (4.16). The idea is that each point in the spherical shell 
B^(r) \ B^(ar) can be reached from the boundary of the inner ball B^(ar) via a radial line 
segment of length (1 — a)r « " r > an d Lemma 4.12 implies that with high probability, 
the covering time of all such line segments is bounded above by er. We now make this 
argument more precise. 

First note that B°(r) \ B°(ar)° = \J y edB°(r) [«y>y] • If we set L l(y) = z + [ay,y] for 
z G [0] and y G dB®(r), then translating everything by z gives 

Bl{r)\Bl{arT = [j L' a (y). 

y£9B°(r) 

Using the fact that for any y G dB®(r) we have (z + ay) G dB^(ar) n L*(y) C #*(r), 
the decomposition and monotonicity properties and the total traversal measure bound from 
Lemma 4.2 then imply that 

T B W(dB;(ar),B;(r)\B*(ar))< sup f W (z + ay, L»(y)) 

< sup r(L"(y)). (4.20) 

yedB2(r) 

Now define the event 

£(4.2i) = {t b mM (0B£(ar), B£(r) \ B"(ar)) < er for all z G [0] and r > r } . (4.21) 
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The bound in (4.20) implies that £'(4.21) occurs on the event £4.12(^0; 1 — ct), as follows: 
^(4.21) =0 [I {TW(^K), Bl(r)\Bl(ar)) < er) 

ze[0] r>r Q 

^ fl n{ r ( L «(y))^ erforall y G ^( r )} 

z£[0] r>r 

3 fl fl { r ( L «(y)) < ^4.12 • (1 - «)r for ally e36°(r)} 

z£[0] r>r 

= £4.12(^0; 1 - «), 

where the inclusion in the second-to-last line holds because 

2ei 

K4.12 • (1 - a) = K4.12 • — < K4.12 • 2ei = e. 

1 + €i 

Therefore, by Lemma 4.12, we have 

Pr(£ (4 .2i)) > Pr(£ 4 .i2(r ; 1 - a)) > 1 - C 4 .i 2 (l - a) e - c *- 12 ( 1 - a ) r °. (4.22) 

Finally, (4.16), (4.19), and (4.22) imply that 

Pr ((1 + e)r) = B»(r) for all z G [0] and r > r } > Pr(£ (4 . 19) D £7 (4 . 21) ) 

> l-C 4 . 1 3(e)e- C4 - la ^°, 

where C 4 .i 3 (e) = C 4 .i (ei(e), 8) +C 4 .i 2 (l - a(e)) and 04.13(e) = ci(e) Ac 4 .i 2 (l - a(e)). □ 
4.4 Large Deviations Estimate for Covering a Thin fx-Cone Segment 

The goal of this section is to use Lemma 4.13 from the previous section to prove Lemma 4.18 
below, bounding the internal covering time of a "thin" /i-cone segment. Lemma 4.18 is the 
key technical result of the present chapter, and we will use it to prove our main theorems 
about growth in star sets, cones, and tubes in the next two sections. In order to prove 
Lemma 4.18, we need four preliminary lemmas. The first two are purely geometric in 
nature, while the second two combine geometric arguments with the probability estimates 
of the previous section to bound the probability of events that will be important for the 
main proof. 
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4-4-1 Preliminary Lemmas Needed for the Proof of Lemma 4-18 

The first preliminary lemma defines a geometrically expanding family of /it-balls and high- 
lights some elementary properties of this construction that will be needed in the main proof. 

Lemma 4.14 (A cone-permeating chain of /it-balls). Fix 5 G (0, 1]. For each v G and 
k€Z, let v k = v k (S) = (1 + 8) k v, and for any z G R d , define <B* fc = Q3£ fc (S) by 

Kl k := z + (6»(v k )) = (5(1 + 5) fc ) . 

Further, for m,n G Z, define QJm^n = 25m^n(^) := Ufc=m ®i> fc W ■ T/ien £/ie sequence 
{%$Z k }kez forms a chain of intersecting fi-balls with geometrically increasing radii, such 
that for any m,n G Z, i/ie union 53^™ contains the line segment z + [(1 — <5)u m , u„+i] and 
has convex hull equal to the (//, 5) -cone segment C*'" [(1 + o~) m , (1 + o~) n ] . 

Proof. Observe that the family }jfcez is defined so that: 

• All the balls are centered on the ray z + ■£> (the center of 33£ fe is z + v k ); 

• The center of 53£ fc+1 lies on the boundary of 93£ fc ; 

• The radius of Q3£ is <5, and for all k G Z, the radius of 2$5 fc+1 is 1 + 5 times as large 
as the radius of 23 ?„ . 

All the statements in the lemma follow easily from these properties. □ 

The union 23m^n from Lemma 4.14 will play the role of the permeating subset in the 
proof of Lemma 4.18 below. The chain of /x-balls 23m^n is constructed so that (1) the 
chaining property (Lemma 4.3) implies that the the covering time of the entire union 5Sm^n 
from the initial center z + v m is bounded by the sum of the covering times of all the balls 
from their centers, and (2) the sum of these covering times is likely to be on the order 
of dist M (t> 

mi^n+i)- To make this statement precise, we first formally define the relevant 
covering events and indicate their relationship in the following lemma. 
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Lemma 4.15 (Covering the permeating chain one //-ball at a time). Fix 5 G (0, 1), and for 

any v G Sf^ 1 and z G M d , let the sequences {v k (5)} k& , {<B£ fc (5)} k ez, and {iBm^t^jm.nez 
be defined as in Lemma 4-14- For each k,m,n G Z and /3 > 1, define events 

FZ k (5;(3) := {r Int (z + Ufc , ®» J < ^(v fc )} , 

== {T hlt {z + v m ,^ m %) < /3dist> m ,^ t+1 )} . 

Then Fm^i{S; (3) occurs on the intersection P\ k=m F£ k (5; (3). 

Proof. Use Lemma 4.3 (chaining) and Lemma 4.14. Note that the statement remains true 
for any (3 > 0, but the only relevant case will be (3 > 1. □ 

Observe that each of the events F£ (6; (3) in Lemma 4.15 is precisely the type of event we 
dealt with in Lemma 4.13. In particular, combining Lemma 4.13 with Lemma 4.15 shows 
that for any (3 > 1, if m is sufficiently large and n> m, then the entire chain 5Sm"n is likely 
to be covered from the point z+v m by time /3dist M (t; m , v n+ \). This corresponds to step 1 in 
the "two-stage covering" strategy from Section 4.2. However, rather than directly invoking 
Lemma 4.13 in the proof of Lemma 4.18, we will use Lemma 4.13 to prove Lemma 4.17 
below, which will be more convenient for the main proof. First we prove the following 
lemma for dealing with the relevant "short" paths in step 2 of the "two-stage covering." 

Lemma 4.16 (Traversal of radial lattice paths in a //-ball). Let i^4.i6 = K^ s (E,r(e)) , and 
for each r > 0, define the event 

E 4 .is{r)= P| n(r([z,z+x]) < K 4 . 16 t for all x £ B°(t)} . 

ze[0] t>r 

Then there exist (universal) positive constants C4.16 and C4.16 such that for all r > 0, 

Pr^.ieW) > 1 - C4.i 6 e- C416r . 

Proof. This can be proved directly, using an argument similar to but simpler than the one 
in the proof of Lemma 4.12. Alternatively, we can simply observe that the event -E4.16 (f) 
occurs on the event -^4.12(^5 1), as follows. Given any z G [0] and x G B®(t) \ {0}, if we set 
y x := x//x(x), then [z, z + x] C [z, z + y x ], so 

t([z,z + x]) < t([z,z + y x ]). 
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Noting that y x G 0B®(t) and [z, z + y x ] = [z + (1 — l)y x ,z + y x ], this shows that we 
get the desired bound for all x G B®(t) by setting e = 1 in Lemma 4.12, so we can take 
C 4 .i6 := £4.12(1) and c 4 .i 6 := c 4 .i 2 (l). □ 

Lemma 4.17 (Internal covering time of large //-balls far from the origin). For any (3 > 1, 

5 G (0, 1], and r > 0, define the event 

Ew(r,8;P)= f| f| (#) = V* > ^(x)} . 

zG[0] xSR d 
/i(x)>r 

TTten /or any /3 > 1, i/iere exisi positive constants C4.17 and C4.17 snc/i i/iai /or any 5 G (0, 1] 
and r > 0, 

Pr(^ 4 .i7(r,5;/3)) > 1 - ^.iT^e"^ 17 ^. 

Proof. Let k = diLj°o(/t). Note for any point y G M d , there is some v G 7j d such that 
y G [v], and since sup ze j j //(z) = k/2, it follows that dist M (y, v) < k/2. Therefore, the 
triangle inequality implies that if y G M. d and z G [0], then 

H(y - z) > M (y) - k/2, and n(y - z) > r => /i(y) > r - k/2, (4.23) 

and furthermore, 

fJt(y) > r - k/2 y G [v] for some v G Z d with //(v) > /t(y) - k/2 > r - k. (4.24) 

Therefore, using (4.23) and (4.24) in the third and fourth lines, respectively, we have 

£ 4 .i 7 M;/3) C = J U {^ Int ( z + x >^ +X W) > for some i > o>(x)} 
ze[o] xeM d 

/i(x)>r 

= U U { fInt (y>*W) > # for some * ^ *A*(y - z)} 

z e[o] y eR d 
p(y-z)>r 

C [J {f Int (y,^(t)) > 0/ for some t > <5(u(y) - k/2)} 

y£R d 
»(y)>r- K /2 

C (J J |T Int (v,^(t)) > /ft for some t > o~(/x(v) - k)} 
vez d ye[v] 

A*(v)>r— k 

= (J ^4 V .i 3 (^(v)-k);/3-1) C , 

vez d 

ju(v)>r— k 
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where E% 13 (ro;e) is the event in Lemma 4.13. Thus, setting C{f3) = C4.i3(/3 — 1) and 
c((3) = C4.i3(/3 — 1), Lemma 4.13 and Lemmas B.3 and B.18 imply that for all r > 0, 



Pr 



(£ 4 .i 7 M;/?) C ) < Yj C(/3)e" c(/3)5Wv) - K) (Lem. 4.13) 



/i(v)>r— k 
oo 

< e E c w 

j=[r-K]V0 v e1 d 

i<M(v)<i+i 



-c(/3)*(m(v)-«) 



< ro M • (j + I)*" 1 • C(/3)e- c ( /3 ) ,5 ^- K ) (Lem. B.3) 

< w„C((3)e c W SK • 4(2d ~ 2)d ~ 1 , • e-^Sdr-.m (Lem B lg) 
" ([c(/3)*]Al) rf 

< ^CO?)^ • • £ • e-^—D (v * < 1) 

_ 4 ro/J C(/3) • (2d - 2) d ~ 1 • e^ 3 ^ 1 ) 1_ _cip) gr 
~ (c(/3) A if 

< ^C 4 .i 7 (/3)e- C4 - 17 ^, (V<5<1) 



where (replacing 5 with 1 in the exponent out front) 

(cC8) A 1)" 2 

Remark 4.17.1. If the proof of Lemma 4.17 is carried out for a fixed direction rather 
than for all directions simultaneously (i.e. in the definition of E^n{r, 5; /3), we replace the 
intersection over "x £ M. d , /u(x) > r" by the intersection over "x £ t), /i(x) > r" for some 
fixed v £ Sjl -1 ), then the resulting probability bound will be improved to 

Pr> 1- -C{P)e- c{ ^ 5r , 
o 

for some positive constants C(j3) and c(/3). The factor <5 d_1 will be gained in the estimate 
of the number of lattice points between levels j and j + 1 (constant vs. (j + l) d ~ l ), which 
affects the sum of the resulting series via Lemma B.18. 
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4-4-2 Proof of Large Deviations Estimate for Covering a \x-Cone Segment 

Now we are ready to prove the main result of the present section, bounding the internal 
covering time of a /U-cone segment. In Lemma 4.18, S is the thickness of the /i-cone segment, 
while e is an independent "speed parameter," specifying the accuracy with which we want 
to bound the covering time. The quantity 6 V e appears in the covering time bound, which 
indicates that the bound in Lemma 4.18 only gives a good estimate for "thin" cone segments. 
That is, if we want to use Lemma 4.18 to show that a cone segment of height h is likely to 
be covered within time ~ (1 + e)h, then the thickness 5 of the cone segment needs to be on 
the same order as e or smaller. However, if we want a good bound in a thicker cone segment, 
we can simply decompose the larger segment into a union of sufficiently thin segments using 
Lemma 3.6; this is what we will do in the proof of Theorem 4.20 in the next section. 

The main tools for the proof of Lemma 4.18 are Lemmas 4.16 and 4.17. Because of 
the uniform nature of the events in these lemmas, we obtain a similar uniform event in 
Lemma 4.18 essentially "for free." Namely, the bound works simultaneously for all /x-cone 
segments with apex in a fixed unit cube, axis in any direction, and sufficiently large thick- 
ness and height. To simplify notation for events that are simultaneous over the various 
parameters, we will use the following shorthand for fixed v G Z d , 5q G (0, 1), and ho > 0: 

V(z,v,5,h) means "Vz G [v], Vu G Sj _1 , V<5 G [<5 , 1], V/i > h " - (4.25) 

Lemma 4.18 (Internal covering time for a <5-thin fi-cone segment). Let K4.18 = 2-^4.16 + 4. 
For v G Z d , ho > 0, and 5q, e G (0, 1), define the event 

EZ 18 (ho,5 ;e) = {v(z,v,5,h), T™(v,C z J(h)) < [l + K 4A8 (S V e)] h] , 

where the notation \/(z,v,5,h) is defined in (4.25). Then for any e G (0,1), there exist 
positive constants C4.18 and C4.18 such that for any v G Z d , 5 G (0,1), and h > 0, 

Pr(El 18 (h ,5 ;e)) > 1 - ^C^e"^^ . 

Remark 4.18.1. The form of the probability bound in Lemma 4.18 is inherited directly 
from the bound in Lemma 4.17. Thus, by Remark 4.17.1, if we bounded the covering time 
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of //-cone segments in a fixed direction rather than simultaneously considering all directions, 
the probability bound in Lemma 4.18 would be improved by a factor of (5o) d ^ 1 . 

Remark 4.18.2. Recall from (3.6) in Section 3.1.3 that we denoted the set of all initial 
/i-cone segments with apex z G M. d and thickness S > by 

Cones M (z,(5) := [c z J{h) v G dir(R d ), h € [0, oo]| . (4.26) 

If we let Cones M (z, <5, h) denote the set of /i-cone segments in Cones M (z, S) with height h, i.e. 

Cones M (z, S, h) := [c z J(h) | v G dir(M d )} , (4.27) 

then the event in Lemma 4.18 can also be written 

^lisi^o, <5o; e) 

= fl fl n { fInt ( v ' C ) ^ [ 1 + K4 - 1 s( ,5Ve )] /l VCG Cones^z,^)}- 

zeMSe[S ,i\h>ho 

We will use the notation (4.27) in the proof of Theorem 4.20 in the next section. 

Proof of Lemma 4-18. By translation invariance it suffices to assume v = 0. Fix e, So G 
(0, 1) and ho > 0. For any z G [0], v G S^ 1 , and 5 G [So, 1], let the sequences {vk(d~)}kez, 
{!B£ fc ((5)}fc e 2> an d {25m^n(5)} miri6 z be defined as in Lemma 4.14. For the rest of the proof, 
we will omit the S from this notation; that is, whenever we write Vk, 2$u fc > or 25"Cn, the 
argument is always implicitly taken to be 5. For any 5 G [So, 1] and h > ho, let = Mh{5) 
and Nh = Nh(S) be the unique integers satisfying 

{l + 5) Mh - 1 < eh < (l + 5) Mh and (1 + S) Nh < h < (1 + 8) Nh+1 . (4.28) 

Again, we will omit the S from the notation; any subsequent appearances of and Nh 
are interpreted to have argument 5. Observe that with these definitions, Lemma 4.14 
implies that the chain of /x-balls 05^ N is a (5/i-permeating subset of the cone sub-segment 
C z '™[eh, h], hence a (S + e)/i-permeating subset of the whole cone segment C z, ^(h). 

When writing events below, we will use the notation "V(z, v, S, h)" defined in (4.25), 
with v = 0. We may omit some parameters when using this notation; for example, V(z, 5) 
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means Vz G [0] and V<5 G [#o, 1]. Our goal is to bound the internal covering time of C*'"(h) 
from 0, simultaneously over the parameters z,v,S,h. It will be easiest to think about this 
covering event for fixed parameters — for example, fix some z and v, and assume h = ho 
and e = 5 = 5q. The uniformity over all parameter values will be a byproduct of the uniform 
nature of the events in Lemmas 4.16 and 4.17, which will be our primary technical tools. 

For fixed parameter values, we bound the internal covering time of C x ^{h) by using the 
chaining lemma to break the covering event into three steps: First the process takes over 
the initial cone segment C*'"(eh) up to height eh; second, the process takes over a chain 
of /x-balls, namely ^ , starting at height « eh and ending near the end of the cone 
at height ps h; finally, the process spreads from the <5/i-permeating subset N to the 
remainder of the cone, C^[eh, h]. The precise statement is the following. 

Claim 4.18.1. Lemma 4.3 (chaining) implies that for any realization of r, \/(z,v,S,h), 

f™(0,cf s (h))<f™(0,cf s (eh)) 

+ f^(z + v Mh ,^l Nh ) 

+ f b *(z + [eh,h]v,C'J[eh,h]). 

Proof of Claim 4- 18.1. It is left to the reader to verify the hypotheses of Lemma 4.3, using 
Lemma 4.14 together with the definitions of Mh and Nh in (4.28). □ 

We now define three events corresponding to the three terms in the bound from Claim 4.18.1. 

Let 

E(h ,5 ;e) = {v(z,v,5,h), f Int (0, C z J(eh)) < K 4 . 16 (l + S)eh] , 

F(h Q ,S ;e) = \v(z,v,8,h), T^(z + v Mh , K? h ,N h ) ^ i 1 + e ) dis V(^M,, v Nh+1 ) }, 

G(h ,6 Q ;e) = {v(z,v,6,h), T Int (z + [eh, h]v, C'J[eh, h\) <(l + e)6h}, 

where the dependence on ho and Jo comes from the restrictions on the values of the param- 
eters h and 5 in (4.25). Consider the intersection of these three events, 

H(h , 5 ; e) := E(h ,5 ; e) n F(h , 6 ; e) n G(h , 6 ; e). 

Claim 4.18.2. The event E® 18 (^o> ^o! e ) occurs on the intersection H(ho, 5q; e). 
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Proof of Claim 4-18.2. First note that the upper inequality for and the lower inequality 
for Nh in (4.28), together with the definition of {u/Jfcgz, imply that V(u, 5, h), 

dist^j^t^+i) = (1 + 5) Nh+1 - (1 + 5) M » < (l + S)h-eh. 

Using this bound, the chaining inequality in Claim 4.18.1 implies that on the intersection 
event H(ho,5o;e), it holds that V(z, v, 8, h), 

T hlt {0,C Z J(h)) < ^4.16(1 + S)eh + (1 + e) ■ dist^(v Mh ,v Nh+1 ) + (1 + e)5h 

< #4.16(1 + S)eh + (1 + e)(l + 6 - e)h + (1 + e)5h 
= [1 + 25 + (K 4 .i 6 (l + S) + 25 - e)e] h 

< [1 + 25 + (2# 4 .i6 + 2)e] /i, (4.29) 
where the final line in (4.29) follows from the assumption that 5 < 1. Now, 

2(5 + (2# 4 .i6 + 2)e < (2# 4 .i6 + 4)(<S V e) = K 4 . 18 (5 V e), 

so (4.29) implies that 

H(h ,6o;e) C {v(z,v,<J,h), T Int (0,C^(h)) < [l + if 4 .i 8 (^e)]/i} 

= £ 4 18 (/i ,5o;e)- □ 

To finish the proof, we need a lower bound on the probability of the event H(ho, 8o;e). 
This will be provided by Lemmas 4.16 and 4.17, together with the following claim. 

Claim 4.18.3. The event E(ho,5o;e) occurs on the event E^i^ieho), and the events 
F(ho, So; e) and G(ho, 5q; e) both occur on the event £4.17 (e/io, <5o ; 1 + e) . 

Assume for the moment that Claim 4.18.3 is true. Then Claims 4.18.2 and 4.18.3, 
together with Lemmas 4.16 and 4.17, imply that 

Pr(El 18 (h ,5 ;e)) > Pr(H(h ,5 ;e)) 

> Pr [£ 4 .i6 (eM n £4.17 (e^o, 5 ; 1 + e)] 

> 1 _ r, , oP -<*.i6-eh _ ^4.17(1 + e) -C4 .n(l+e)-S -eh 
C- 1 1 - / 4.16 c / 1- \j c 

{oor 

> 1 - (<5 ) _a! C , 4.i8(e)e~ C4 - 18(e)<5o/l0 , 
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where 

C 4 .i8(e) = C4.16 + £4.17(1 + e) and c 4 .is(e) = (c 4 .i6 A c 4 .i 7 (l + e)) ■ e. 
To complete the proof, it remains only to prove Claim 4.18.3. 

Proof of Claim 4-18.3. We divide the proof into three parts corresponding to the three 
claimed containments. 



Proof that E(ho,5o;e) 2 -^4.16(^0) : 



First note that V(z, v, 5, h), 

C Z J(^)= J [z,z + x], and C°J (eh) C flj((l + *)efc) . (4.30) 
xec°?( e ft) 

Therefore, the decomposition property and total traversal measure bound in Lemma 4.2 
imply that for any realization of r, V(z, v, 5, h), 

T Int (0, (%g(eh)) = sup f c m," (£/i) (0, [z, z + x]) (decomposition, (4.30)) 



< sup 
x 6 C°f(e/*) 



T C ^ {eh) (0,z) +r([z,z + x])l (total r bound) 



< sup r([z,z + x]), 
xeSO ((1+5)eft) 

where the last line follows from (4.30) and the fact that T v,s (e '(0,z) = for any z G [0]. 
Note that the final bound doesn't depend on v. Therefore, 

E(h ,S ;e) = {v(z, v, S, h), f lat (0,C z J(eh)) < K 4A6 (1 + 5)eh} 

2 < V(z, 8, h), sup t([z,z + x]) < ^4.16(1 + 6)eh \ 

{ xeS°((l+5)efc) J 

2 < V(z, S, h), sup r([z,z + x]) < K 416 t for alU > (1 + <5)e/i I 
{ xeB°( t ) J 

^ J Vz G [0], sup r([z, z + x]) < if 4 16* for all t > eh \ 
{ xeBo (t) J 

= ^4.16 (e/to)- 



187 



Proof that F(ho, <5q; e) D E^n(eho, 5q ; 1 + e) : 



Let { F Z k ( s ':P)} x , Vj k,8,p and { i? ™-«( ,5 ;/ 3 )} z , w , m ,„,5, / 3 be the collections of events defined in 
Lemma 4.15. Then by Lemma 4.15 and the definition of F(ho, 5o; e), we have 

N h 

F(h ,5 ;e)= f] F^ (5; 1 + e) D f| f] F^ k (S;l + e), (4.31) 

z,v,5,h z,v,d,h k=Mf l 

where, a la (4.25), the intersection over (z,v,6,h) means the intersection over z G [0], 
u G Sj -1 , 5 G [<5 , 1], and h > h . Recall that, since <BJ fc = ^ +Ufc (5fi(v k )) , 

F^(5; 1 + e) = {f Int (z + Ufc , fJ»+«* (<S/i(v fc ))) < (1 + e)6»(v k )} . (4.32) 

Observe that for any fixed 5 G (0, 1], 

00 

|J U {«*(*)} C (J {x€R d : M (x)>/i(<W*))} 

ues^ -1 k=M h (S) vest' 1 

h>ho h>ho 

C |x G R d : /i(x) > e/i }, (4.33) 

where the final inclusion follows from the fact that 

Ai(vji/ h (<$)) = (1 + 5) Mh{5) > eh > eh \fv G Sj -1 , V5 G (0, 1], V/i > /i 

by the definitions of the sequence {v k } in Lemma 4.14 and of Mh(5) in (4.28). Therefore, 
using (4.31), (4.32), and (4.33) in lines one, two, and three, respectively, we get 

N h 

F(h Q ,S ;e)D f| f| F^ k (5;l + e) 

z,v,d,h k=Mf l 
00 

^ n n <(i+e)^K)} 

z,v,8,h k=M h 

3fl fl {r Int ( z + x,^+ x (^(x))) <(i + *(x)} 

z,<5 xeM d 
/i(x)>e/io 

^ n n { f Int ( z + x ' ^ +x (*)) ^ c 1 + <o* w ^ 

z,<5 xeM d 
/i(x)>eh 

^ n n { f lnt ( z + x ' ^ +x (*)) ^ a + <o* v * ^ 

ze[o] xeR d 

/i(x)>€/lO 

= £4.17(^0, #o; 1 + 
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Proof that G(ho,So;e) D E^n^eho, Sq; 1 + e): 



First note that V(z, v, 5, h), 

<5?[*M= U ^ +X (^W)- 

xg[e/i,% 

Thus, the superdecomposition property in Lemma 4.2 implies that for any realization of r, 
V(z,v,5, h), 

f Int (z + [e/i, %, Cf [e/i, h]) < sup f Int (z + x, B£+*(^(x))) . (4.34) 

Now note that for any v € SJ^ 1 and h> h®, 

x G [e/i, /x(x) < h and /i(x) > eh > eh®. (4.35) 

Therefore, using (4.34) and (4.35) in lines two and three, respectively, 

G(ho, S ; e) = {v(z, v, 5, h), T Int (z + [eh, h]v, C z J[eh, h}) < (1 + e)<5/»} 

D Jv(z,u,<5,h), sup T Int (z + x, ^ +x (5/i(x))) < (1 + e)<5/i 1 



D { V(z,<5), sup T lnt z + x, B; +X (^(x)) < (l + e)(JM(x) 

[ x:^(x)>e/i V 7 

^ n n { f Int ( z + x ' e M +x ( t )) ^ (! + <o* vt ^ w} 



ze|oj xeR d 
<5e[<5 ,i] mW>^o 

^ n n [ f lnt ( z + x ' b m +x w) ^ a + <o* w ^ ^o^(x)} 

ze[o] xeR d 

^(x)>e/i 

= E4, 17 (eh ,S ; 1 + e). □ 
This completes the proof of Lemma 4.18. □ 
4.5 Growth in Star Sets and Cones 

In this section we use Lemmas 4.16 and 4.18 to prove Theorem 4.20 below, which provides 
a large deviations estimate for first-passage growth restricted to /it-stars. Theorem 4.20 is 
the main result of Chapter 4 and, together with Proposition 4.19 below, gives a stochastic 
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analogue of Proposition 3.10 (which described the growth of the deterministic /U-process in 
star sets). Recall from (3.10) that for a norm jjl on M. d and 5 > 0, we defined the set of 
(p,, <5)-stars at z G R d to be 

(if^s) '■= {Unions of elements in Cones M (z, 5)} = {{J J \ J C Cones M (z, 5)} , (4.36) 

where Cones^(z, 8) is the set of 5-thick initial /x-cone segments at z (cf. (4.26) in Re- 
mark 4.18.2 above). Also recall, from Section 3.1.1, that the collection of all star sets 
at z is 



We observed in Section 3.1.3 that <*^ > = (* Z }> and if s > °. then £ (* Z >- 

Section 4.5 is divided into two subsections. In Section 4.5.1 we prove the main large 
deviations estimates, and in Section 4.5.2 we use these estimates to derive Shape Theorems 
for restricted growth. 

4-5.1 Large Deviations Estimates for Growth in fi-Stars and Cones 

Before proving Theorem 4.20, which provides a lower bound on growth in //-stars, we first 
derive the following upper bound on growth restricted to any subset of R d . This result 
follows trivially from Lemma 4.11; the bound it gives for an arbitrary restricting set may 
not be very accurate, but it gives a useful bound for growth restricted to star sets, using 
Proposition 3.10 for the deterministic process. 

Proposition 4.19 (Upper bound on restricted growth). Suppose r is an i.i.d. traversal 
measure on 7L d satisfying (FPS^) and (EM), and let /j, be the shape function for r from 
Theorem 1.1. For any v G 7L d , to > 0, and e > 0, the following two events occur on 
-^4.11 (*o! e ) an d hence occur with probability at least 1 — C4.n(e)e _C411 ^* : 




(4.37) 



1. El 19 (t ;e) : = |Vz G [v] and S C R d , r]^ s \t) C S n + e)t-) for all t > t }; 

2. Ej;*(t ;e) := {Vz G [v] and S G <* z >, ^ s (t) C ££ s ((l + e )t-) /or a// f > i }. 
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Proof. The event in Part 1 occurs on EJ n (to', e) because for any 5 C M. d , we have i]t ,S (t) C 
S fl rj T ' (t) for all t > 0. Now observe that the event in Part 2 occurs on the event in 
Part 1, because if S is star-shaped at z, then E% S {(I + e)t-) = Sfl^((l + e)i-) by 
Proposition 3.10. □ 

We are now ready to prove the main result of Chapter 4. 

Theorem 4.20 (Lower bound on growth restricted to 5-thick ^-stars). Suppose r is an 
i.i.d. traversal measure on Z, d satisfying (FPS^) and (EM), and let \i be the shape function 
for t from Theorem 1.1. For any v G 1, d , to > 0, 5 G (0, 1], and e G (0, 1), define the event 

El 20 (t ,5;e):= f] {w? G <*^>, ^ 5 (i) D Bf((l - e)t) for all t > t }. 

z6[v] 

Then given e G (0, 1), there exist positive constants C4.20 and C4.20 such that for any v G Z d , 
t > 0, and 5 G (0,1], 

Pr(El 20 (t ,5;e)) > 1 - ^C^e-^^ . 

Proof. By translation invariance it suffices to assume v = 0. The idea of the proof is to 
divide the points in S into two groups, those "near the origin," and those "far away," and 
then to bound the covering times of the "near points" using Lemma 4.16 and to bound the 
covering times of the "far points" using Lemma 4.18. We get a simultaneous bound over all 
z and S essentially "for free" because of the uniform nature of these two lemmas. First we 
define two events 

E(t ,5;e) := P| if s (0,y) < t for all y G S with dist M (z,y) < -^-) , 
F(t ,S;e) := Pi \f s (0,y) < ^l^lll for all y G S with dist M (z,y) > 1 , 

where the intersection over (z, S) means the intersection over z G [0] and S G ("A - ^ 5), and 
we have abbreviated T^ to T s . These events correspond to the "near points" and "far 
points" mentioned above, and the following claim shows why these definitions are relevant. 

Claim 4.20.1. The event £4 20 (£o, <5; e) occurs on the intersection E(to, 5; e) n F(to, 5; e). 
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Proof of Claim 4-20.1. Using the inversion formula (la) from Lemma 4.6, with ^4 = 0, 
A' = z, and a = 1 — e, for any z G [0] and S G s ), we have 

5 B? 5 ((l - C )t) Vt > t } = {^(O.y) < t V ( diS ^ Z ; y) ) Vy G s} . (4.38) 

Note that we used the fact that S is star-shaped at z to replace dist^ with dist M by 
Lemma 3.9. Now observe that for any M > 0, the event on the right-hand side of (4.38) 
occurs on the intersection 

{f T s (0,y)<t 



Thus, taking M 
claim. 

The trick to bounding the covering time of points in S, as well as to getting the bounds 
to hold simultaneously for all S, rests on the following claim. 

Claim 4.20.2. Let S G (*" { >. 

1. For any y G S and any realization of r, we have T^(0,y) < r([z,y]). 

2. For any 5' G [0,5] and y G S, there exists h y s , > and C y s s , G Cones M (z, 6', h^ s ,) 
such that 

y G C y ss , C S and (1 - 8')h\ 5 , < dist^z, y) < (1 + 8')h\ 5 „ 

where Cones^ (z, 5' , /ig 5 ,) is the family of initial /x-cone segments at z defined by (4.27) 
in Remark 4.18.2. 

Proof of Claim 4-^0.2. For Part 1, note that since any S G ("A - ^) is star-shaped at z, 
we have [z, y] C S 1 for all y G S. Thus, using the total traversal measure bound from 
Lemma 4.2, we have 

f 5 (0,y) <f s (0, [z,y]) <T s (0,[z,y]) +r([z,y]) =r([z,y]). 



Vy G S with dist M (z,y) < m} 

n jT T s (0,y) < dlSt ^ y) Vy G S with dist^z,y) > m\ . 

= and intersecting over all z G [0] and S G (if^s) P roves the 

□ 
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Note that the last step follows because z G [0], so G z C 5, and hence T 5 '(0, [z,y]) < 
T s (0,z) = 0. 

For Part 2, first recall that if 5' < 5, then (*■ j) C <*^ 5 ,} by (3.12), so S G (*^ 5 />. 
Thus, S 1 is a union of (/x, <5')-cone segments at z, so for any y 6 S there is some v y G §^ _1 
and /i y > such that y € Cj$ y (M C S 1 . bmce 

fce[o,fc y ] 

there is some h' y G [0, /i y ] such that y G y y (5'h' y ). It then follows that y G C^'J, y (/i y ) ^ 
C^'J, y (/i y ) C S, and the triangle inequality for /j, implies that 

(1 - 5')h' y < dist M (z,y) < (1 + 5')h' y . 

Thus we can take tvg S , := h' y and C y s & , := C^, y (/i y ) G Cones /1 (z, 5', h^ s ,) . □ 

Parts 1 and 2 of Claim 4.20.2 will be used to bound the covering times of the "near points" 
and "far points" in S, respectively. The "near points" are dispatched in the following claim. 

Claim 4.20.3. The event E(t ,5;e) occurs on the event E^iq ^ wfje ) ■ 

Proof of Claim 4-20.3. Note that the bound in Part 1 of Claim 4.20.2 does not depend on 
S. Therefore, 




□ 



In order to tackle the "far points," we first define 

eo(e) ■= ~, — - , , 6 (6, e) := 5 A e , and h (t ,e) := \ 

1 + (1 — eJA4.i 8 (l + e jA 4 . 
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These definitions were specially formulated to obtain the following relations, which will be 
needed in the subsequent claim. 

= 1 + K A . 18 e , S < € , and (1 + S )h > h>h Q . (4.39) 

1 — e -K4.I6 

Claim 4.20.4. The event F(t ,5;e) occurs on the event ls (ho, Sq; eo). 

Proof of Claim 4-20.4- Using Part 2 of Claim 4.20.2 (with 5' = So < 5) in the second and 
third lines, and using the relations in (4.39) in the fourth and fifth lines, we have 

F(t ,S;e) = f| |>(0,y) < ^h^lll V y G S with dist,(z,y) > -M 
[J{ l-e K4.I6 J 

— Q { flnt (°> C is ) < Vy € S with dist,(z,y) > ^L-} 

— Q {^(^kb) < \^ 5o Vy G 5 with (1 + 5 )hl So > 
2 P| P| |f Int (0,C) < i^/i VCGCones^(z,5 ,/i)} 

= n n n {^q&WKii+K^h} 

ze[0] ft>Ao ■uedir(R d ) 

— -^4.18 (^0) ^0) e o)- □ 

Finally, combining Claims 4.20.1, 4.20.3, and 4.20.4, applying Lemmas 4.16 and 4.18, 
and noting that 5q > 5eo since 5, eo G (0, 1], we get 



Pr(3L (t , (5; e)) > Pr(£7(t , <5; e) n F(t , 5; e)) 



> Pr (^4.16 (^) n ^.isl^o, ^o; eo)) 

> 1 - C 4 .i 6 «r C4 ' 16 ^ - ^C 4 .i 8 (eo)e- C4 ' 18(eo)5o/l0 



> 1 - C 4 .i 6 e" C4 ' 16 ^ - 1 • -4c4.i8(eo)e~ C418(eo) ^fc <5 *° 
1 



> 1 - ^C 4 . 20 (e)e- C4 - 20 ( £ ) <5to 



where 



^ / n ^ 1 /-» f j / n c 4.i6 . e o(e)c 4 .is(eo(e)) 

C 4 .2o(e) := C4.16 H rw C 4.i8(eo(e)J and c 4 . 2 o(e) := ^ A j— — y— . 

eo(e) ^4.16 (1 + e (e)jK 4 .i 6 

This completes the proof of Theorem 4.20. □ 
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The following corollary gives a large deviations estimate for first-passage growth re- 
stricted to a //-cone (or more generally any cone that is a //-star), showing that first-passage 
percolation restricted to a cone grows asymptotically as fast as unrestricted first-passage 
percolation. 

Corollary 4.21 (Large deviations estimate for growth in //-cones). Let r be an i.i.d. traver- 
sal measure on E(Z d ) satisfying (FPS^) and (EM), and let // be the shape function for r 
from Theorem 1.1. Then for any e G (0,1), there exist constants C4.2i(e) and 04.21(e) such 
that if C is any cone in M. d that is also a (//, 5)-star at for some 5 G (0, 1], then 

Pr{(l - e)tB„nC C ^ c (t) C (1 + e)tB^C\C for all t > t } > l-^C 4 . 2 i(e)e- C4 - 21 ^ 5 * . 

In particular, this holds if C = C ' s for some v G dir(M d ). 

Proof. This follows directly from Proposition 4.19 and Theorem 4.20: Take 

C 4 .2i(e) := (74.ii(e) + C4.2o(e) and c 4 . 2 i(e) := c 4 .n(e) A c 4 . 2 o(e), 

and note that B°' C (r) = (rB^) n C for all r > by Proposition 3.10 since C G (*°). □ 

Remark 4.21.1. Note that for a fixed (//, <5)-cone C = C°'J, Remark 4.18.1 implies that 
the bound in Corollary 4.21 can be improved to Pr > 1 - ^C(e)e~ c(e)<5t " for some positive 
constants (7(e) and c(e). 

^.5.2 Shape Theorems in fi-Stars and Cones 

Together, Proposition 4.19 and Theorem 4.20 immediately yield a Shape Theorem for growth 
restricted to a //-star. In fact, we trivially get various formulations of the Shape Theorem 
that are simultaneous over various collections of //-stars; the following theorem states several 
such results. Recall from (3.11) that (jtfy ■= U<5>o("^ s) * s ^ ne se ^ °^ an ^-stars at z G M. d . 

Theorem 4.22 (Shape Theorems for growth in //-stars). Suppose r is an i.i.d. traversal 
measure on 7j d satisfying (FPS^) and (EM), and let // be the shape function for r from 
Theorem 1.1. Let v G 7L d and S, e G (0, 1]. Then each of the following events occurs almost 
surely: 
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1. E\%(5;e) := 



2. Ef 22 (S;e) :-- 



3to > such that for any z G [v] and S G ("k^ 5)1 Vi > io ; 1 

^ 5 ((l- e )t)c^ ;5 (t)c^ ;S ((l + e )t) J ; 

For a// z G M d , 3t > such that if S G tfien V/ > t , 

Bf{(l - e)t) C C ^ ;S ((1 + e)t) 



| v j J For z G [v] and 5 G 3t > suc/i tftai Vi > i , 1 

W ° ;e):= \ B? ;5 ((l- C )t)c^(t)c^((l + C )t) j ; 

Rd J For aZZ z£R d and S 1 G (*">, 3t > such that Vt > i , ) 

lEM ° ;e):= l B? ;5 ((l- C )t)c^(t)c^((l + C )t) j ; 

Proof For Part 1, simply observe that 

4 V kS;e)D (J F 4 v; *(t ;e)nF 4 v 20 (to,o;6), 

*o>0 

so Proposition 4.19 and Theorem 4.20 imply that Pr(F|^ 2 ((5; e)) = 1 by monotnicity of 
measure. Part 2 then follows immediately since F^^o"; e) = flvez d ^4^22 e )- Then Part 3 
follows from Part 1 because Ff^O+se) = DneN^ ^422 (V n ! e )i an d P ar t 4 follows from 
Part 2 because Ff 22 (0+; e) = f] n em^ E^ 2 {l/n; e). □ 

We now state two corollaries of Theorem 4.22 for the case when the restricting set S is 
a cone. 

Corollary 4.23 (A Shape Theorem in cones that are /U-stars). Let r be an i.i.d. traversal 
measure on E(Z d ) satisfying (FPS d ) and (EM). If C is any cone in M that is also a fi-star 
at 0, then for any e G (0, 1), 



Pr 



|(1 - e)tB^ flCC ?j°' c {t) C (1 + e)tBf, n C for all large ij = 1, 



where \i is the shape function for r from Theorem 1.1. In particular, this holds if C is any 
fi-cone at 0. 

Proof. This follows directly from Part 3 of Theorem 4.22 since C G (*°) by assumption, 
and B^{r) = {rB^)C\C for any r > by Proposition 3.10 since C G ("A -0 )- Q 
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The following result will be needed in Chapter 6. Using the notation (4.27) in Re- 
mark 4.18.2, denote the set of all /i-cones at z G M. d by 

Cones M (z, + , oo) := (J Cones M (z, 8, oo) = {cjf £ G dir(M d ), 5 > o} . (4.40) 

<5>0 

Corollary 4.24 (A simultaneous Shape Theorem in //-cones). Let r and {i be as in Theo- 
rem 4.22. For e G (0, 1), let 

_ J VC G Cones M (z, + , 00), 3i > smc/j thatVt > t , | 
^ 24(£) " Ji j ^(U " C ^(t) C B?((l + e)t) j ' 
where Cones At (z, + , 00) is defined in (4.40). Then Pr(Ki24(e)) = 1 /or any e G (0, 1). 

Proof. This follows directly from Part 4 of Theorem 4.22 since Cones /1 (z, + , 00) C (iffy- 

□ 

4.6 Growth in a Super-Logarithmically Expanding Tube 

In this section we apply the large deviations estimate from Theorem 4.20 to obtain a Shape 
Theorem for the growth of a first-passage percolation process restricted to a tube-shaped re- 
gion. Our definition of "tube" is a natural generalization of cylinders and cones; specifically, 
the result will be stated for "/x-tubes" as defined in Section 3.1.3. 

It is well known (see, e.g. [DH07] or [DHB04]) that for growth in a cylinder or half- 
cylinder — that is, a tube of constant width — the restricted process has an asymptotic speed, 
and this speed can be made arbitrarily close to the asymptotic speed of an unrestricted 
process by choosing a cylinder of sufficiently large width. On the other hand, the results 
of Section 4.5 above show that for growth in a cone — that is, a tube whose width grows 
linearly with its height — the restricted process has an asymptotic speed in every direction 
of the cone, and this speed equals the asymptotic speed of an unrestricted process. It is 
natural to ask what happens in intermediate tubes — those in which the width increases at 
a rate that is oj(1) but o(h), where h is the "height," or distance from the origin. We show 
in Theorem 4.27 below that an expansion rate of w(logfr) in the tube is sufficient for the 
restricted process to grow asymptotically as fast as an unrestricted process. Before giving a 
formal proof of this result in Section 4.6.2, we first give a heuristic argument in Section 4.6.1 
showing how the expansion rate of uj(logh) is obtained. 
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Remark 4.25. In fact, recent papers by Chattcrjcc and Dcy [CD09] and Ahlberg [Ahlllb], 
[Ahllla] have shown that restricted first-passage percolation grows asymptotically as fast 
as an unrestricted process in tubes with expansion rate w(l), i.e. any tube whose width goes 
to oo, and moreover that the asymptotic speed of the restricted process is strictly slower in 
tubes of bounded width. Thus, the hypothesis of expansion rate w(log/i) in Theorem 4.27 
is suboptimal, and as noted in Section 4.6.1 below, it cannot be improved using the method 
presented here. 

On the other hand, since the basis of the proof of Theorem 4.27 is Lemma 4.18, we obtain 
a Shape Theorem for tubes in all directions simultaneously. As noted in Remark 4.18.1, 
the probability bound in Lemma 4.18 improves by a factor of 5 d ~ l if we instead consider 
a fixed direction. This improvement is almost but not quite enough to make the argument 
in Section 4.6.1 go through for a single fixed tube of expansion rate w(l); to make it work, 
we would need to remove the final factor of j from the front of the bound in Lemma 4.18, 
so that 5 only appears in the exponent. However, it does not seem to be possible to make 
this improvement in the proof of Lemma 4.18 (or rather, Lemma 4.17, which is where the 
bound originally came from). This raises the question of whether the bound in (the fixed 
direction version of) Lemmas 4.17 and 4.18 is in fact optimal, since this factor of j is the 
only obstruction to attaining the optimal expansion rate of oj(1) in the proof below. 

4-6.1 Heuristic Argument Underlying the Proof of Theorem 4-27 

The idea behind the proof of Theorem 4.27 below is to exploit the dependence on 5 in the 
probability estimate for the internal covering time of a /U-cone segment C of thickness S and 
height h. Lemma 4.18 shows that for fixed e > and 5 £ (0, e], the probability that the 
internal covering time of C and the unrestricted covering time of C differ by more than a 
constant times eh is bounded above by 



1 



C( e )e~ c{t)Sh = C(e) exp[-c(e)6h + dlogOT 1 )] , 



(4.41) 



where C(e) and c(e) are positive constants depending on e. Now consider a tube 




h>0 
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consisting of a union of ^-cone segments with common axis z + v, such that the thickness 
5h of each cone segment is allowed to depend on its height h. The tube T is a ^-tube as 
defined by (3.8) and (3.9) in Section 3.1.3. If 5h — > as h — > oo (i.e. the width of T expands 
at a strictly sublinear rate), then 5h < e for all sufficiently large /i, so the probability bound 
in (4.41) applies (with 5 = Sh) to the internal covering time of C^" (h) for all large h. We 
can now ask: How does this probability bound depend on the choice of function 8^! 

The key idea is to choose the function 5h so that the resulting probability bound in 
(4.41) is summable with respect to h for any fixed e, in order to obtain a shape theorem 
in T using the Borel-Cantelli Lemma. For example, if the probability bound in (4.41) is 
summable, then Borel-Cantelli implies that we almost surely get an e-good bound on the 
internal covering time of, say, C^'" n (n) for all sufficiently large n € N. This will imply that 
the ratio between the growth rates of the T-restricted process and the unrestricted process 
is on the order of 1 + e. 

How quickly can we allow 5h to approach if we want the expression in (4.41) to be 
summable in h for any e? To start with, the bound must approach as h — > oo, which 
means that we need 

—c(e)5hh + dlog(5^ 1 ) — > — oo as h — > oo. 



Since c(e) becomes arbitrarily small as e — > 0, the only way this can hold for all e > is if 
5h h grows faster than log(5^" 1 ), i.< 
this necessary condition becomes 



5hh grows faster than log(5 h 1 ), i.e. the ratio — > oo as h — > oo. Setting p(h) = 5hh, 



' oo as h -> oo. (4.42) 



log [WO] 



Clearly, p(h) satisfies (4.42) iff ^ ->■ oo, i.e. p(h) = uj(\ogh). Moreover, if p(h) = u(logh), 



og 

then it is easily seen that for any fixed e, the function 



/(/»)= exp [-c(e)p(h) + d\og (^y) 



decreases faster than any power of h and hence is summable. Thus, the necessary condition 
p(h) = Lxj{\ogh) is also sufficient to obtain a summable probability bound. Now observe 
that the function p(h) = Shh simply gives the radius of the final /x-ball in the cone segment 
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C*'" (h); if 5/j is a decreasing function, then this is equal to the "inner /x-radius" of the tube 
T at height h, i.e. the radius of the largest /i-ball contained in T and centered at z + ftt^. 
Thus, taking a tube of expansion rate w(log/i) is sufficient to make the above argument go 
through, and the argument will not work for any expansion rate that is 0(logh). 

4-6.2 Proof of Shape Theorem in a p-Tube with Expansion Rate co(\ogh) 

Recall from (3.8) and (3.9) in Section 3.1.3 that for a norm p on Hl d , the initial /[/-tube 
segment with parameters z G v G dir(M d ), h G [0, oo], and p: R+ — > R + is defined to 
be 

s6[0,fe] 

and the corresponding infinite /i-tube is 

Vf := T^(oo) := |J r^fy). 

Theorem 4.27 below will use the following result about the geometry of //-tubes. 

Lemma 4.26 (Geometric properties of p-tubes with sublinear expansion). Fix z G R d , 

v G a norm p on M. d , and a nonnegative function p on M.+ . Let T = Tp, p v , and for 

each h > let Th = Tp£ '(h), so {Th}h>o forms an increasing family of sets in M. d whose 
union is T '■ If the function 5h := p(h)/h is nonincreasing on (0, oo), then for all h > 0, 

l.T h = B U (J C z J h/ (h% where B :=B*{p(0)). 

h'e(0,h] 

2- r fc €<*^ h >, andTG(* z >. 
3. Ifs < (1 - <5 ft )h ; i/ten £* ;T (s) C T h . 
Proof. For each /i > 0, let := p(h)/h, and let <5o := 0. 

Part 1: By assumption, 5h is a nonincreasing function of h on (0, oo), so for any h > we 
have 

Cl>)= U Bl+ h 'v(6 h .h>)cB*(p(0))u |J Bl+ h 'v{5 h ,-h')=T h . 

h'€[0,h] h'e(0,h] 
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Since the collection {Th}h>o is increasing in h, this shows that for any h > we have 



r,D^( P (o))u |J c;l(h% 

h'e(0,h] 

and since Bfy h ' v — ,(^')> the reverse inclusion is trivial. 

Part 2: Since <J/j/ > <5/j for all < /&' < h, it follows from Part 1 and Lemma 3.6 that every 

point in 7h is contained in a /x-cone with thickness 5h and apex z, so 7^ G 5 h ) — 

for all h > 0. Since any union of elements of (iffy is star-shaped at z, we then have 

T = U>o^g(* z ). 

Part 3: We will show that if x G T \ Th, then dist M (z, x) > (1 — 5h)h. Suppose x G T \ 7/v 
Since x G T, there is some /i x G [0, 00) such that x G ,B^ + ' lxU (p(h x )) , and since x 7^, we 
must have /i x > h for any such /i x . Therefore, using the reverse triangle inequality for \i 
and the fact that 8^ is nonincreasing, 



dist jU (z, x) > dist jU (z, z + h*v) — dist M (z + h x v, x) 

> h x - p(/t x ) 

= (1 " 4J/ix 

> (1 - 4)/ix 

> (1 - S h )h. 



reverse triangle inequality) 
since xeB^(p(y)) 
definition of Sh x ) 
/i x > h => 5 hx < 5 h ) 

/i x > h) □ 



since 



We are now ready to prove the main result of the section. Rather than directly applying 
Lemma 4.18 as described in Section 4.6.1, the proof of Theorem 4.27 will use Theorem 4.20, 
since much of the work for translating Lemma 4.18 into a Shape Theorem was already done 
there. 

Theorem 4.27 (Shape theorem in a super-logarithmically expanding //-tube). Let r be an 
i.i.d. traversal measure on Z d satisfying (FPS d ) and (EM), and suppose p is a nonnegative 
function on M + satisfying: 



1. 



p(h) 



is nonincreasing; 



p(h) 



h— >oo h 



2. lim 



5 < 1; 
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3. lim ^=00. 

h^oo log h 

If \i is the shape function for r from Theorem 1.1, and T = T^ p v for some z G M. d and 
v G S^ -1 , then for any e G (0, 1), 

Pr|^ ;T ((l - e)t) C ^ r z;T (t) C £ Z;T ((1 + e)t) /or a// Zar#e t} = 1. (4.43) 

Proof. Fix e G (0, 1) and choose any v G z . Observe that since T G ("^ _z ) by Part 2 of 
Lemma 4.26, the upper containment in (4.43) follows immediately from Proposition 4.19 and 
the Borel-Cantelli Lemma. Thus it remains to prove the lower containment, or equivalently, 
to show that the complementary event 

F(e) := {3{t„} neN with t n -> 00 such that ISf "((1 - e)t n ) % ^ r v;T (t„)} 

has probability zero. We will do this by finding a suitable sequence of events {F n (e)} ne ^ 
such that F(e) = {F n (e) i.o.}, and then applying Borel-Cantelli. 

Let a := G (0, 1 — 5). For each h > 0, let % ■= T£'p{h) and 5h ■= p(h)/h as in 
Lemma 4.26, and define the event 

G h {e) := \rj?' Th (t) 5 B* Th ((l - e)t) for all t > ah}. 

Then since Th G {^k x „ g ) by Part 2 of Lemma 4.26, Theorem 4.20 implies that there are 
positive constants C(e) and c(e) such that 

Pr(G fc (e)) > 1 - 5Z d C(e)e^ Shah V/i > 0. (4.44) 

The following claim illuminates a connection between Cr/i(e) and .F(e)''. 

Claim 4.27.1. There exists N G N such that for any h> N, 

Gh(e) C |r/ r v;T (t) D £ Z;T ((1 - e)t) for all i G [a/i, a(/i + 1)] }. 

Proof of Claim 4-27.1. For any h > 0, we have T ^ Th and hence rj7' T (t) 5 VT' Th {t); and 
Part 3 ofLemma 4.26 implies that if (l-e)t < then £ z;T ((l-e)t) = B^ Th ((l-e)t) . 

Therefore, for any h > 0, 

G h (e) = \nr' ,Th {t) 5 ^ ;Th ((1 - e)t) for all t > a/i} 

C {^ r v;T (t) 5 B^ T ((1 - e)t) for all t G [a/i, ^/i] }. 
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Thus, to complete the proof of Claim 4.27.1, we need only show that 

2 ^ 

a(h + 1) < — h for all sufficiently large h. 

To see this, first note that h + 1 < j^h for all h > e _1 — 1, and next, since 5 < 1 and Sh\ S 
as h — > oo, there is some ho < oo such that 5^ < for all h > ho. Then 1 — 5h > = a 
for all h> ho, and hence 

h>h V (e- 1 - 1) + 1) < q • ^— /i < 

so the claim holds with AT := [/i V (e" 1 - 1)] . □ 

Now for h > define 

F h {e) := {3t G [a/i,a(/i + 1)] such that Bf "((1 - e)t) £ ^ T v;T (t)}, 

and note that since a > 0, if we consider the sub-collection {F n (e)} n& ^, then 

F(e) = {F n (e) i.o.}. (4.45) 

By Claim 4.27.1 and (4.44), for any h > N we have F h {e) C G/ l (e) C and hence 

Pr(F h (e)) <5 h d C(e)e~ c ^ ah = C(e)e W [-c(e)ap(h) + d log (^)" . 

Since — ^ oo as /i — > oo by assumption, there is some AT' G N such that p(h) > 
1 V log /i) for all h > N'. Thus, for h > N V N' we have 

Pr(F h (e)) <C(e)exp [-(d + 2) log + dlog (* )] = ^e)^ 2 . 
Therefore, setting N" = N \/ N' , 

oo AT" oo 

^Pr(F n (e))<^Pr(F n ( e ))+ £ C( e )n~ 2 < oo, 

n=0 n=0 n=7V"+l 

so by the First Borel-Cantelli Lemma, we have Pr{F n (e) i.o.} = and hence Pr(F(e)) = 
by (4.45). □ 
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Chapter 5 

STOCHASTIC ANALOGUES OF DETERMINISTIC COMPETITION 

In this chapter we combine the results of Chapters 2, 3, and 4 to study the random 
two-type competition process in 7L d . Our primary goal will be to prove various results 
showing that on large scales, the random Z d -process behaves similarly to the deterministic 
IR^-process run with a traversal norm pair consisting of the two species' shape functions. In 
particular, after developing some general tools for analyzing the random two-type process, 
we will focus in Section 5.4 on the same "point vs. conical shell" configurations studied for 
the deterministic process in Section 3.6. Our main results can be seen as extending Deijfen 
and Haggstrom's Theorem 1.7 [DH07, Theorem 1.1], and we will use the results of Chapter 5 
to analyze competition from finite starting configurations in Chapter 6. 

Chapter 5 is organized as follows. In Section 5.1 we introduce notation to facilitate 
treating the random two-type process as a subset of R d , similar to the notation introduced in 
Chapter 4 for the one-type process. In Section 5.2 we prove a simple conquering property for 
the two-type process, as a corollary of Proposition 2.9, and then we prove some probabilistic 
upper bounds on the growth of a one-type process, to complement the lower bounds from 
Chapter 4. In Section 5.3 we develop the main technical tools needed for analyzing the 
two-type process. The main general result is Theorem 5.7, which is a stochastic analogue of 
Proposition 3.18, showing that if species 1 starts at a point and species 2's initial set is far 
away, then with high probability species 1 conquers most of its /3-Voronoi star-cell for any 
fixed /3 > 1. In Section 5.4 we study the random two-type process when species 1 starts at a 
point and species 2 starts on the exterior of a cone. The results of Section 5.4 are stochastic 
analogues of the results from Section 3.6.4, showing that species 1 can survive with high 
probability in wide cones but loses almost surely in narrow cones. In Section 5.5 we prove 
some additional results about the two-type competition process as corollaries of the results 
in Section 5.4, and we state a result of Haggstrom and Pemantle, Proposition 5.17 [HP00, 



204 



Proposition 2.2], to help put our results in context. 

5.1 Extending the Random Two-Type Process to M. d 

In this chapter we study a random two-type process evolving according to some (sufficiently 
nice) random two-type traversal measure f on E(Z d ) whose components t\ and T2 have 
corresponding shape functions fi\ and jj,2- It is most convenient to describe the process as 
a subset of M, d rather than Z rf . In order to do this, we need to extend our definitions for the 
random two-type process analogously to the definitions for the continuum one-type process 
in Section 4.1. 

For the random two-type process, an initial configuration (^1,^2) in means a 
pair of subsets of R d such that Ai D A2 = 0, and we define the two-type process with such 
an initial configuration using lattice approximation as usual: 

V t Al ' A2 \t) := rii Al ' A2 \t) for all t G [0,oo]. (5.1) 

We also use lattice approximation to extend the definitions of the entangled passage times 
and the occupied sets: For any B C M. d and i G {1, 2}, we define, respectively, the entangled 
passage time to B and the entangled covering time of B for species i as 

T^> M \B) := inf Tp'^v) and t) MM \b) := sup 2; (M) (v), (5.2) 

where the definition of the entangled passage times appearing on the right is given in 
Section 2.4.4. The continuum hitting process and covering process for each species are 
then defined, respectively, as 



'H 



\t) := {x£l d : T t {AlA2 \x) <t}= lvl Al ' A2 \t)j , (5.3) 



and 



-{AuAW^ := | x G Rd . f(AuA*) ix) < t j = [^^)(t)]° . (5.4) 
One can verify from the definitions (and Lemma B.2) that 

4 A ^\t) = ^r { ^ (5 . 5) 
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where Cj = r/j 1 ' 2 (oo) is species z's finally conquered set. The geometric interpretation of 
the definitions (5.3) and (5.4) is the same as for the corresponding one-type processes, as 
described in Chapter 4. 

5.2 A Simple Conquering Property and Upper Bounds on Growth 

Our first result follows directly from the basic conquering property in Proposition 2.9 and 
generalizes one of the main ideas of Deijfen and Haggstrom in the proof of [DH07, Propo- 
sition 3.1], which considered the case where S is a half-cylinder in the lattice. 1 Lemma 5.1 
will be our primary tool for showing that one species conquers a given set in the two-type 
process. 

Lemma 5.1 (Sufficient condition for conquering a subset of M. d in the two- type process). 
Let (A\,A2) be an initial configuration in M. d , and let S C M. d . If on some realization of f 
it holds that 



if (Ai,x) < T 2 (A 2 ,x) for all x G S, 



then species 1 conquers S in the two-type covering process rjf 



~(A u A 2 );R d 



(t), and moreover, 



(Ai 1 A 2 );R d 




(t) for allt>0. 



A symmetric statement holds with the roles of species 1 and 2 reversed. 



Proof. Going back to the definitions, the stated hypothesis means 




sup T 1 s (A 1 ,v) < inf . T 2 ( A 2 , v) for all x£S. 



Now for any v G S there is some x G S such that v G x, so this implies that 



Tf (A\, v) < T 2 (A 2 , v) for all v G S- (5.6) 
Notice that (5.6) implies that (A\,v) < oo and T 2 (A 2 , v) > for all v G S, so AiDS + 

...... ... 'S)* / ' * * \ 

and S H A 2 = 0. Now, since we trivially have T 2 yA 2 ,v) <T 2 (A 2 , v) for any v, (5.6) 



implies that 



T?' (A u v) < rf (I 2 , v) for all v G dS \ A\, 



1 In fact, it was the proof of [DH07, Proposition 3.1] that inspired me to attempt to find a generalized 
version of the statement in Lemma 5.1 and eventually led me to the conquering property in Proposition 2.9 
and the subsequent development of Definition 2.f0 for the two-type process. 
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and since S H A2 = 0, Proposition 2.9 implies that species 1 conquers S in the lattice 
process, i.e. S C rj[ Al ' A2 \oo). Lemma B.2 then implies that 

.(Ai,A 2 );M d . 



S C 



^ 2) (oc; 



(00), 



so species 1 conquers S in the covering process. Moreover, Lemma 2.12 implies that for all 
t G [0, 00], we have rj[ Al ' A2 \t) D r] Al ' & (t) and hence 



(A U A 2 );I 



v[ AlA2) (t) 



n Av,S 
m 



(t) 



d sn 



(t) 



(t). 



□ 



(Ai,A 2 );]I 



Lemma 5.1 is useful because it reduces a statement about the entangled process r/ f 
to a statement about the two disentangled processes rj Al ' S and rj A ^' K . Chapter 4 provides 
the necessary lower bounds on the growth of the restricted process ri^ 1 ' . The next three 
lemmas provide the relevant upper bounds on the growth of an unrestricted one-type process 
rj T ' ; in the next section, we will apply these results with r = T2 and A = A<i- 

If we want to show that species 1 conquers some set S C R d using Lemma 5.1, we 
need a lower bound on T 2 (^42,x) for x G S. Instead of considering the disentangled type-2 
process r] A 2 2 ' R spreading out from A2, it is convenient to make use of the symmetry of T2 
and consider a dual process ry T2 ' starting at points in S. This dual perspective, formalized 
in Lemma 5.2 below, is useful because for a given x G S, the dual process r]r^ originating 
from the single point x is easier to deal with than the more complicated process ^4 2 ' K 
starting from multiple points. This idea for "dualizing" the process appears in Deijfen and 
Haggstrom's proof of [DH07, Proposition 3.1], and a similar idea is explicitly referred to as 
a "duality principle" by Kordzakhia and Lalley [KL05, p. 8]. Lemma 5.2 can be viewed as 
a one-sided analogue or variant of Lemma 3.21. 

Lemma 5.2 (Dual growth principle for passage time from a set to a point). Fix a realization 
t of a one-type process and a norm \i on M. d , and let A C M. d , x G M. d , and a > 0. Then 



(at) C B*(t-) for all t > dist M (^,x)" T T (A,x) > adist^(A,x). 



2 Two stochastic processes Xt,Yt defined on some interval [0, T] and taking values in X, y, respectively, 
are said to be dual with respect to the function H : X x y ->■ R if EH(X t ,Y ) = EH(X ,Y t ) for 
all t e [0,T] (cf. [Mue09, p. 120] or [LiglO, p. 115]). Thus, for any A, B C Z d , the processes r£(t) 
and rff (t) on [0, 00] are dual with respect to the indicator function l{A'ns'^0} : 2 Z x 2 Z — > R+ since 
Pr{^(t) n B j= 0} = Pr{r)?(t) n A j= 0} for all t € [0, 00]. 
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Proof. We will deduce this result from the inversion formulas. First note that we must have 
dist M (A, x) = dist M (y,x) for some y G A. Thus, 

(T r (A,x) > adist M (A,x)} D (T r (A,x) >adist M (y,x) Vy G A} 

T T (A,x) > adist^(y,x) for all y G R d 
with dist At (y, x) > dist^(A, x) 



= {a dist„(A, x) V T r (y, x) > a dist jU (y, x) Vy G M d } 
= {»£ ;R V) C B-(t-) Vt > disV(Ax)} , 



where the last line follows from the inversion formula (2b) in Lemma 4.6. □ 
Note that Lemma 5.2 is really a deterministic statement, holding pointwise on the 

E(Z d ) 

canonical sample space R, , in order to obtain probability estimates from it, we will 
use Lemma 4.11 to get a lower bound on the probability of the event "77^'^ (at) C B*(t—) 
for all t > distu(A, x)." For example, in the following simple lemma we combine Lemma 5.2 
with Lemma 4.11 to get a probabilistic lower bound on the passage time between two subsets 
of R d when one of the sets is bounded. 

Lemma 5.3 (Passage time to a bounded set). Let r be a random one-type traversal measure 
on Z d satisfying (FPS^) and (EM), with shape function fi (a norm on M. d ). Given a G 
(0, 1), there exist positive constants C5.3 and C5.3 such that if A and B are nonempty subsets 
ofR d , and B is bounded, then 

Pr{T T (A,B) > adist M (A,£)} > 1 - |B| • C 5 3e - C53dist ^ A ' B \ 

Proof. Recall that T T (A,B) = T T (A, B) by definition. Since B is bounded, B is finite, and 
thus 

{T T (A, B) > adist M (A,£)} = jminT r (A,v) > adist^A, B)J 

= I inf T T (A, x) > adist M (A, J B)| . (5.7) 
Next, note that if k := dil^oo(/x), then Lemma B.2 implies that 

dist M (5,x) < k for all x G [bJ . (5.8) 
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Now, using (5.7) in the first line, Lemma 5.2 in the third line, and (5.8) in the fifth line, we 
have 

{T T (A,B) > adist M (A,B)} = f] (T r (A,x) > adist^A, B)} 

xS-B 

D P) {T t (A,x) > adist^(Ax)} 

— H {^V) ^ V * > disV(A,x)} 

2 n n {< ;Md («i)^^(*-)vt>disv(Ax)} 

ve B xG [v] 

2 n n {< ;Rd (^)c^(Hvt>dist M (AB)- K } 

vGBxe[v] 

^ Q ^4 V .n(a[disV(A,S) - k];^ 1 - l). 

Therefore, since a < 1, Lemma 4.11 implies that 

Pr{T T (A,B)<a6ist li (A,B)} < Pr (^ n (a[dist M (A, B) - «]; a" 1 - l) C ) 

< ^ C 4 ii(q~ 1 - l) e - c 4.ii(" _1 -l)Q![dist M (A,B)-K] 
vSB 

< |B| • C 5 .3(a)e~ C5 - 3(Q)dist ^ A ' B) , 

where 

c 5 3 ( a ) := a ■ c 4 .ii(a _1 - 1) and C 5 . 3 (a) := C4.11 (a -1 - l)e C5 3 ^ K . □ 

Using Lemma 5.3, we obtain the following lower bound on the passage time between two 
concentric /i-spheres. In the style Chapter 4's events, we prove the bound simultaneously 
for all pairs of spheres with common center in a uint cube centered at v G Z d , in order to 
simplify later proofs. We will use Lemma 5.4 in the proof of Lemma 5.5 below, which will 
be our first nontrivial result about the two-type process. Recall from Section 1.4.3 that for 
A C R d we define shell A :=R d \A°. 

Lemma 5.4 (Passage time between nested //-spheres). Let r and fi be as in Lemma 5.3. 
Given a < 1, there exist positive constants C5.4 and C5.4 such that for any v G 7L d and any 
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< r < R, 

Pr|Vz G [v], T T (shell B^(R), B*(r)) > a(R - r)} > 1 - C 5 . 4 ■ (r V i)«* e -c B .4-(fl-r) j 
where shell B :=R d \ B° for B <ZR d . 

Proof. The proof idea is similar to that of Lemma 4.11. Let Eg A (r, R; a) denote the event 
in the statement of the lemma, and set k := \ dihjo°(/t). Then 

U shell Bl{R) C shell ^(i? - At) and J ^( r ) ^ + K )' 
ze[v] ze[v] 

and therefore, 

El 4 (r,R;a) = {Vz G [v], T T (shell ^ (i?) , B£(r)) > a(i?-r)} 
D {t t (shell ^(i? - k), £^(r + «)) > a(R - r)}. 

Now note that 

dist^ (shell B%(R - n),E^(r + k)) = R-r -2k. 
Set a' := ±±a < 1 and M a := 2( * +q)k < oo. Then 

R-r>M a =► a'(R - r - 2/e) > a(i? - r), 

so if .R — r > M a , then Lemma 5.3 and (5.9) imply that 

Pr(El 4 {r,R;a)) > Pr{T r (shell B%(R - k), £^(r + «)) >a(i?-r)} 

> Pr{r T (shell H^(i? - /e), £^(r + k) > a'(R - r - 2k))} 

> 1 - \B£(r + k) ■ C 5 .3(a / )e~ C5 - 3(a ' )( - R " r_2K) . 



(5.9) 



some constant such that 



Since B^{r + k) = Z d D \B^{r + «)] C Z d n 6^(r + 2k), Lemma B.3 implies that there is 
, such that 

B'i(r'+ k) < Wf, ■ [(r + 2k) V l] d < + 2 K ) d (r V l) d . 

Thus, setting 

C 5 . 4 (a) == [^(1 + 2K) d e c ^ a '> 2K V e c ^ a '> M «] • C 5 . 3 (a') and 05.4(a) := c 5 . 3 (a'), 
we get Pr(£ 5 v 4 (r, a)) > 1 - C 5 . 4 (a)(r V l)«* e -c6.4(a)(fl-r) for all < r < R u 
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5.3 Conquering a fxi-Star in the Two-Type Process 

Throughout this section we assume that f satisfies (FPS^), (EM), and (NTP1), meaning 
that the component measures T\ and T2 each satisfy (FPS^) and (EM), and the pair satisfies 
(NTP1). 

5.3.1 General Results for Conquering Star-Shaped Sets 

Recall from (3.28) that for ft > 0, species l's /3-meeting radius for the traversal norm pair 
{ft 1x1,112) w as defined to be 

1 

w = — 7 — ii — ' 5 - 10 

ft + W2/Hl\\L°° 

and that gp is the radius of the largest ^i-ball conquered by species 1 starting from z G 
R d when species 2 starts on the boundary of a unit ^-ball centered at z. Scaling this 
starting configuration by r > 0, Lemma 3.30 showed that for the traversal norm pair 

= 0"i,£~V2), 

(z,shellE£ (r)) , \ K z f \ rKH\ 

&i [Qpr) = B^{gpr), (5.11) 

where shell A := ~R d \ A° for A C M. d . The following lemma gives a weakened version 
of (5.11) for the random process, showing that with high probability in r, species 1 will 
conquer the ball that a /3-slowed version of species 1 would conquer in the corresponding 
deterministic process. Lemma 5.5 will be the starting point for proving the much more 
general Theorem 5.7 below. 

Lemma 5.5 (Conquering a /ii-ball inside a ^2-spherical shell). Suppose f satisfies (FPS^), 
(EM), and (NTP1), and let fx\ and 1x2 he the shape functions for the component measures 
Ti and t\. Let k := dihw°(^ 2 ), and for any v G Z d , r > k, and ft > 1, define the event 

El 5 {r;ft) := ^For all z G [v], ?j f'** B l*U)* i ( ftr ) 5 ^ (^r) } , 

where g\ and gp are defined by (5.10). Then given ft > 1, there are positive constants 
C5.5{ft) and C5.5(/3) such that for all v G 7L d and r > k, 

Pr{El 5 {r;ft))>l-C 5 . 5 {ft)e- c ^ r . 
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Proof. Note that the requirement r > k = diLj°°(//2) guarantees that the starting con- 
figuration (v, shell B^ 2 (r)) is valid, because if z G [v] and dist^ 2 (y, z) > r > k, then 
dist^(y, v) > i, showing that v ^ shell B* 2 (r). 

Our strategy is to combine Lemma 5.1 with Lemmas 4.13 and 5.4 to show that species 
1 conquers each of the balls B^^gpr) by time g\r with high probability. First, we want an 
upper bound on the time it takes species 1 to internally cover the ball B^^g^r). Choose e 
so that (1 + e)gpr = g\r, i.e. 

Qfi 1 + ||/U2//Wl||L-» 

Then by Lemma 4.13 (with r = n, // = /xi, and ro = g^r), 

1 - C 4 .i 3 (e)e- C4 - 13(e) ^ r < Pr {vz G [v], rj^M r ) ( 6l r) = B^ {gpr)) 

= Pr { Vz G [v] , rf « ( ^ r) (v, x) < ei r for all x G ^ (^r) } . 

(5.12) 

Next we want a lower bound on the time it takes species 2 reach the ball B^ (gpr), starting 
from shell B^ 2 (r). Observe that 



^{Qpr)QB^{ efi r\\^\\ Lao ), and r - 
Choose a so that a • fig^r = g±r, i.e. 



L oo B + \\h2/^i\\l°° 



Br 

Bgpr. (5.13) 



a (B) ■= = 1 + 1 II)"2//^i||l°° < 1 

0Q/3 1 + ||M2/Mi||l°° 

Then by Lemma 5.4 (with r = r 2 and \i = /U 2 ) and (5.13), 

l-C 5 .4(a)(^r||^|| Loo Vl)V c -^ r 

<Pr{VzG[v], T 2 ( S hell^ 2 (r),^ 2 (^r||^|| ioo )) >a-/%r} 

< Prjvz G [v], T 2 (shell^ 2 (r), B^r)) > Ql r]. (5.14) 

Now define the event 

El 5 (r;l3) := f] {^^(v.x) < ei r < T 2 (shelly (r), x) for all x G B^for)}. 
ze[vj 

(5.15) 
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Then E§ 5 (r; /3) is the intersection of the two events in (5.12) and (5.14), so we have 

Prfe(r;/3))>l-C 5 . 5 (/3)e- C5 - 5 ^, 

where, using the bound (B.8) from the proof of Lemma B.18 for the polynomial x exponential 
term in (5.14), 

C 5 . 5 (J3) := C 4 .i 3 (e) + 
C5.5(/3) := [04.13(e) A (/? - l)c 5 . 4 (a)] • Qp. 

Finally, observe that E% m5 (r;/3) occurs on E^ 5 (r;/3) by Lemma 5.1. □ 

The main result of this section will be Theorem 5.7 below, which shows that if species 1 
starts at the single vertex z, then with high probability it conquers any union of sufficiently 
thick cone segments radiating from z and contained within the set of points that are at least 
(3 times closer to z than to species 2's starting set, for any fixed (3 > 1. Theorem 5.7 is a very 
general result that extends Lemma 5.5 above and is a stochastic analogue of Proposition 3.18 
for the deterministic process. We will use Theorem 5.7 to prove Lemmas 5.10 and 5.11 below, 
which will be our main tools for analyzing the random process in the next section, where 
we consider the case when one species' starting set is the boundary of a cone. 

In order to prove Theorem 5.7, we will use the following lemma bounding the growth 
of species 2. Lemma 5.6 is similar in structure and proof to Lemma 4.17 in the previous 
chapter, so we have relegated its proof to Appendix A. The difference between the two 
lemmas is that that Lemma 5.6 provides an upper bound on growth whereas Lemma 4.17 
provided a lower bound. The main probabilistic tool for proving Lemma 5.6 is Lemma 4.11, 
with the rest of the proof being geometric in nature. 

Lemma 5.6 (Containment of growth within large ^-balls far from the origin). For any 

constants a £ (0, 1), /3 > 1, and r > 0, define the event 

E 5 . 6 (r,(3;a)= f] f] [rf^ {at) C B^t-) Vt > M(x)} , 
ze[o] xeR d 

Hi(x)>r 



d\\n2/n 



1 \\L°° 



a 



6*5.4(0), and 
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and let = 3diW°(/ii) + 1. Then given a G (0, 1), i/iere exist positive constants C5.6 and 
C5.6 suc/i i/iai /or ant/ /3 > 1 and r > 0, 



Pr(£ 5 . 6 (r,/3;a)) > 1 - C 5 . 6 (a)e 



-C5.6(a)-/3-(r-fc M1 ) 



To state Theorem 5.7, we make the following definition. For 0,6 > 0, z G M d , and 
A 2 ^ R d , define species l's (5-thick /3-Voronoi star-cell for the norm pair fx = (/ii,/i 2 ) 
and the initial configuration (z, A 2 ) to be 

*Vor« 5 (z, A 2 ) := U{ C G Cones M1 (z, <5) : C C Vor« (z, A 2 )} 

L (5.16) 

We will also use the following alternate notation to make some formulas more readable: 

*SS-^Vor^(z,A 2 ). (5.17) 

Both forms of the notation are intended to be suggestive of previously defined objects. 
Namely, the star-shaped set *[i)^ 2 ] = *Vor^ s (z, A2) is the largest element of 5) 
that is contained in Vor^(z, A 2 ); it is thus a subset and analogue of the /3-Voronoi star-cell 
*Vor^(z,A 2 ), defined using (hi, 5)-cone segments originating at z instead of line segments 
originating at z. It follows directly from the definition (5.16) that for S C R d , 

S G <*^> and S C Vor« (z, A 2 ) => S C *g$>. 

Note that it follows from Lemma 3.6 that the sets *[i } '^ 2 ] are decreasing with 6. This fact 
will be used in Lemma 5.11 below. 

Theorem 5.7 (Conquering a fat star-shaped set). Suppose f satisfies (FPS^), (EM), and 
(NTP1), and let fj,i and fi 2 be the shape functions for the component measures t\ and t±. 
Let k := dibj°° (fi 2 ) , and for any v G 7j d , r > k, 5 G (0, 1], and (3 > 1, define the event 

El 7 (r,6;/3) := 

p| jvA 2 Cshell^ 2 (r), ^ (v ' A2);Rd ( ftS ) / r « a >rl. 
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Then given any /3 > 1, there exist positive constants C^.i(j3) and cs.7(/3) such that for any 
v G Z d , r > k, and 5 G (0, 1], 



Pr(Ei 7 (r,8;P)) > 1 - i J C 5 . 7 (/3)e^^(« fr . 



6 d 

A symmetric statement holds with the roles of species 1 and 2 reversed. 

Proof. By translation invariance it suffices to assume v = 0. As in Lemma 5.5, the require- 
ment r > k guarantees that (0, A 2 ) is a valid starting configuration for any A2 C shell B^ 2 (r) 
if z € [0] . The structure of the proof will be similar to that of Theorem 4.20, in that we 
will define two events to deal separately with the "near points" and "far away points" in 
^nffs- Fix /3 > 1 and 5 G (0,1], and for notational convenience, let i^\ 2 ■= *[f ) '^ 2 ]. 
Define two events, corresponding to the "near points" and "far points" , respectively, by 



E(r,6;P) := f| [t, A2 (0,y) < T 2 (A 2 ,y) for all y G with dist w (z,y) < 0f} r}, 

z,A 2 

F(r,6;P) := f| {f*^(0,y) < T 2 (A 2 ,y) for all y G with dist m (z,y) > Q P r}, 



z,A 2 

where the intersection over (z, A 2 ) means the intersection over z G [0] and A 2 C shell B* 2 (r). 
Clearly, Lemma 5.1 implies that on the intersection E(r, S; j3)C\F(r, 5; /3), species 1 conquers 
the set ^ or an y z an d ^2) so we seek a lower bound on the probability of this intersection. 
The following claim deals with the near points. 

Claim 5.7.1. The event E(r,5;/3) occurs on the event ££ 5 (r;/3) defined in (5.15). 

Proof of Claim 5.7.1. By Lemma 3.6, every /ii-ball with center z is a union of (//i, <5)-cone 
segments at z (for any 5 > 0), so Lemma 3.30 and the monotonicity of the /3-Voronoi cells 
imply that for any z G M. d and any A 2 C shell B^ 2 (r) , we have 

This implies that for any z,y G M rf and any A 2 C shell B^ 2 (r), we have (1) '^ ,,5 (0, y) < 
rf^^^^Cy), and that 



{y G I dist w (z,y) < ^r} = B^^r) 



215 



Moreover, we also have T 2 (A2,y) > T 2 (shell B* 2 (r),y) for any such z, y, and A2, and 
therefore, 

E(r,8;p) = f| {f*«'^(0,y) < T 2 (A 2 ,y) for all y G B^r)} 

D p| {ff^ ( ^ r) (0,y)< £)1 r<T 2 ( S hell^ 2 (r),y)forallyG^ i (^r)} 
ze[o] 

Now it remains to deal with the far points. First define three constants in terms of /3, 

and note that e, 0:1,02 G (0, 1), with e \ and a±, oli /* 1 as /3 \ 1. These constants were 
chosen to satisfy the following relations, which will be needed in the proof of the subsequent 
two claims: 

1 — e = Oi, a\Q\r = gpr, a^ 1 = ct2/3. 
Claim 5.7.2. The event F(r,5;f3) occurs on the intersection 

£4.20 {eir, 5; e(/3)) n £5.6 (gpr, a 2 (/?)) , 
with t = T\ and /j, = [i\ in the event E\ 20 (gir, 5; e(/3)) . 

Proof of 5.7.2. Since ^\ 2 G s) f° r an y z an< ^ ^2, we have 

El 20 { Ql r,5;e((3)) = f] {w? G ^° ;5 (i) 5 ((1 - e)t) for all t > gir} 

ze[o] 

C p| j^*^) 5 ((1 - e)t) for all t > 01 r] 

= D {^ 2 (°>y) ^ eir Var 1 dist^z.y) for all y G *^}, (5.18) 

where the last line follows from inversion formula (la) in Lemma 4.6, since 1 — e = a±. Note 
that on the final event in (5.18), for any fixed z and A 2 , if y G ~it\ 2 and dist m (z, y) > gpr = 
aig±r, then a]" 1 dist Ml (z, y) > g±r, so it must hold that T x 2 (0, y) < a^ 1 dist Ml (z, y). 
Therefore, (5.18) implies that the event 

Gi(r,5;0) := p| {if ia (0,y) < a^ 1 dist M1 (z, y) for all y G \^(^r) } 
z,A 2 
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occurs on the event E® ,2o(^i r > <^ e (/^)) • Thus, to show that F(r, 5; (3) occurs on the intersec- 
tion in Claim 5.7.2, it will suffice to prove that the event 

G 2 (r,5;(3) := f| {T 2 (A 2 ,y) > a^ 1 dist w (z, y) for all y G *^ \^(^r) } 

z,A 2 

occurs on the event E^^^gpr, {3; a>2((3)) ■ 

Note that since C Vorj^g(z, A 2 ) by definition, for any z and ^4 2 we have 

Vye*^ 2 , /3dist Ml (z,y) <dist M2 (A 2 ,y). (5.19) 

Now recall that a^ 1 = 0.2$- Therefore, using (5.19) in lines two and four, and using 
Lemma 5.2 (with r = T2 and fi = // 2 ) in line three, 

G 2 {r,8;P) = f| f| {T 2 (A 2 ,y) > a 2 /3dist w (z,y)} 
z,a 2 ye*A 2 

dist Ml (z,y)>£) / 3r 

n {T 2 (A 2 ,y) >a 2 dist M2 (^ 2 ,y)} 
z,a 2 ye*A 2 

dist n (z,y)>Qpr 

2 n n {< ;K< W) c ^ 2 (t-) vt > disv 2 ^ 2 ,y)} 

z,A 2 ye*^ 2 

dist Ml (z,y)>£i / 3r 

^ H n {^f d («2t)C^ 2 (t-)Vt>/3dist m (z,y)} 

z6[0] yGR d 

dist M1 (z,y)>£i / 3r 

Thus we have 

El2 (Qir,S;e(P))nE 5 4gpr,P;a 2 W)) C G^r, 6; p) H G 2 (r, 5; /3) CF(r,M). □ 
Claim 5.7.3. The event E® 7 (r,5;f3) occurs on the intersection 

tf(r,<5;/3) := ^. 5 (r;/3) D ££ 20 (f?ir, 5; e(/3)) n E 5 . 6 (gpr, f3;a 2 (/?)), 
with r = r\ and /x = \i\ in the event £^4 20 (^ir, 5; e(/3)) . 
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Proof of Claim 5.7.3. Combining Claims 5.7.1 and 5.7.2, then applying Lemma 5.1, we have 
H(r,6;P) C E(r,5; /3) n F(r,5; (3) C f| {f*^ (0, y) < T 2 (A 2 ,y) for all y G 

z,A 2 

C P| {^ (0 ' A2);RCi (t) D V%*M(t) for all t > o}. (5.20) 



# (r, ^)cf] {^*i a (t) D ((1 - e)t) for all i > Ql r]. (5.21) 



z,A 2 

Additionally, since H(r,5;(3) C £4 20 (£>ir, <5; e(/3)) , by (5.18) we have 

,z;*" 

Claim 5.7.3 now follows directly from (5.20) and (5.21) by setting t = g\s and noting that 
(1 - e)Qi = Qp. □ 

Finally, combining Claim 5.7.3 with Lemma 5.5, Theorem 4.20, and Lemma 5.6, we get 

Pr(£ 5 7 (r,<5;/?)) > Pr(#(r, 5; /?)) > 1 - C b . b {P)e~ c ^ r 

-^C 4 . 2 o(6(/3))e- C4 - 2 °( e ^)^ ? ' 

- C 5 6 ( a , 2 ( j g^ e ~ C5 ' 6 ( a2 ^^' /3 '^' 3r_3dil ^^ 1 ^ 1 l 

>l-^C 5 . 7 (/3)e- c "(^, 

where Cs.7(/3) and cs.7(/3) are some positive constants depending only on /3 and the distri- 
butions of Ti(e) and T2(e). □ 

The following corollary restates the conclusion of Theorem 5.7 with the starting config- 
uration fixed ahead of time and without explicitly bounding the growth of species 1. 

Corollary 5.8 (Conquering species l's fat star set for fixed z and A 2 ). Let v £ Z d and 
A 2 C M. d , and suppose v ^ A 2 . Then for any (3 > 1, 8 G (0, 1], and z G [v], 

Pr {^^(oc) D > 1 - ^CiMe-^W^W. 

A symmetric statement holds with the roles of species 1 and 2 switched. 

Proof. Set r = dist^ 2 (z, A 2 ). Then A 2 C shell B^ 2 (r), so if r > diLW^), then the result 
follows directly from Theorem 5.7 because on the event EJ 7 (r, 5; f3), species 1 conquers 
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the set it^ps from the initial configuration (v, A2). If r < diLjoo(^ 2 ), then the proof 
of Theorem 5.7 goes through for any fixed z G [v] and A2 C shell B^ 2 (r) as long as the 
configuration (v, A2) is valid, which we assumed explicitly. Alternatively, we could increase 
(75. 7 (/3) if necessary to make the probability bound hold trivially for small r. □ 

The next result generalizes Corollary 5.8 to the case where A\ is any bounded set, 
and provides a stochastic analogue of Proposition 3.18 in which the set *Vor^\(Ai, A 2 ) is 
replaced with *Vor^ S (A\, A2) for some f3 > 1 and 5 > 0. We leave the proof to the reader. 

Corollary 5.9 (Conquering a union of thick star-shaped sets when A\ is bounded). Let 

(^1,^2) be an initial configuration in M. d with A\ bounded and dist^ 2 (A\, A 2 ) > r. Then for 
any /3 > 1 and 5 > 0, there exist positive constants Cr,,g((3,5) and C5.g(/3, S) such that in the 
f -competition process started from (Ai,^), SPECIES 1 conquers all of *Vor^ ,5(^1, A 2 ) 
with probability at least 1 - \A\\ ■ C 5 . 9 (/3, 5)e- c ^^ s > . 

5.3.2 Bowling Pin Lemmas 

In this subsection we combine Corollary 5.8 with the results in Chapter 3 analyzing the 
specific geometry of /x-balls and ^-cones, obtaining lower bounds on the probability that 
species i will conquer a particular /ij-bowling pin. The following two "bowling pin lemmas" 
are the key tools we will use in the next section to analyze the the two-type process when 
species 2 starts on the shell of a cone and species 1 starts at some point inside the cone. 

The first bowling pin lemma, which will be used in the proof of Lemma 5.18 below, is 
a stochastic analogue of Lemma 3.31 in which cones are replaced by bowling pins, and the 
parameter (3q is required to be greater than 1. Recall the definitions 

<W )-=P — and Q/3-=^—r, ; — [j 

H2{v) /3+ ||/x 2 /aji||l~ 

from (3.26) and (3.28). 

Lemma 5.10 (Conquering a /Ui-bowling pin inside the shell of a ^-bowling pin). Let f 

be a two-type traversal measure with limiting traversal norm pair fl = (^1,^2) as described 
above. Fix v G Z d , z G {vj, v G R d \ {0}, r > 0, and (3 > 1. Suppose 1 < f3 < f3 , and let 

r ■= roQp and 5 := (/3 - f})gp A 1. 
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Then in the r- competition process, 

1- If M C shell V^ rQ sy(j3 )(^ v ^>) and v ^ ^en SPECIES 1 conquers V^ r 5 {m{v)) 
from the starting configuration (v, A 2 ) with probability at least 1— 5~ d C5.7((3)e~ C5 - 7 ^ Sro . 

2. If A 2 C shell'P 2 '" ra ,„ ,(00) and v ^ A 2 , then species 1 conquers V?' v „Aoo) from 

H2,ro,o% (00) ^i, r ,° x ' 

the starting configuration (v, A 2 ) with probability at least 1 — 5^ d C^.y{j3)e~ Ch - 7 ^ 5r(> . 
A symmetric statement holds with species 1 and species 2 switched. 

Proof. For Part 1, set hi = m(v) and h 2 = ^(v), and for Part 2, set h± = h 2 = 00. 
We will show that V^ rS {h\) C *Vor^ s (z, A 2 ) and then apply Corollary 5.8. Note that 

K'urA^) G (Kit) ( Cf - ( 3 - 13 ))' SO [t remainS t0 " that Kf,rA k ^ ^ Vor£>,(z,A 2 ). 

Recall that 

so the hypothesis A 2 C shell P z,w „-,.. J/12) implies that 



A 2 C shell B^(ro) and A 2 C shell C^^^)- 



Therefore, since r = ro^, Lemma 3.30 implies that H^(r) C Vor^(z, A2), and since 
<5 < (Po — P)Qj3, Lemma 3.31 implies that C^ s [h\) C Vor^(z, A2). Thus, since 

we have V*^ s (h{) C Vor^(z, A 2 ) and hence ^^ r <5 (/ii) C *Vor^ 5 (z, A 2 ). Finally, by 
hypothesis we have 5 G (0, 1] and dist M2 (z, ^4 2 ) > tq, so the result now follows directly from 
Corollary 5.8. □ 

Remark 5.10.1. As a function of /?, the probability bound in Lemma 5.10 becomes worse 
both as (3 \ 1 (meaning that species 1 has a smaller margin of error with which to outrun 
species 2) and as /3 /~ f3o (equivalently S \ 0, meaning that species 1 has a narrower cone 
segment in which to move freely). 

The second bowling pin lemma will be combined with Lemma 3.49 to prove Theorem 5.15 
below. 
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Lemma 5.11 (Conquering a ^-bowling pin in species 2's /3-Voronoi star-cell). Given [3 > 1 
and 5 > 0, there exist positive constants Ck.n(/3,<5) and C5.n(/3, <5) such that if (Ai,y) is an 
initial configuration in R d such that V y ^ r5 {h) C Yor^{A\,y) for some r > 0, v G dir(M d ), 
and /i £ [0, oo], i/ien 

Pr {% (Al ' y);Rd (oo) D P%%{h)} > 1 - C 5 . 11 (/3,<5)e^- l(/3 ' 5)r . 

Proof We will apply Corollary 5.8 with the roles of species 1 and 2 switched. Since 
Kfr/h) G <*L«>' the assumption V%%(h) C Vorg(Ai,y) implies that 

Therefore, noting that A\ n y = by hypothesis, Corollary 5.8 implies that 

Pr {^^(oc) D P%%(h)} > 1 - • C 6 .703)e-^W(' A1 )- dtat 'i^^). 

Now note that by definition we have j8^ 2 ( r ) ^fr-aW an d Vor^(A 1; y) n ii =0, so 
Bfi 2 (r) n Ai = $. Therefore, dist M2 ( A\ , y ) > r, and hence 



dist m (Ai,y) > ||/x 2 /Mi|| L i. • dist M2 (^i,y) > ||/x 2 //xi|| Jo 



r. 



Thus the conclusion of the lemma holds with 

C 5 . U (P,6) := 1 d -Cs.?^) and c 5 .n(/3, <5) := c 5 . 7 (/3)(<5 A 1) ■ ||/x 2 //xi □ 
5.4 Competition When One Species Starts Outside a Cone 

The results in this section run parallel to those in Section 3.6.4, with the deterministic 
//-process replaced by the random r-process. We consider a r-competition process in which 
species 1 starts at a single point z inside a cone C, and species 2 starts on the exterior of C. 
Our main result is the following theorem, which is a stochastic analogue of Proposition 3.46 
for non-critical cones. Namely, in the random two-type process started from (z,Z d \'c) as 
just described, the probability of survival for species 1 is positive if C is wide, and zero if C 
is narrow and contained in a half-space. As we did for Proposition 3.46, we will break the 
proof of Theorem 5.12 into smaller pieces that will be treated individually below. 
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Theorem 5.12 (The probability of survival in wide and narrow cones). Suppose f satisfies 
the assumptions of Theorem 2.35 and also (EM). Let C be a cone, let z G C, and consider 
a f -process with starting configuration (z,Z d \ c) ■ 

1. If C is wide for species 1, then the probability that species 1 survives and conquers a 
nondegenerate subcone of C is positive. Moreover, we can assume that the thickness 
of this conquered subcone is bounded below by a constant that depends only on the 
advantage of species 1 inC. 

2. If C is narrow for species 1 and additionally is contained in a half-space, then the 
probability that species 1 survives is zero. 

Proof. Part 1 follows from Corollary 5.14 below, and Part 2 follows from Corollary 5.16 
below. □ 

Remark 5.12.1. Note that the deterministic analogue of Part 1 of Theorem 5.12 is false in 
general for nonconvex cones: A nonconvex wide cone may have regions which look locally 
like very narrow cones, and if z is in such a region, then species 1 cannot survive from z 
in the deterministic process. Correspondingly, the survival probability from such a z in 
the random process will be very low, but nevertheless positive as long as f satisfies the 
hypotheses of Theorem 2.35. 

We will deduce Part 1 of Theorem 5.12 as a consequence of the following large deviations 
estimate, which follows easily from the Bowling Pin Lemma 5.10 above. 

Theorem 5.13 (Survival in wide cones with high probability). Suppose f satisfies (FPS^) ; 
(EM), and (NTP1). Let C C M. d be a cone that is wide for species 1, and let z G C with 
Adv^(z,C) = a > 1. Then there exist positive constants 55.13(a); C5. 13(a); and 05.13(0;) such 
that if dist M2 (dC, z) > r, then the probability that species 1 conquers some nondegenerate 
Hi-cone of thickness 65, 13 (a) at z in the f -process started from (z, Z d \c) is at least 1 — 
C 5 .i3(a)e- C51s(a)r . IfC is convex and has advantage a > 1, then this bound holds for all 
z G C with dist M2 (<9C,z) > r. 
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Proof. Let a' := | + |a and a" := | + ^a, so 1 < a" < a' < a. Since a' < a = Adv^(z,C), 
there is by definition some v G dir(M d ) such that C^'^s^,) Q C. Since dist M2 (<9C, z) > r, 
we also have Bf.Jr-) C C. Therefore, -p 2 '* 3 ,,(oo)° C C, and if A 2 = Z d \ C, then 
Lemma B.2 implies that 

Now let 55.13(a) := W — u")o a » A 1 > and r a := rg a n. Then since a" > 1, Part 2 

of Lemma 5.10 implies that species 1 conquers V z ' v x , \(oo) D C z '"c , * from the 
^ ^ M ^1,^.05.13(0) v ' ^1,05.13(0) 

configuration (z, A2) with probability at least 1 — C5.i3(a)e -CB - 13 ( a ) r , where 

C5.i3(a) ■= S 5 . 13 (a)~ d C 5 . 7 (a"), and c 5 .i 3 (a) := 5 5 .i 3 (a)c 5 . 7 (a"). 

If C is convex, then Adv^(z,C) = a for all z G C by Lemma 3.45, so in this case the bound 
holds for all z G C with dist M2 (<9C, z) > r. □ 

Corollary 5.14 (Survival in wide cones with positive probability). Suppose f satisfies the 
assumptions of Theorem 5.12. Let C CR. d be a cone with Adv^(C) = a > 1, and let z G C. 
Then in the f -process started from (z, 'L d \ C ), the probability that species 1 conquers some 
Hi-cone of thickness 65.13(0:) is positive. 

Proof. Combine Theorems 5.13 and 2.35. □ 

Part 2 of Theorem 5.12 will be a consequence of Theorem 5.15 below, which gives a large 
deviations estimate for the size of the set conquered by species 1 in a small narrow cone. 
We refer to this estimate as a "tail bound for the survival time of species 1" because with 
high probability, the duration of species l's survival is comparable to the //i-radius of the 
set it conquers. In order to state the result, we introduce notation for the conquered region 
in the random process, analogous to the definition (3.30) for the deterministic process. For 
C C R d and A\ C C, we write conq f (A\,C) for species l's conquered region in the f-process 
started from (A ± , Z d \ c), i.e. 

conq f (A U C) := conq f (X c) := Tj^ 1 '^'^" {oo) f . (5.22) 
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Note that Lemma 2.22 implies that for any C,C C M. d and any realization of r, 

C => conq f (A U C) C conq f (Al,C ; ) . (5.23) 

The proof of Theorem 5.15 is essentially a probabilistic, "lattice-ized" version of the proof 
of Proposition 3.50 for the deterministic process, relying on the "cross-section covering" 
Lemma 3.49 and the probability estimate in Bowling Pin Lemma 5.11 above. 

Theorem 5.15 (Tail bound for survival time in small narrow cones). Suppose f satisfies 
(FPS d ), (EM), and (NTP1). Let C C R d be a closed cone with apex a G R d such that C 
is contained in some half-space and Adv^(C) < 1. Then there exist positive constants Rq, 
®> C5.15; and C5.15 such that for any z G C and R> RqV a^ 1 dist^ (a, z), 

Pr{conq f (z,C) C B^(R)} > 1 - C bAb e~ c ^ R . 

Proof. Referring to (5.22) and Lemma B.2, note that conq f (z, C) corresponds to the starting 
configuration 

(A 1 ,A 2 ) = (z, Z d \ c) = (z, R d \{ : cj] ■ (5.24) 

Also note that since we are working in 7L d rather than R d , it suffices to assume a G [0], but 
it does not suffice to assume a = 0. Thus, we will carry out the proof for a general apex 
aeK d Set := \ (l + Adv^(C)" 1 ) , so 1< /3 < Adv^C)" 1 . Let K = 88^(1) DC, and let 
P = P(K, (3) be the finite collection of /^-bowling pins from Lemma 3.49. Then P covers 
K, and there is some open neighborhood U a of a such that 

V-P G P, PC *Vorg([/ a , y P ), (5.25) 

where y P G R d \ C is the origin of P. Recall that for R > 0, P a : R d ->• R d denotes the 
homothety with scale factor R and center a, i.e. 

P a x := a + P(x - a) for x G R d . 

Since P covers K and is finite, there is some e > such that K + eBpx C (J P. Assume 
without loss of generality that e < 1. 

Claim 5.15.1. There is some n < 00 such that if P > ke -1 , then dB^R) n [c] C 
P a (i"C + d%). 
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Proof of Claim 5.15.1. Let k := 1 + (l V dil m (^)) • dil^(^i), and let R > ree -1 . By 
Lemma B.2, we have dB^ (R) n [c] C dB* x (R) n(C+B e ~). Thus, given any x G SB^ (i?) n 
[c], there exists some y x G C with dist^°(x,y x ) < 1. Since e < 1, we have R > k > 
diLj°o(/xi), and hence 

dist Ml ( a, y x ) > dist Ml (a, x) - dist m (x, y x ) > R - 1 • dibjcx, (^) > 0. 

Thus, for any x G 08^(12) n [c] , we have /ii(y x - a) a 1 (y x ) G 06^(1) flC = and we 
can define 

z x : = R a o //i(y x - a) a 1 (y x ) = a + R ■ — ^ ^— G R a K. 

Mi(yx-a) 

That is, z x is the radial projection (from a) of y x G C onto i? a ^- Then z x is a ^-closest 
point in dB^ jl (R) to y x , so since x G dB^ 1 (R) and dist^°(y x ,x) < 1, we have 

dist w (y x ,z x ) < dist w (y x ,x) < 1 • dil*<x>(//i). 

Therefore, for any x G dB^R) n [c] , we have 

dist^ ( x , R a K) < dist^oc (x, z x ) < dist^ ( x , y x ) + dist^ (y x , z x ) 

< l + dist w (y x ,z x )-dil Ml (£2°) 

< l + dil^( W )-dil m (C) 

< K. 

Therefore, since n < Re, we have 

dB^(R) n [c] C {x G R d : dist^(x, R a K) < k} 

C |x G R d : dist^ ( x , i? a ivT) < Re} = R a K + ReB t «> . □ 

Since C is closed and yp G M. d \ C, for each P G -P there exists some Rp < co such that 
RaYP G M rf \ [c] for all i? > i?p. Let ft be the constant from Claim 5.15.1, and set 

K 

Ro := — V maxitp < oo. 

£ PGP 

Let a > be small enough that B^ (a) C U a . Then it follows as in the proof of Proposi- 
tion 3.50 that a < 1. Now fix z G C and set 

#min(z) := Ro V - dist w (a, z). 
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Then if R > Pi m in(z), we have dist Ml (a, z) < Ra, and hence 

zeB^(Ra) = R a B* 1 (a) VP > P min (z). (5.26) 
Moreover, the following hold for any R > P m j n (z). 

1. The scaled family of /^-bowling pins P a P := {R a P}pep covers the thickened, scaled 
cross section R a [K + eB^ ) , since P covers K + eBe^> . 

2. dB^(R) n I'C'J C R a (K + eBqp) by Claim 5.15.1, since R > ne" 1 . 

3. z G B^{R) by (5.26), since a < 1. 

4. For all P G P, we have P a yp G M d \ [c] , since R > m&x PeP R P . 

5. z G R a U a , by (5.26) and the choice of a. 

6. For all P G P, we have P a P C *VorJ^(z, P a yp), by (5.25) and Statement 5 above. 
Now let £ , 5.i5(i?) be the event in the statement of the theorem, i.e. 

E 5 .i 5 (R) := {conq f (z,C) C B^(R)}. 

Then 

Claim 5.15.2. For any R > R m - m (z), E^^(R) occurs almost surely on the event 

E (R) I ^P ec ^ es ^ conquers each ^2-bowling pin in R a P "I 
\ from the initial configuration (z,IR d \ [£]) J 

Proof o/ Claim 5.15.2. Referring to (5.24), the above event can be written 

£ 5 .i5. 2 (p)= n {% (z,zdV6);Rd (oo),DP a p}. 

PeP 

Since the family R a P covers R a (K + e^£j>) by Statement 1 above, on the event Ps.i5.2(P) 
it holds that r] 2 ' (oo)f 5 P a + £Z%x> J . By Statement 2 above, we have dB* 1 (R)n 

i'cj C P a (K + e^oo), and since £*(P) \ [c] Cl d \ [£] = [A 2 }°, it follows that 

~(»,z«»\c)iM^ 00 j_ ^ aB*(P) on the event £5.15.2 (#)■ (5.27) 
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Let 

Cl =^ d \'c\oo) f and C 2 = rj?^\oo) f . 

By the assumptions on f , we have C\ PI C2 = almost surely. Thus, (5.27) implies that 
CiHdB^ (R) = almost surely on the event E5.15.2iR)- Now, by Statement 3 above, we have 
z G B*(R) for all R > i? m j n (z), and hence z G 6^(72). Lemma B.4 then implies that any 
lattice path from z to R d \ 8^(12) must intersect dB^(R). Therefore, if C 1 ndB^{R) = 0, 
then species 1 cannot conquer any points in R d \ B^ (R) because any such point would have 
to be connected to z by some path in Ci, by Part 3 of Lemma 2.11. This shows that almost 
surely on the event E5.15.2iR), conq f (z,C) is contained in the set Z d \ (M d \ B^iR)). By 
Lemma B.2, this implies that 



conq f (z,C) C 



Z d \{R d \B^iR) 



and hence £5.15 (i?) occurs almost surely on E5.15.2iR). □ 

To complete the proof, we need a lower bound on the probability of the event E5.15.2iR) 
when R > i? m j n (z). By Statement 4 above we have R a yp G M. d \ [c] and hence R a yp C 
Z d \ C for each P G P, and therefore 

SB.1B.2(H) = H {^'^V) 5 i? a P} 5 {^ ZAyP);M V) ^ «aP} ■ (5-28) 

pgp PeP 
Let 5p be the common thickness of the ^-bowling pins in P, and for each P G P, let rp > 
be the head radius of P. Then the head radius of the scaled bowling pin R a P is Rrp, so 
Statement 6 above and Lemma 5.11 imply that 

Pr |^ 2 {z ' flayp);Rd (oo) D # a p} > 1 - C5.nW,5p)e- C5 ^ fS ' S ^ Rrp . (5.29) 

Thus if we set tq := minp g prp > 0, then (5.28) and (5.29) imply that 

Pr (£ 5 .i5. 2 0R) C ) < ^ Pr{^ (z * Rayp);Rd (oo) 2 i?aP} < |P|C 5 .ii(/3,^)e- C5 "^^)roP. 
PeP 

Therefore, Claim 5.15.2 implies that the statement in Theorem 5.15 holds with C5.15 := 
\P\C5.ni(3,5 /3 ) and C5.15 := c 5 .n(/3, (5^)r . □ 
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Remark 5.15.1. A priori, the four constants in Theorem 5.15 can depend on the specific 
geometry of the cone C. However, with a little more work, it should be possible to show 
that all four constants only depend on the single parameter Adv^(C). In particular, this 
would follow if we could strengthen the statement of Lemma 3.49 by proving the following 
additional statements about the collection of ^-bowling pins P and the neighborhood U a 
for a fixed spherical section K: 

1. dist M2 (yp,C) is bounded below by some constant depending only on (3 and Adv^j(C). 

2. There is some positive constant a depending only on (3 and Adv^(C) such that the 
neighborhood U a contains the /ii-ball 23^ (a). 

3. The head radius rp of each P £ P is bounded below by some positive constant r 
depending only on f3 and Adv^(C). 

4. There exists some e > depending only on (5 and Adv^(C) such that for each x G K, 
the cube Bfoc (e) is contained in some P G P. 

5. \P\ is bounded above by some constant that depends only on (3 and Adv^(C). 

I believe this improved version of Lemma 3.49 should be true, but at present I have not 
worked out the geometric details needed for the proof. 

The following corollary shows that Part 2 of Theorem 5.12 follows from Theorem 5.15, 
even without the additional assumption that f satisfies the hypotheses of Theorem 2.35. 

Corollary 5.16 (Extinction in small narrow cones). Suppose f satisfies the hypotheses of 
Theorem 5.15. Let C be a cone that is narrow for species 1 and contained in some half-space, 
and let z G C. Then the probability that species 1 survives from the starting configuration 
(z, Z d \ C ) is zero. 

Proof. Note that 

| SPECIES 1 survives from (z,Z d \ c)| = [^| |conq f (z,C) % 6^(iV)|, 
so the result follows from Theorem 5.15 and continuity of measure. □ 
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5.5 Additional Results for Random First-Passage Competition in Z 

Here we briefly discuss the result of Haggstrom and Pemantle [HPOO, Proposition 2.2] which 
is the key step in proving Theorem 1.6 [HPOO, Lemma 5.2]. We state a slightly more general 
version of this result (valid for infinite starting configurations), which appears in [DH07, 
Proposition 5.2]. Recall that S = {0, 1, 2} zd is the state space for the two-type process, and 
Pr^ Aa denotes the law of the two-type Richardson model with exponential rates Ai, A2 > 
and initial configuration X € S. 

Proposition 5.17 (Low coexistence probability from "point vs. ball" configurations [HPOO, 
Proposition 2.2]). Consider the two-type Richardson model on Z d with rates X\ = 1 and 
A2 = A < 1, and let fx be the shape function for species 1. For each r > and (3 > I, 
define the set of initial configurations 

PvB^r) :={l£S:#)C rB„ and Vl (X) £ PrB^}. 

Then for any j3 > 1, 

lim sup Prf A { species 2 survives] = 0. 

We describe Proposition 5.17 as a result about low coexistence probability from "point 
vs. ball" configurations because these are the minimal configurations in the set PvB^(r) 
(where, of course, PvB stands for "point vs. ball") with respect to the ordering from Sec- 
tion 2.5.2. That is, every configuration X 6 PvB^(r) dominates a configuration X' in which 
species 2 occupies an entire /x-ball of radius r while species 1 occupies a single vertex 
outside a larger //-ball of radius (3r, so these "point vs. ball" configurations are the worst 
possible elements of PvB^r) for species 1. Proposition 5.17 shows that if species 1 is the 
faster species, it still has a high probability of winning from such a minimal configuration 
when r is large. 

The following result is a special case of Theorem 5.13 in the case where C is a /X2-cone; 
it is a stochastic analogue of Lemma 3.52 that applies when species l's advantage in the 
/i2-cone is strictly greater than 1. 
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Lemma 5.18 (Conquering a ^i-subcone of a wide /Lt2-cone with high probability). Let r 
be a two-type traversal measure on E(Z d ) satisfying (FPS d ) ; (EM), and (NTP1), and let 
jl = ([11,112) be the pair of shape functions (norms) corresponding to f. Suppose \\j^\\ Loa > 
a > I, and for v€R d \ {0}, let 8% (a) = as defined in (3.26). Then 

1. If > a and a G R. d , the set C := C a,v ci ,, . is a small cone with Adv s (C) > a. 

2. There exist positive constants 65.18(a), C^_i^(a), and c^^(a) such that if v and C are 
as in Part 1, then for any z G C with dist M2 (z, dC) > r, 

Pr {conq, (z, C) D C"^ u(a) } > 1 - C 6M («)e-*-«°> 

Proof. Part 1 is the same as in Lemma 3.52. For Part 2, let a' := \(1 + a) > 1, let 
65.18(a) := (a — a')g a i A 1 > 0, and let r' := rg a i. Since C = C a ' v ' - is convex and z G C, 
Part 7 of Lemma 3.2 implies that C z '" , C C a,v , r ,, , , and since dist U9 (z,dC) > r, we 
have KL(r-) C C = C a '%, ._. Therefore, 7? M aW .(oo)° C C a '^ B . . , and if A 2 = Z d \ C, 
then Lemma B.2 implies that 

A 2 C [A 2 ] C«V = t d \ C^ |(a) _ C \ ^ (a) (oor = shell >a?(a) (oo). 

Thus, by Part 2 of Lemma 5.10, species 1 conquers V*'" r , 5r 18 ( a )(°°) ^ 18 (a) f rom the 
configuration (z,A 2 ) with probability at least 1 — C5.i8(«)e~ C518< - a ^ r , where 

C5.i8(«) := 6 5 .i8(a)~ d C 5 . 7 (a), and c 5 .i 8 (a) := <5 5 .i 8 (Q;)c5.7(a / ). □ 

Using Lemma 5.18, we prove the following result, which will be needed in Chapter 6. 

Lemma 5.19 (Uniform lower bound for survival probability in cones with nearby apex). 
Suppose f satisfies the hypotheses of Theorem 2.35 and also (EM), and suppose > 
a > 1, where j2 = (//i,^) is the pair of shape functions for f, and v € M. d \ {0}. Let 
62(a) = a j^pj £ (0,1]; and let £5.18 (a) be the constant from Lemma 5.18. Then there 
exists z G v such that 

inf Pr |conq f (o,C a '%, .) D C x f, ,\ > 0. 
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Proof. Set 5 := 62(a), set k := \ dil^oo (^2), and define zo := § t> M . Then [0] C B® 2 (k), and 
by Part 3 of Lemma 3.8, we have 

ae[0] aes° 2 («) 

For each i? > 0, set z R := z + Rv^ G C Z °'J. By Lemma 3.7 (Part 1), dist M2 (flCjj'J, z fl ) -»• 
00 as i? — > 00, so Lemma 5.18 implies that for all sufficiently large i?, 

Pr{con % (z^C- ; j)DC-;| i8(a) }>0. (5.31) 

Choose R large enough that (5.31) holds, and set z := zr. Now for each a G [0], let 7 a be a 
lattice path in C*f s n fi° 2 (/i 2 (z)) from to z, and set C a := 7 a U C^'J. Note that the path 
7a exists for each a G [0] because the lattice set C^ s n ,B° 2 (^2(2)) is connected and contains 
both and z. Moreover, since each of the paths 7 a is contained in the ball B® 2 (/^(z)) , 
there are only finitely many such paths, and therefore the collection {C a : a G [[0]} is finite. 
Furthermore, since C^ s 5 7a by definition, (5.30) implies that C^ s ~D C a for all a G [0]. 

Now, since C a D C^ 2 '^ by construction, we have conq f (z, C a ) 5 conq f (z, C^°'") by (5.23), 
so (5.31) implies that 

Pr {conq f (z,C a ) D Cj^ lg(a) } > for all a G [0], 

and since and z are in the same component of Z d \ C a , Theorem 2.35 then implies that 

Pr {conq f (0,C a ) D lg(a) } > for all a G [0] . (5.32) 

Finally, since C*^ 5 C a , we have conq f (0,C*^$) 5 conq f (0,C a ), so (5.32) plus the fact that 
the collection {C a : a G [0]]} is finite imply that 

inf Pr fconq= ( 0,C^ € S ) 3 C Z '" A , ,} > inf Pr fconq= (0,C a ) 3 C z '^ , 
ae[0] I V ^2,V- W,<55.i8(a)/ - a€ j j \ Hr V > a; _ Wi< 5 518 ( a )J 

= min Pr {conq, (0,C a ) D C*;% ig(a) } > 0. □ 

The next two results follow from Theorem 5.12 and are analogues of Propositions 3.53 
and 3.54 for the deterministic process. 
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Theorem 5.20 (Existence of critical thickness for /x-cones). Let r be a one-type i.i.d. 
traversal measure on E(Z d ) such that r(e) has a continuous distribution function with finite 
exponential moment, and suppose G suppr(e). Let li be the shape function for t, and for 
each A > define f\ := (r, A _1 r) and j2\ := (//, A -1 ^). Consider a f\- competition process 
started from ^z, Z d \ C%fj , where aeR d ,ve div(R d ), 5 G (0, 1], and z G Cjf . 

1. Adv^ A (c^'g^j = 5/X, and hence the cone C^'J is wide, critical, or narrow for species 1 
according to whether 5 > X, 5 = X, or 5 < X, respectively. 

2. If 5 > X, then Pr |conq fA ^z,C^'J^ contains a nondegenerate conej > 0. 

3. IfS< X, then Pr |conq fA (z.Cjjf ) is bounded} = 1. 

Theorem 5.21 (Existence of critical speed ratio in small cones). Let f = (ri,r2) be a two- 
type i.i.d. traversal measure on E(Z d ) such that G suppri(e), and for i G {1,2}, Tj(e) is a 
continuous nonnegative random variable with finite exponential moment, and let fx = (^1,^2) 
6e i/ie pair 0/ s/iape functions corresponding to f. For any Ai, A2 > 0, consider the random 
two-type process run with the pair of scaled traversal times f\ lt \ 2 = (A^Vi, Ag V2) arid 
started from the configuration (z, M d \ c), where C C M. d is any cone contained in a half- 
space, and z G C 

1. //A2/A1 < Adv^(C), i/ten species 1 conquers a nondegenerate subcone of C with posi- 
tive probability. 

2. If X2/X1 > Adv^(C), i/ten species 1 almost surely conquers only a bounded region. 

Thus, any nondegenerate small cone C has a critical speed ratio A C (C) G 1 1 1 1 £,<L > snc/i 
f/iaf in the f\ 1 ^-process started from (z, R d \ c), species 1 conquers a nondegenerate cone 
with positive probability if A1/A2 > A C (C) and dies out with probability one if A1/A2 < A C (C). 



232 



Chapter 6 

COEXISTENCE FROM FINITE STARTING CONFIGURATIONS 

In this chapter, our goal will be to strengthen Haggstrom and Pemantle's Theorem 1.6 
[HPOO, Lemma 5.2], which showed that in the two-type Richardson model started from finite 
initial configurations, if coexistence occurs, then the total infected region grows asymptoti- 
cally at the same rate as the slow species. Namely, we will prove the following theorem: 

Theorem 6.1 (Coexistence implies fast species can't touch support hyperplanes infinitely 
often). Consider a two-type process in which ri(e) and T2(e) are exponentially distributed 
with rates X\ and X2, respectively, and assume Ai > A2. Let X = (Ai, A2) be a finite initial 
configuration, and let H(X) be the event that in the process started from X, there exists a 
sequence of times t±, t2, ■ ■ ■ with t n — > 00 such that at each time t n , the total occupied region 
Vnj2^n) has a support point in nf(t n ), the set of vertices occupied by species 1. Then 
Pr(Coex f (X) nH(X)) = 0. 

The fact that Theorem 6.1 implies Theorem 1.6 follows from the Shape Theorem and 
the observation that the growth of the slow species in the two-type process is dominated by 
its disentangled version. More explicitly, suppose Theorem 6.1 holds, and let X = (A±,A2) 
be a finite initial configuration. Then almost surely on the event Coexf(X), there exists 
to < 00 such that for all t > to we have conv rj^ u2 (t) = conv?? 2 Y (t) (cf. Lemma B.13). By 
Part 1 of Lemma 2.12, we also have ^(t) C rj^(t) for all t > 0. Now since A2 is finite, 
the Shape Theorem for species 2 implies that almost surely, for any e > there is some 
t e < 00 such that n^ 2 2 (t) C (1 + e)tB m for all t > t e , where ^2 is the shape function for 
T2- Thus, since B^ 2 is convex, almost surely on the event Coex^(X), for any e > we have 
»7iu2(*) — conv?7 2 x (t) C {l + e)tB^ 2 for all t > to Vt e , so the conclusion of Theorem 1.6 holds. 
On the other hand, it is clear that Theorem 1.6 does not immediately imply Theorem 6.1, 
as Theorem 6.1 gives more precise information than Theorem 1.6 about the growth of the 
process on the event of coexistence. 
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As noted in the introduction, the proof of Theorem 6.1 is actually a bootstrap argument 
that relies on Theorem 1.6 in an essential way, combining it with the results of Chapter 5 
to obtain a stronger result. Theorem 6.1 will be a corollary of Theorem 6.3 below, in which 
we show that on the event of coexistence, the advantage of the fast species in the process 
configuration at time t is bounded above by 1 in the limit as t — > oo. 

Chapter 6 is organized as follows. In Section 6.1 we first describe the general setup 
and notational conventions relating specifically to the two-type Richardson model, then 
we define the advantage for discrete configurations in order to state the main result of 
Chapter 6, Theorem 6.3. In Section 6.2 we prove Theorem 6.3 through a sequence of 
lemmas, culminating in the proof of the main result via the strong Markov property, and 
then we show that Theorem 6.3 implies Theorem 6.1. 

6.1 Setup and Statement of Main Result 

Throughout this chapter, we assume that f = (ti,T2) is an i.i.d. traversal measure on 
E(7j d ) with exponentially distributed model traversal times, say Tj(e) ~ Exponential(Aj) for 
some Ai,A2 > 0. As noted in Section 2.4.3, this implies that the two-type first-passage 
competition process £. is a Markov process on the state space S = {0, l,2} zd , called the 
two-type Richardson model. Note that the process £. is time-homogeneous and a.s. right- 
continuous, and for finite starting configurations, it is also a.s. constant except for isolated 
jumps, hence of pure jump type (e.g. as defined in [Kal02]). By time scaling, we can without 
loss of generality fix the parameter Ai for species 1, and allow A2 to vary. Thus, we will 
assume throughout that Ai = 1 and A2 = A < 1. We let (ii = (i denote the corresponding 
shape function for species 1, in which case it follows that species 2's shape function is 
/j,2 = A~V. We let £t\ = (^1,^2) = (/",A~V) denote the traversal norm pair for the 
corresponding deterministic process. Observe that the limit shapes for the two species are 
then # w = B^ and B^ 2 = XB^. 

Our main goal for the rest of the chapter will be to prove Theorem 6.3 below. First we 
need a suitable definition for the advantage of species 1 in a discrete configuration X G S 
as opposed to a continuous starting configuration in R. d . Following the definition (3.40) for 
the deterministic process, but making adjustments for lattice approximation, we define the 
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advantage of species 1 in a state X G S with respect to the norm pair n = (^1,^2) by 



Adv^(X) := sup < 



a > 



3v G R d \ {0} and z G [^(X)] with 
C Z '^ B , x n h 2 (X)] = 0, where <jf (a) = a^4 



(6.1) 



J C is a cone with apex(C) n [^(-X")] / 1 

" SUP r M) and C n =0 J" 

Remark 6.2. For the norm pair fix = (/-t>^ - V)> Corollary 3.41 says that Adv^ A (C^'") = 
5/X for any v G dir(K d ) and S G [0,1]. Thus, if a G [0, A -1 ], the advantage of species 1 
in the /U-cone C^'" Q is a, and if A G (0, 1), the /i-cone C*'^ is wide, critical, or narrow for 
species 1 according to whether 5 > A, 5 = A, or <5 < A, respectively. 

Now we are ready to state the main result of Chapter 6. Recall that for the two-type 
Richardson model with rates Ai and A2, we write Coex^ ,a 2 (^0 for the event that coexistence 
occurs when the starting configuration is X. 

Theorem 6.3 (Coexistence implies advantage is bounded above by 1 in the limit). For any 

fixed A G (0, 1), if X G S is finite, then almost surely on the event Coex 1 ^(X), we have 

limsupAdv^ (£f) < 1, 

where fix = (/U,A~V) is the pair of shape functions for the two species, and the advantage 
of species 1 in the configuration £f is defined by (6.1). 

The idea for the proof of Theorem 6.3 is that if at some random time a the advantage 
of species 1 in the configuration ^ is greater than 1, then by Part 1 of Theorem 5.12, 
species 1 has a positive probability of conquering a cone from the configuration . Since 
the growth of species 1 in a cone is asymptotically as fast as its unrestricted growth, this 
implies that species 1 will eventually occupy points outside the ball B®((l + e)t), precluding 
the possibility of coexistence by Theorem 1.6. Thus, if there is some unbounded sequence 
of times a\ , 02 , . . . such that at each time a n the advantage of species 1 is at least a > 1 , 
we can get a uniform positive lower bound on the probability that species 1 eventually wins 
from the configuration ; applying the strong Markov property at the stopping times a n 
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will show that species 1 must in fact win if such a sequence exists. We prove Theorem 6.3 in 
the following section by formalizing this argument via a sequence of lemmas, and we then 
show that Theorem 6.1 follows as a corollary of Theorem 6.3. 

6.2 Proof of Theorems 6.3 and 6.1 

We start by defining several increasing subsets of the state space S = {0, l,2} zd . Recall 
that H C S is increasing if for any state X G H, the result of changing some of the sites 
in X from 2's or 0's to 0's or l's yields a configuration that is still in H. Also recall that a 
configuration X = (A±,A2) is finite if both A\ and Ai are finite, fertile if neither of the 
sets A\ or A2 surrounds the other, and final if A\ U A2 = % d . 

Definition 6.4 (Some increasing subsets of S). 

ADV For each A G (0, 1) and a G [0, A^ 1 ), define 

ADV^ := {finite, fertile X G S such that Adv^ A (X) > a} , 
where p,\ = (fi, A~V)> an d for each r > let 

ADV^(r) := {X G ADV^ : r, 2 (X) C r^}. 
Note that the map r i-> ADV"(r) is increasing as a function from M + to 2 s . 

CON For each D C dir(lR d ), let 

CON(D) < ^ na ^ ^ ^ ^ such that there exists v G D, 1 
( ' '~ \ z G R d , and 5 > 0, with C Z J C M^)J° J ' 

i.e. final (not finite) configurations in which species 1 has conquered an entire ^-cone 
with some axis in D. 

ESC For each r > 0, let 

ESC(r) := {finite X G S such that M^OJ 2 rB^}, 

i.e. finite configurations in which species 1 has "escaped" the ball rB^, in that it 
occupies some site outside this ball. 



236 



WIN! Finally, let 

WIN! := {X G S such that species 1 surrounds species 2}, 

i.e. the set of configurations (finite or not) in which species 1 has won. Observe 
that € WIN!} is the event that species 1 wins when the process starts with the 
initial configuration X. Observe also that WIN! is absorbing, i.e. if G WIN!, then 
g G WIN! for all t > t . 

Very loosely speaking, the idea of the proof will be to show that for a given starting 
configuration X G S, we have "ADV =>■ CON ==> ESC WIN!" with probability 

bounded away from 0, and then to combine this result with the strong Markov property to 
show that a configuration with large advantage can't happen infinitely often. The following 
lemma is the first step in this chain of implications, i.e. "ADV ==> CON." 

Lemma 6.5 (Large advantage implies species 1 can conquer a cone). Fix A < 1 and 
a G (1, A -1 ). There exists a finite set D C dir(M d ) (depending on A and a) and a positive 
number po = po(X, a) such that 



inf Pr{££ G CON(L>)} > Po . 

Proof. Let a' := (1 + a)/2, so 1 < a' < a. For each v G dir(M d ), define 

Uv := {<? G dir(R*) : C°J a , C . 

Claim 6.5.1. The collection {^}^ 6dir ( ]K d) is an open cover of dir(lR d ). 

Proo/ of Claim 6.5.1. We have to show that {^}i;6dir(R d ) * s a cover by showing that v G 
C/2. It follows from the definition of /U-cones that 

C/„o{^e dir(M d ) : £^(Ac/) C £^(Aa)} . (6.2) 

Let U$ := G S^ 1 : <p G J/^}. Since dir(R rf ) is homeomorphic to under the unit 

vector projection map, it will suffice to show that G U°,. We claim that in fact 

^nS^Ala-a'jjcl. (6.3) 
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To see that (6.3) holds, let tp^ G 8^ 1 with dist At ( : D M , £> M ) < A(a — q'). Then by the triangle 
inequality, if x G R d and dist (U (x, t) M ) < Xa! , we have 

dist M (x,^^) < dist (U (x,9 (U ) + dist^u^, £ M ) < Xa + A(q - a') = Xa. 

Therefore, B^iXa!) C B^(Xa), so <£>^ G ?7p by the characterization (6.2). Since ip^ G 
S^ _1 nfi" M (A(a — a')) was arbitrary, the containment (6.3) holds as claimed. Finally, note 
that since a' < a, the open ball B^ (A(a — a'))° i s nonempty and contains v^, so (6.3) 
implies that G U°,. Therefore, v G £72, so {^}^ gdir ( K d) is an open cover of dir(M d ). □ 



Since dir(lR' i ) = S^ 2 1 is compact, Claim 6.5.1 implies that there is a finite subcover 
Ufa, . . . , U$ n ; let D := {vi, . . . , v n }. For each j G {1, . . . , n} and each pair (v, z) G Z d x IR d 
with z G [v], define the state x| v,z) G S by 

Af' Z) -(v, Z-\cj^). 

By Corollary 3.41, for any j and z, the advantage of species 1 in C^ 3 a , is a' > 1, and by 
Lemma 5.19, we have 

Pi(X,a) := inf Pr <^ & g CON(tJ 7 -) ^ > 0. 

■6[0] I J 

By translation invariance, for any index j and any pair (v, z) with z G [vj we have 
Pr I U G CON(tJj-) | = Pr j ^ G CON(^) J > Pj (A, a). 



Thus, if we define po by 



then 



Po(X, a) := min Pj(X, a) > 0, 
je{i,...,n} 



v 



(v,z) 



PrU^ GCON( J D)^>p 



for all j G { 1 , . . . , n} and all pairs (v, z) G Z d x M d with z G [v] (equivalently v G z ). 

Now suppose X G ADV^. Then Adv^ A (X) > a, so by definition (6.1) and Lemma B.2 
there exists z G {rj^X)} and £ G dir(JR d ) such that r/ 2 (X) n C^f Q = 0. Since z G [^(X)], 
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there is some v G z n rj 1 (X). Since the sets U^ 1 , . . . , U$ n cover dir(R d ), we have G [/# . 
for some j. Therefore, C*'j£, C C^;f a by the definition of [fy, so r/ 2 (X) n Cj'j^ = 0. Thus, 



TfcpQDM and ^IJCZ^Q, 
That is, X > xj v ' z \ so since CON(D) is increasing, Lemma 2.24 implies that 

Pr{£* G CON(D)} > Pr|^ V Z> G CON(D)} > Po , 
which proves the lemma. □ 

Remark 6.5.1. The assumption that X is finite in the definition of ADV" was made 
to simplify the statement of Lemma 6.8 and the proof of Theorem 6.3 below, but this 
assumption was not used in the proof of Lemma 6.5. Thus, Lemma 6.5 remains true if we 
drop the finiteness assumption in the definition of ADV", meaning that we get the same 
uniform lower bound on the probability of species 1 conquering a cone with axis in D from 
any starting configuration with advantage > a, even if species 2 initially occupies an infinite 
set. 

The next lemma is the second implication in the chain, "CON ==> ESC." 

Lemma 6.6 (If species 1 conquers a cone, then it escapes from species 2). Let D be any 
subset o/dir(R d ). Then for any finite X G S and any positive number a < 1, 

G CON(D)} C M . {g G ESC(at) for all large t} . 

Proof. Fix a finite initial configuration X, and suppose that G CON(Z))} occurs. Then 
there is some /U-cone C = such that rj-^ ,R (oo) D C, where z G M. d , v G D, and 5 > 
are random. Let to = ^i ( z ) < 00 , i- e - *o is the (random) entangled covering time of z by 
species 1 (defined in (5.2)). 

Claim 6.6.1. rj*'^ {t) D {t - t ) for all t > t . 

Proof of Claim 6.6.1. Let Ci = r/f (oo) be species l's finally conquered set, and let 7 be 
the union of all T 1 1 -geodesies from A\ to some vertex in z . That is, 7 := Uve'z' 7v> where 
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7v is the T^ 1 -geodesic from A\ to v. Then T± v (Ai,v) = T 1 1 (Ai, v) for each v G z', so 
7?(Ai,z) = sup T^A^v) < sup T7 V ( A l5 v) = sup if^Ai, v) = Tf^z) = t . (6.4) 

v£ z v£ z v£ z 

Now set S := 7 U C, and note that 5 C [C1J by assumption. By Lemma 4.3 (chaining) 
and (6.4), for any x G C we have 

Tf(Ai,x) <T 1 7 (A 1 ,z)+Tf(z,x) <t + 7?(z,x). (6.5) 

Since S 5 C, (6.5) implies that for any t > to, 

^n i;S (*) = { xe5: T?(Ai,x) < t} D {x G 5 : t +7? (z,x) < t} 

D {x G C : Tf(z, x) < t - t } = Vrf(t ~ to)- (6.6) 
Finally, since [Ci]° 5 5, it follows from (6.6) and the definition of rjf' K (t) (cf. (5.5)) that 

rf*® = ^ i;IClI ° W ^ ^ i;5 W ^ ^f(* " to) for all t > t , 
which proves Claim 6.6.1. □ 

Now by Corollary 4.24, the Shape Theorem for t\ holds simultaneously in all /x-cones 
and hence, in particular, in the cone C. That is, for any e G (0, 1), there is almost surely 
some (random) s e < 00 such that 

Vrf(s) 5 B x f{{\ - e)s) for all s > s e . (6.7) 

We will take s = t — to in (6.7) and combine this with Claim 6.6.1 to finish the proof. 
Choose some a' G (a, 1), and choose some e > small enough that 1 — e > a'. Now define 
the random time 

, M z ) + (1 ~ e)*o c r . v 
*o := i _ 6 _ a / G Fo,oo), 

and for each t > define the random point 

x t := z + (/i(z) + at) 9^ G C. 
Then by the triangle inequality and the definitions of xj and t , 

M x t) — f° r an * — 0> anc f dist M (z,x t ) < (1 — e)(t — to) for all t > t' Q . (6.8) 
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Taking s = t — to in (6.7), it follows from Claim 6.6.1 and the second inequality in (6.8) 
that almost surely on the event G CON(L>)}, we have 

Vi X ' R \t) D ^ ;C (t - t ) D fi* ;C ((l - e)(t - to)) 9 x t for all t > s e + t' . (6.9) 

Finally, since a' > a, the first inequality in (6.8) shows that on the event (6.9) we have 
£f G ESC(at) for all t > s e + f . □ 

The final step in the implication chain is "ESC ==> WIN!"; this is precisely the content 
of Haggstrom and Pemantle's Theorem 1.6 [HP00, Lemma 5.2]. Given this, it then follows 
trivially from the preceding lemma that "CON <^=^ ESC <^=^ WIN!". More precisely, we 
have the following result. 

Lemma 6.7 (Species 1 conquers a cone if and only if it wins). For any finite X G S and 
any subset D C dir(R rf ), 

G CON(D)} = a . s . {^GWIN!}. 

Proof. Recall our assumption that the process has rates Ai = 1 and A2 = A for some 
A G (0, 1). Choose any a G (A, 1), and set e := A _1 a — 1. Since a > A, we have e > 0, and 
Theorem 1.6 implies that if there exist arbitrarily large t for which [^(i)] is not contained 
in the ball atB^ = £>° 2 (A _1 at) = B® 2 ((1 + e)t), then species 1 almost surely wins. That is, 

{g G ESC(at) for all large t} C M . G WIN!} . 

On the other hand, if species 1 wins, then it conquers everything outside some finite region, 
so we trivially have 

G WIN!} C a . s . G CON(D)} for any D C dir(R d ). 
Since a < 1, it then follows trivially from Lemma 6.6 that 

G CON(D)} = a . s . {g G ESC(at) for all large i} = a . s . G WIN!} . □ 
Combining Lemmas 6.5 and 6.7 immediately yields the following. 
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Lemma 6.8 (Large advantage implies species 1 can win). For any A G (0,1) and a G 
(1, A -1 ), we have 

inf Pr{£* G WIN!} > p , 

where po = po(X,a) > is the constant from Lemma 6.5. 

Thus, if X is any finite configuration in which species 1 has advantage greater than a, 
the probability that species 1 eventually wins from the initial configuration X is at least 
Po- We now show that if we consider only configurations X G ADV" such that species 2 is 
contained in a ball of some fixed radius r, then there is some fixed finite time (depending on 
r) such that the probability that species 1 wins by this fixed time is also uniformly bounded 
below. 

Lemma 6.9 (Positive probability of winning within a fixed time). Let po = po(X,a) be 
the constant from Lemma 6.5. For any positive p < po, there is an increasing function 
N p : (0, oo) — > (0, oo) such that 

inf Pr{$ M G WIN!) > p. 

Proof. First note that 

{^GWIN!}= (J gWIN!}, 

so by Lemma 6.8 and continuity of measure, for any X G ADV" and p < po we can find 
n p (X) G N so that 

P* WIN!} > p. 

Recall that 

ADV^(r) = {X G ADV^ : r, 2 {X) C rB^}. 

Now let ADV"(r)* be the subset of ADV"(r) consisting of configurations in which both 
species are contained in a ball of radius r, i.e. 

ADV^(r)* := {X G ADV^ : r? lu2 (X) C r^}. 

Then ADV"(r)* is finite, and if we set 

N D (r) := max nJX), 

P XeADV«(r)* P 
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it follows that 

inf Pr{^ M € WINl) > p. 

That is, the desired property holds with the finite set ADV"(r)* in place of the infinite set 
ADV^(r). Now, for arbitrary X G ADVJ(r), define X* G ADV^(r)* by 



X*(v) 



X(v) if v € r£ M 
otherwise. 



Then since X contains no 2's outside the ball rB^ by assumption, the modified state X* 
is obtained from X by (possibly) changing some l's to O's, and doing nothing to the set of 
2's, so we have rj^X*) C rj^X) and rj 2 {X*) = v 2 ( x )- That is , ^* < x , and sinc e WIN! is 
increasing, Lemma 2.24 then implies that 



Pr 



{£* (r) G WIN!} > Pr {^; (r) G WIN!} > p. 



Since X G ADV"(r) was arbitrary, this provides the desired lower bound. Finally, observe 
that the function N p is increasing because the family of sets {ADV^(r)*} r>0 is increasing 
in r. □ 

Now we are ready to prove Theorem 6.3. The idea is to combine Lemma 6.9 with the 
strong Markov property and the Shape Theorem for the slow species, in a manner similar to 
the proof of Theorem 1.6 [HPOO, Lemma 5.2] from Proposition 5.17 [HPOO, Proposition 2.2]. 
However, a bit more care is needed in our case because whereas Proposition 5.17 states that 
the probability that species 1 wins approaches 1 as a particular starting configuration is 
scaled up, our Lemma 6.9 merely provides a nonzero lower bound on this probability for a 
certain set of starting configurations. This is why we need Lemma 6.9 rather than proving 
Theorem 6.3 directly from Lemma 6.8. 

Proof of Theorem 6.3. It will suffice to prove that for every a G (1, A -1 ), the event 

G(a) := {3{t n } ne N with t n — > oo such that £^ is fertile and Adv^ A > a] 
has probability 0. Observe that G(a) = {G n {a) i.o.}, where 

G n (a) := {it G [n,n+ 1) such that g G ADV^}. 
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Recall that the limit shape for T2 is \B^. Since species 2's entangled version rfc (t) is 
dominated by its disentangled version rff^ X \t), and A < 1, the Shape Theorem for T2 
implies that 

Pr|r ? f(t) C tB^ for all large i} = 1. 

Thus, if we define 

G' n (a) := G n (a) n (t) C ^ Vt > n}, 

it follows that {G n (a) i.o.} = a . s . {G'„(a) i.o.}. Note that by the definitions of G n (a) and 
ADV"(r) we have 

G' n (a) C {3t G [n,n + 1) such that G ADV^(t)} . 

We proceed by contradiction. Suppose Pr(G(a)) = qo > and hence Pr{G' n (a) i.o.} = 
go- Fix q G (0,go)- Then it follows from continuity of measure that given any £ > there 
exists r(T) > £ such that 

Pr {3n G [£, r(£)] such that G^(a) occurs} > q. 

Now fix p G (0,po), where po = po(\,a) is the constant from Lemma 6.5, and let N p be 
the increasing function defined in Lemma 6.9. We recursively define a sequence of disjoint 
intervals I k = [£ k ,r k ), k G N, as follows: 

• Set £ = 0; 

• For each k > 0, let r k := 1 + r(£fc) and ^+1 := r k + N p (r k ). 
Now for each G N define 

dk :=wf{t€[e k ,r k ):g € ADV£(t)} , 

with the convention that inf = 00. Since the process £ t is a.s. right-continuous, the time cr^ 
is optional with respect to the induced right-continuous filtration T = {Ft\t>o- Moreover, 
it is clear that 

{a k < 00} = |3t G [£ k ,r k ) such that g G ADV£(t)}, 



244 



and it follows from the above definitions that for each k G N we have 

Pr{cr fe < 00} > q. 

We introduce one further stopping time, the time that species 2 first gets surrounded by 
species 1: 

k := inf {t > : g G WIN!} . 

Since a k > 4 by definition, and species 2 must still be alive at time a k whenever a k is finite 
(this follows by construction, from the definition of ADV"), for each k G N we have 

{^4 +1 G WIN!} n {cifc < 00} C {k G (4,4+i]}, 

and hence 

00 

J^Pr G WIN!} n {a k < oo}) < Pt{k < 00} < 1. (6.10) 

fc=0 

On the other hand, we now use the strong Markov property to show that Lemma 6.9 
implies that each summand on the left-hand side of (6.10) is bounded below by pq > 0, 
which provides the desired contradiction. 

For each t > 0, let n t : S^ ' 00 ! — > S be the natural projection operator defined by ntC = Ct, 
and let t : S [0 '°° ] -»• S' ' 00 ! be the natural shift operator defined by (6 t C)s = Ct+s- Recall 
that 4+1 = r k + N p (r k ). Since WIN! is absorbing, and a k < r k on the event {a k < 00}, we 
have 

{g k+Np{rk) G WIN!} n {a k < 00} D {^ fc+JVp(rfc) G WIN!} n K < 00} 

= {« x e^V fc ) WIN! } n ^ <00 >- 

Since the event {ct^ < 00} is in the a-field F ak = {A G A : A n {cr^ < t} G J 7 *, i > 0}, we 
have 

Pr ({0, k e G 7r-; (rfc) WIN!} n {a k < oo}) 

= J Pr [^ CTfc e X G ^ (rfc) WIN! I J^] d(Pr). 

{<7 fe <00} 
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Now, since the process £. is of pure jump type, the strong Markov property is valid at any 
stopping time, so we can apply it at to compute the integrand: 



Pr 



€ <(r fc ) WIN! 



Since G ADV"(crfc) C ADV"(rfc) on the event {cife < oo}, on this event we have 

PrS (t^WIN!) > ^ mf,^ Pr^, 6 WIN-} >p 
by Lemma 6.9. Putting everything together we see that 

Pr ({e£ +1 € WIN!} n {<7 fc < oo}) > J pd(Pr)=p-Pr{a k < 00} >pq 

{cr fe <oo} 

for all fceN, contradicting the inequality in (6.10). □ 

Finally, we show that Theorem 6.1 follows from Theorem 6.3. 

Proof of Theorem 6.1. As noted above, we can assume that Ai = 1 and A2 = A G (0, 1), 
and we set fix = (1^1,^2) = (/",A - V), where /x is species l's shape function. Choose any 
S G (A, 1) and let a := 5/X, so 1 < a < A" 1 . Let X € S be a finite initial configuration, and 
suppose that Coexi t \(X) n H(X) occurs. Then there is some sequence of times t±,t2, ■ ■ ■ 
with t n — > 00 such that at each time t n , the total occupied region i]^ u2 (t n ) has a support 
point v n G r]i(t n ). For each n, let J n be an opposing half-space of rj^j 2 (t n ) at v n . Then 
there is some extremal point z n G [v n ] \ [r/^ (t n )] such that J' n := (z n — v n ) + J ra is an 
opposing half-space of [t/^j 2 (*»i)] at z m so z « G J'n an( i (^n)° n D7iu2(*»i)l = Since any 
/U-cone of thickness 1 is contained in a half-space by Part 4 of Lemma 3.5, for each n there 
is some v n G dir(IR d ) such that C x ^{ Vn C J' t . Since (5 < 1, Part 5 of Lemma 3.5 implies that 

c;f n c c£'£» = K} u (c^ 5 ")° c K} u (j;j°. 

Therefore, since ({z n } U (J n )°) n [r/* = 0, we have 

Zn G [v„] C [r?f (i n )] and C^/" D [r/ 2 x (t n )] = 0, 
so by definition (6.1) we have 

Adv, A (£) > Adv AA = I = a > 1. (6.11) 
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Since t n — > oo, (6.11) shows that 

Coexi jA (X) n H(X) C Coexi jA (X) n { lim sup Adv^ A (£f ) > a I . (6.12) 

Since a > 1, Theorem 6.3 implies that the event on the right-hand side of (6.12) has 

probability zero, so we also have Pr (Coexi )A (X) n H(X)) = 0. □ 
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Appendix A 

PROOFS OMITTED FROM MAIN TEXT 
A.l Proofs from Chapter 2 

The following elementary lemma is used in the proofs of Lemma 2.11 and Proposition 2.14 
in Section 2.4; Lemma 2.11 is proved below. 

Lemma A.l (Equivalent characterizations of conquering sets). Let (A\,A 2 ) be an initial 
configuration in 7j d , let f be a two-type traversal measure on E(Z d ), and let S CZ d \A 2 . 

1. The following are equivalent. 

(a) Tf (A l5 v) < T 2 (Z<V) * (A 2 , v) for all v G dS \ A\. 

(b) Tf (A l5 v) < T 2 (Z<V) * (A 2 , v) for alive S\A ± . 

2. The following are equivalent. 

(a) For all v G OS, Tf (A u v) < 00 and T?(A u v) < T^ S) * (A 2 ,v). 

(b) For all veS, Tf(A lf v) < 00 and T?(A u v) < T^ Sr (A 2 ,v). 

3. The equivalent statements in part 1 imply those in part 2. If f satisfies (NT), and 
its component measures each satisfy (3Geo*) ; then the equivalent statements in part 
2 imply those in part 1. 

By symmetry, the corresponding statements hold with the labels 1 and 2 switched. 
Proof. Part 1: 

(la =^ lb) If (la) holds, then the inequality in (lb) is trivial for all v 6 dS. On the other 
hand, for v in the interior of S, it is trivial that T^ ^ (A 2 , v) = 00 (since v N [Z d \ S] 
and v A 2 ), and (la) implies that Tf(Ai,v) < 00 (since the property "Tf(Ai, v) < 00" is 
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constant on connected components of S, and any connected component of S has a nonempty 
intersection with dS). Thus Tf(Ai,v) < T^ S) * (A 2 , v) in either case, so (lb) holds. 

(lb la) Trivial. 
Part 2: 

(2a =>• 2b) Same argument as (la) =>■ (lb). 
(2b 2a) Trivial. 
Part 3: 

First we show that (lb) => (2b). If v G Ai, then Tf (A,v) < < T^ S) * (A 2 , v). 
Thus, if (lb) holds, then we get if (Ai,v) < r 2 (Z ^ 5) * (A 2 , v) for all v e S, and moreover, 
Tf(^i,v) < oo for all veS, so (2b) holds. 

Finally, suppose that f satisfies (NT), and its component measures each satisfy (3Geo*). 
We will show that (2a) =>■ (la). Suppose (2a) holds, so for all v G dS we have Tf (A\, v) < oo 
and Tf(A u v) < rf"^* (^4 2 , v). Let v G 9S* \ A v If T 2 (Z ^ (A 2 , v) = oo, we're done. 
Otherwise, let 71 be a Tf -geodesic from A\ to v, and let 72 be a T 2 -geodesic from A 2 
to v (both of which exist by the hypothesis (3Geo*) and the assumption that the respective 
passage times from A4 to v are finite). Then we have 

Tl (7i) = If (Ax, v) = Tf (Ax, v) < Tf\ sr (A 2 ,v) = T?(A 2 ,v) = r 2 { l2 ). 

The paths 71 and 72 are edge-disjoint by definition, and since v is not an element of either 
A\ or A 2 , both 71 and 72 must contain at least one edge. Therefore, since f satisfies (NT), 
the left-hand and right-hand sides of the above inequality cannot be equal, so the inequality 
must be strict. Thus, Tf(A 1 ,v) < T^ S) * (A 2 , v) for all v G dS \ Ay, so (la) holds. □ 

Proof of Lemma 2.11 (Properties of the finally conquered sets). The proof for each part is 
numbered accordingly. 

1. (trivial relationships with initial sets) These properties are either explicit in the defi- 
nition of Cj or are trivial. 

2. (inequality for vertices in final sets) We will prove the statement with i = 1 for 
concreteness; the case i = 2 follows by symmetry. 
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( ) Let v £ Ci. If v £ Ai, we're done, so assume v G Ci \ A\. By the definition of 
Ci, v is contained in some Ci-set S; that is, S C Ci C Z d \A 2 , and using Lemma A.l, 

if (Ai, v') < T^ dXS) *(A 2 , v') for all V £5\4 

Moreover, since S 1 C Ci, by the monotonicity of T" we have 

^(A^v') < Tf(A 1 ,v') < T^ sr (A 2 ,V) < rf d \ Cl) *(A 2 ,v') Vv 7 € 5\ Ai. 

Setting v' = v G S\ A u we get T-f^A^v) < rf dVCl) * (A 2 , v). 

(^^) Let S 1 be the set of all vertices v A 2 satisfying v G Ai or T^ 1 (Ai,v) < 
T 2 l (A 2 ,v). By the above argument for the converse, we have C\ C S. Thus we 

have (by the monotonicity of T' and the definition of S) 

Tf(A!,v) < T^(A 1 ,v) < rf^ Cir (A 2 ,v) < Tf V) (A 2 ,v)) Vv £S\4 

Therefore, 5 is a Ci-set, so 5 C Ci. 

3. (connected components) Let V be a component of Cj, and let v G V. Since V C Cj, 
Part 2 implies that *(Aj,v) < oo, so there exists some Cj-path 7 from A4 to v. 
Since 7 is connected and contains v G V, we must have 7 C V since V is a component. 
Thus, if u is the first vertex of 7, we have u G V. Since u G A«, this implies that V 
contains the component of Aj that contains u. 

4. (final sets are union) We have fl\ Al,A2 \t) Q Ci for all t > by definition. On the 
other hand, Part 2 implies that for any v £ C, we have *(Aj,v) < 00, so there is 
some t < 00 such that T^(Ai,v) < t, and hence v G r}f v,Ci {t) = r]\ Al,M \t). 

□ 

A. 2 Proofs from Chapter 3 

The following lemma is needed to prove Lemma 3.2; Lemma 3.2 is proved below, following 
the proof of Lemma A. 2. 
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Lemma A. 2 (Affine spans of apexes). Let W C M. d be affine scale-invariant, let ai, . . . , a ri 
be apexes of W, and let A = aff{ai, . . . , a„}. If z G W , then W contains the set 



c z + ^ c i a 



-■I'M, 

i=l 



cp > 0, ci, . . . , c n G R, Cj = 1 > . 



i=0 J 

Moreover, ifzEA, then J = A, and i/z^A and n > 0, then J is an open affine half-space 
of dimension (dim .A) + 1 with d a gJ = A and z G J. 

Proof. We prove the first statement by induction on n. If n = 0, then J = {z}, so the 
statement is a tautology. Now let n > 1, and suppose the statement holds for any collection 
of n — 1 apexes. Let y G J, so y = coz + ciai + • • • + c„a ra for some Co, ci, . . . , c n G R with 
Co > and X)£=o c * = I- Since < Co = 1 — J27=i c *> there must exist some i G {1, . . . , n} 
such that Cj < ^ < 1. By relabeling the apexes if necessary, assume without loss of generality 
that c n < 1. Now define 

Co . Ci C n _i 

x := — — z + — — ai H h — — a n _i. 

1 C n 1 C n 1 c n 

Then 

n— 1 -. n— 1 1 

— — > 0, and 2^ — = TZ — Z^ Ci = TZ — = 1} 

Cn 1 C n L C n 1 C n 

so x G W by the inductive hypothesis. Now note that since 1 — c n > 0, we have 

y = (1 - c n )x + c n a n G {rx + (1 - r)a n : r > 0} = {a n + r(x - a n ) : r > 0} = a^&, 

and the ray a ra x is contained in W because x G W and W is affine scale-invariant at a ra . 
Therefore y G W, which proves the first statement. 

If n = 0, the second statement is vacuous, so let n > 1. Suppose first that z G A, 
so z = J^r=i A a « f° r some ftb • • • ifin £ R w ith SiLi A = 1- If y G "^j then there exist 
Co, ci, . . . , c n G R with Co > and Y17=o c i = 1 such that 

n n 

y = c z + ^ Ci^i = ^(coft + Ci)ai. 
i=i i=i 

Since ^=1 ft = !' we have ^™ =1 (coA + Cj) = c + Ya=i Q = 1, so y G aff{ai, . . . , a n } = A. 
Conversely, if y G A, then y = Yli=i a * a * ^ or some «i, . . . , a n G R with Yli=i a i = I- het 
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co = 1 and a = exi—fa for 1 < i < n. Then Co > and cq+Ya=i a = 1+Di=i a i~YJi=i A = 
1, and 

n n n n 

COZ + ^2 Ci&i = 1 ■ ^ & a i + ~ A) a i = = y ' 

i=l i=l i=l i=l 

so y G J. Thus J = A. 

Now suppose z ^ A. Let z A be the orthogonal projection of z onto A with respect to 
(•, •). Then the vector v := z — is orthogonal to A, and we have (a* — za,v) = for 
1 < i < n since a^ — za is parallel to A for each i. Moreover, v / since z ^ A. Now let 
y be any point in aff{z, ai, . . . , a n }, so y = cqz + Y17=i c * a * f° r some cq,. . . ,c n G M with 

(y - z A , v) = (c z + Yh=i ~ *A,v) 

= <C0Z + TJi=l c i a i ~ Z A + (E"=l c i z A - E"=l c * z a) , 
= <C Z - (1 - EiLlCi) 2 ^,^} + E™=l C *( a * - Z A,V) 

= c (z - z A ,v) + 

= c |M||. (A.l) 

The equation (A.l) shows that (y — za, v) > if and only if cq > 0, and therefore 

J = {y G aff{z,ai, . . . ,a n } : (y - z A ,v) > 0}. 

Since v is a nonzero vector parallel to aff(z,^4), the set on the right is an open half-space 
of dimension dimaff(z, A), which equals 1 + (dim A) since z ^ A. To see that d^J = A, 
first note that 

cW= {y G aff(z,A) : (y-z A ,«> = 0}. 

Thus, <9 a gJ 5 ^4 since (y — za,v) = for any y £ A by the definition of v. On the other 
hand, (A.l) shows that if y G a.S(z,A) and (y — za,v) = 0, then y G A, so we also have 
A C <9 aff J. □ 

Proof of Lemma 3.2. Let be a wedge in M d . 



1. The scale-invariant version Wq of is unique. 



257 



Proof. Suppose W = a + Wo and W = a! + W for some a, a' G M. d and some 
scale-invariant sets Wo,Wq C R d . We will show that Wo C W^, whence the reverse 
inclusion follows by symmetry. Let y G Wo, so y = z — a for some z G W. Let 
z' := z — a + a'. Since Wo and W are both scale-invariant by assumption, the points 
a and a' are both apexes of W by definition. Thus, since z G W, Lemma A. 2 implies 
that W contains the point z' = 1 • z — 1 • a + 1 • a'. Therefore, z' — a' G W — a' = Wq. 
But z' — a' = z — a = y, soy 6 Wq. Since y was an arbitrary point in Wo, we have 
Wo C Wq. By symmetry, we also have W C Wo and hence Wo = W . □ 

2. apex(W) is an affine subspace of M. d which can be identified with the vector space of 
translations that fix Wo- 

Proof. Let Wo be the scale-invariant version of W, and let 

Stab Md (W ) := {a G R d : a+ W = W }. 

That is, Stab R d(Wo) is the stabilizer of Wo in the additive group M d , acting on 2 Rd 
via translation. Since Wq is scale-invariant, we have 

(r > and a + W = W ) ra + W = ra + rW = r(a + W ) = rW = W . 

That is, if a G Stab R d(Wo), then ra G Stab R d(W ) for all r > 0. Since Stab R d(W ) is a 
subgroup of M. d under addition, we also have —a G Stab R d(Wo) and G Stab R d(Wo), 
so it follows that 

a G Stab R d(W ) => ra G Stab R d(W ) for all r G R. 

Therefore, Stab R d(Wo) is in fact a vector subspace of M. d . We claim that Stab R d(Wo) = 
apex(Wo). First suppose a G Stab R d(Wo). Then for any r > 0, 

r a W = a + r(W - a) = (1 - r)a + rW = (1 - r)a + W = W , 

since Wo is scale-invariant and (1 — r)a G Stab R <j(Wo), so we have a G apex(Wo). On 
the other hand, if a G apex(Wo) , then we have Wq — a = Wq by Part 1, since Wq — a is 
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scale-invariant by the definition of an apex, and Wo is its own unique scale-invariant 
version. Therefore, —a 6 Stab M d(W / o), and hence a G Stab R£ j(M / o) since Stab R d(Wo) 
is closed under additive inverses. Thus we have Stab R d(Wo) = apex(IFo) as claimed. 
Finally, note that if a' is any apex of W, we have apex(VF) = a' + apex(VFo), so 
apex(VF) is an affine subspace of R d parallel to the linear subspace Stab R d(Wo). □ 

3. If W is nontrivial (i.e. W $ {0,R d }), then apex(VF) C dW . 

Proof. If W 7^ 0, then Lemma A. 2 implies that apex(VF) C W. Replacing W with 
its complement, it follows that if M. d \ W / 0, then apex(PF) C shell(PF), since 
apex(E d \ W) = apex(W). Thus, if both W and M. d \ W are nonempty, we have 
apex(VF) C W n sheU(W) = dW. □ 

4. The sets 14^°, W, dW, ext W, and shell W and are all wedges whose apex sets contain 
apex(H^). 

Proof. Let a be an apex of W. For any r > 0, the homothety r a :R d H> R d is a 
homeomorphism. Thus, since r a W = W for all r > by assumption, we also have 
r a W° = W° and r a W = W for all r > 0, so W° and W are scale-invariant at a. 
Replacing W with its complement, it then follows that ext W and shells are scale- 
invariant at a, and then so is dW = W PI shell W. □ 

5. If W is pointed, then it contains all of its apexes, and R d \ W is blunt. 

Proof. Suppose W is pointed, so it contains one of its apexes a. Let a' be an arbitrary 
apex of W, and let A := aff{a, a'}. By Lemma A. 2, W contains the set A since 
a G W n A, so we have a' G W. Thus W contains all of its apexes since a' was 
arbitrary. Since apex(M d \ W) = apex(PF), this implies that the wedge M. d \ W 
contains none of its apexes, hence is blunt. □ 

6. If W is pointed and contained in some half-space, then every apex of W is a support 
point of W. 
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Proof. Suppose W is pointed and contained in the half-space J. Let a G apex(VF), 
and let z G d J. We claim that the half-space J a :=J + a — zisa support half-space 
of W at a. Let v be the outer normal vector of J. Since W is pointed and contained 
in J, we have a G W C J, which implies that (a — z,v) < 0. Now suppose for a 
contradiction that there is some x G \ J a . Then since i> is also the outer normal to 
J a , and x ^ J a , we have (x — a, u) > 0. Since x G W, and is scale-invariant at a, 
we have r a x G W for all r > 0. Since W C J, this implies that 

(r a x - z, u) < for all r > 0. (A. 2) 

On the other hand, 

(r a x — z, v) = (a + r(x — a) — z, u) = (a — z, u) + r(x — a, v), 

so 

(r a x — z,v) > for all r > — ■ — -. 

(x - a, v) 

This contradicts (A. 2), so we conclude that such an x cannot exist. Therefore, W C J a , 
and a G W n 9 J a by construction, so J a is a support half-space of W at a. □ 

7. W CW + Wo , with equality if and only if W is convex. 

Proof. The inclusion C is trivial for pointed wedges and almost trivial for blunt wedges. 
For the reverse inclusion when W is convex, see Lemma A. 3. □ 

This concludes the proof of Lemma 3.2. □ 

Lemma A. 3 (Convex scale-invariant sets). A scale-invariant set A is convex if and only if 
A + ACA. 

Proof. We need to show that if A is scale- invariant, then A is convex if and only if x + y G A 
for all x, y G A. If A is convex and x, y G A, then = ^x + (1 — ^)y G A. Thus since 
A is scale-invariant, x + y = 2 • G A. On the other hand, suppose that x + y£i for 
all x, y G A. Choose any x, y G A and a G [0, 1]. Then x' = ax G A and y' = (1 — a)y G A 
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since A is scale-invariant, so ax + (1 — a)y = x' + y' G A by assumption. Thus A is 
convex. □ 

The following two lemmas are the main results needed to prove Lemma 3.36, which is 
the basis for Proposition 3.50 and Part 3 of Proposition 3.35. The proof uses several lemmas 
from Appendix B. 

Lemma A. 4 (Existence of blocking segments in small cones). Let C be a closed cone at 
which is contained in some half-space. For every x G C \ {0} and a > Adv^(C), there 
exists y x G dC \ {0} such that dist^ (y x , y) < a dist /11 (0, y) for all y G [y x ,x]. 

Proof. First, let H be a support half-space of C at 0, which exists by Part 6 of Lemma 3.2 
because C is contained in some half-space by assumption. For each x G C \ {0}, let yj be 
a ^-closest point in dC to x. That is, we choose some y^ G dC satisfying 

dis Wyo> x ) = dist^ 2 (<9C,x), 

which is possible because dC is closed and {x} is compact (cf. [BBI01, p. 15]). We divide 
the proof into three cases depending on the location of yQ in relation to dH. 

Case 1: 0. 

In this case, we simply take y x = y^. Then we claim that [y x ,x] C C \ {0}. To see 
this, choose yo G [y x ,x] \ C° with dist M2 (x, yo) = dist M2 (x, [y x ,x] \ C°), which is possible 
because [y x ,x] \ C° is compact and nonempty (it contains y x ). It follows from this choice 
of yo that (yo 5 x ] Q C° and yo £ dC (see Lemma B.l). But then we must have yo = y x , 
because otherwise yo would be a point in dC which is strictly closer to x than y x in the 
^2" m etric, contradicting our choice of y^. Thus we have [y x ,x] C C\{0} since y x G C\{0} 
and (y ,x] C C°. 

Moreover, we claim that for all y G [y x ,x], we have dist M2 (9C, y) = dist M2 (y x , y), 
because if there were some point y' G dC with dist^ (y', y) < dist^ (y x , y), then since 
y £ [y x ,x], we would also have dist^ 2 (y', x) < dist M2 (y x ,x) by the triangle inequality, 
contradicting our choice of y x = yj as a ^2-closest point in dC to x. Therefore, since 
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a > Adv^(C) and [y x , x] C C \ {0}, we have 

Vy G [y x ,x], dist M2 (y x ,y) = dist M2 (dC, y ) < adist M1 (0,y), 
which proves Lemma A. 4 in the case yg / 0. 



Case 2: y* = and dist m (x, dH) = dist w (x, 0). 



The hypothesis in this case means that the apex is both a ^-closest point in dC to 
x and a ^i-closest point in dH to x. Note that since x / = y*, we must have x G C° 
(because x 6 dC implies that y* = x). Since x / 0, the function 

__ dist M2 (z,x) d 
/x(z) - disU0,x)' 

is continuous on R d , and since y* = 0, we have 

Jxy ' dist Ml (0,x) dist Ml (0,x) " M ' 

Since a > Adv^(C), there is some open neighborhood f/( x ) of such that / x (z) < a for 
all z G ?7( x ). Let U*^ = i/( x ) \ {0}, and choose any y* G ?7* x ) fl <9-ff (which is nonempty 
since i/( x ) n dH is a relatively open subset of dH containing 0). Then y* G dH \ {0}, and 
dist M2 (yf , x) < a dist Ml (0, x) since yf G ?7( x ). Now for each y G [yf , x], choose y G [yf , 0] C 
dH such that the triangles A[yf , y, y] and A[yf , 0, x] are similar (i.e. if y = Ay* + (1 — A)x 
with A G [0, 1], then y = Ayf ). Then since is a /ii-closest point in dH to x by assumption, 
the similarity of the triangles (or the explicit formula for y) implies that y is a ^i-closest 
point in dH to y. In particular, since G dH, this implies that 

Vy G [yf,x], dist Ml (y,y) < dist m (0,y). (A.3) 

Moreover, again using the similarity of the triangles (or the formula for y), we have 

Vy€(yf,x], ^W,y)_<^W.x)_ /W)<a- (A4) 
dist Ml (y,y) dist Ml (0,x) 

Combining (A. 4) and (A.3), we get 



Vy G (yf,x], dist M2 (yf,y) < a dist w (y , y) < adist w (0,y), 
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and since dist^ (yf, yf) = < a dist (Ul (0, yf), we therefore have 

Vy G [yf,x], dist M2 (y^,y) < a dist m (0, y). (A.5) 

Finally, let y x be the ^2-closest point in [yf,x] \ C° to x. Then y x G dC by Lemma B.l, 
and we claim that y x 7^ 0. To see this, observe that [y*,x], because y* 7^ by 
definition, and since x£C°C H° and H is convex, we must have (y*,x] C H° C H \ {0} 
by Lemma B.ll. Thus, y x € dC \ {0}, and using (A.5), we have 

Vy e [y x , x] , dist^ 2 (y x , y) < dist M2 (y* , y ) < a dist m (0, y) , 

which proves Lemma A. 4 in Case 2. 



Case 3: y* = and dist Ml (x, dH) < dist Ml (x, 0). 



In this case, let y* be a /ii-closest point in dH to x, so y* 7^ by hypothesis. Now 
observe that since x / 0, the function 

*<■>=- - R ^>< 

is continuous at 0, and since y* = 0, 

_ dist w (0,x) _ dist w (aC, x) 
5x(0) " dist w (0,x) " dist m (0,x) " AdV ^ (C) - 

Since a > Adv^(C), there is some open neighborhood £/( x ) of such that g x (z) < a for 
all z € ^/(x)- Choose any yf G f/( x ) Pi (0,yf], which is nonempty since yf / 0. Then 
since for any y 6 (y^x], the vectors y — y* and x — y* point in the same direction, the 
scale-equivariance of the norm metrics implies that 

Vy eW ,4 dist„(y;,y) = dist M (yp) = 
dist Ml (yf,y) dist w (yf,x) 

Now, for each y 6 [y^x], choose y G [y^Yi] C so that the triangles A[y2,y,y] and 
A[y2,yf,x] are similar (i.e. if y = \y% + (1 - A)x with A G [0, 1], then y = Ayf + (1 - A)yf ). 
Then since y* is a ^i-closest point in dH to x, the similarity of the triangles (or the formula 
for y) implies that y is a ^-closest point in dH to y. Therefore, Lemma B.10 implies that 
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dH is a support hyperplane of B*(r y ) at y, where r y = dist /11 (y, dH). We claim that 
Lemma B.8 then implies that 

Vy G [y£,x], dist m (yf,y) < dist w (0,y). (A.7) 

To see this, let v = —yf / 0. Then v is a direction in dH, and for any y G [y x ,x], the 
four points y* , y, y x , are collinear along the ray y* + v, appearing in the listed order 
as we travel in the direction v starting from y*. Therefore, for fixed y G [y^x], we have 
yf = y + sv and = y + s ' v f° r some < s < s' , and since dH is a support hyperplane of 
B*i( r y) a t Yi Lemma B.8 implies that 

dist Mi (yf > y) = dis Vi (y + sv > y) ^ dis Vi (y + s ' v > y) = dis Vi (°> y)> 

proving (A.7). Combining (A. 6) and (A.7), we get 

Vy G (yf , x] , dist M2 (yf , y ) < a dist Ml (yf , y ) < a dist Ml (0, y ) , 

and since dist M2 (y2 , yf) = < a dist Ml (0, yf ), we therefore have 

Vy G [yf,x], dist M2 (yf,y) < adist M1 (0,y). (A.8) 

Finally, let y x be the /^-closest point in [yf , x] \ C° to x. Then it follows as in Case 2 that 
y x G dC \ {0}, and using (A.8) we get 

Vy G [y x ,x], dist M2 (y x ,y) < dist M2 (yf,y) < a dist Ml (0, y), 

which proves Lemma A. 4 in Case 3. □ 

We now prove a strengthened version of Lemma A. 4, showing that we can move each of 
the y x 's within some small open set without affecting the conclusion of the lemma. 

Lemma A. 5 (Wiggle room for blocking segments). Let C be a closed cone at which is 
contained in some half-space, and let a > Adv^(C). Then for any x G C \ {0} ; there exists 
y x G dC \ {0} and e x > such that for all y^ G Bf^ (e x ), 

dis Wyx>y) ^ 

sup - 7- — r- < a. 
ye[y^,x] d ist m (0,y) 
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Proof. Let ao = ^(« + Adv^(C)), and fix x G C\{0}. Then a > Adv^(C), so Lemma A.4 
implies that there exists y x G dC \ {0} such that 

dist^ 2 (y x ,y) < a dist w (0, y) for all y G [y x ,x]. (A.9) 

Note that (A.9) implies dist m (0,y) > for all y G [y x ,x], so since the line segment is 
compact we have 

5 X := inf ^(y) > 0. 

ye[y x ,x] 

Choose any e x with 

(a - a )5 x 



< e x < 



2 + a||/xi//X2||Loo ' 
and let y x G Bf£ (e x ). For each A G [0, 1], let 

YA := Ay x + (1 - A)x and y' A := Ay x + (1 - A)x, 

so [y x ,x] = {y A : A G [0,1]} and [y x ,x] = {y' A : A G [0,1]}, and the triangles A[x,y x ,y x ] 
and A[x, y A ,y' A ] are similar for any A. Then for all A G [0, 1] we have 

dist^(y A ,y A ) = Adist Mi (y x ,y x )<dist^(y x ,y x ) fori €{1,2}. (A.10) 

Using the reverse triangle inequality, (A. 10), the definition of <5 X , and the assumption that 
dist M2 (y x ,y x ) < e x , we have 

dist w (0,y A ) > dist w (0,y A ) - dist M1 (y A , y' A ) 

> dist w (0,y A ) - dist Ml (y x ,y x ) 

> 5 X - Umi/^Hloo e x . (A.ll) 
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Now, for all A G [0,1], 

dist M2 (y x , y A ) < dist M2 (y x , y x ) + dist M2 (y x , y A ) + dist M2 (y A , y A ) (triangle inequality) 

<e x + a dist Ml (O,y A ) + dist M2 (y x ,y x ) (using (A.9), (A.10)) 

< 2e x + q dist m (0, y A ) (since y x G B% (e x )) 

< 2e x + a dist Ml (0, y' A ) + a dist m (y A , y A ) (triangle inequality) 

< 2e x + Q dist Ml (0,y A ) + Q dist Ml (y x ,y x ) (by (A.10)) 

< 2e x + aodist Ml (0,y A ) + a ||/xi//x 2 || L oo e x (since y x G (e x )) 
= a dist^^y'J + (2 + a ||/xi//x 2 || L oo)e x 

- (a - q ) Umi/^IIloo e x 

< aodist^^O,^) + (a - a )(5 x - ||/xi//x 2 || L oc e x ) (choice of e x ) 

< a dist Ml (0,y A ) + (a-a )dist Ml (0,y A ) (by (A. 11)) 
= adist m (0,y' A ). 

Since AG [0, 1] was arbitrary, this shows that 

v y G [y x > x ]> dist M2 (y x ,y) < adist w (0,y), 

and since y x G £>^ 2 (e x ) was arbitrary, this proves Lemma A. 5. □ 

A. 3 Proofs from Chapter 5 

The following lemma is needed for the proof of Theorem 5.7. 

Lemma A. 6 (Lemma 5.6: Containment of growth within large ^2-balls far from the origin). 

For any constants a G (0, 1), j3 > 1, and r > 0, define the event 

E 5 . 6 (r,f3;a) = f] f] (at) C B^{t-) V/ > ^i(x)} , 

ze[o] X £R d 

Mi( x )> r 

and let fc^ = 3dhV°(/ii) + 1. T/ien jiwn a G (0, 1), i/iere exist positive constants C5.6 and 
C5.6 suc/t i/tai /or any /3 > 1 and r > 0, 

Pr(£ 5 . 6 (r, /?;<*)) > 1 - C 5 .6(a)e-*- 8(aWr -*« ) . 
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Proof. Fix a € (0, 1), and for each veZ d and r > 0, define the event 



E v (r;a):= H {r? T f{at)^Bl 2 {t-)Vt>r}. 
yeM 



Then .E v (r; a) 5 ^In (or; a -1 — l), with r = T2 and /x = /i/2- Thus, since q < 1, Lemma 4.11 
implies there are positive constants C(a) and c(a) (depending on £(r2(e))) such that for 
any v G 1, d and r > 0, 



Pr(£ v (r; a)) > 1 - C(a) e - C ^ r . (A.12) 



Let k = dil^cx. (/ii). Then using (4.23) and (4.24) (from the proof of Lemma 4.17, with [i\ 
in place of fx) in lines three and four, respectively, we have 



£ 5 . 6 (r,/3;a) C = (j [J {r/^V) £ B z +*(t-) for some t > Ml (x)} 

ze[0] xGR d 
/il(x)>r 

= U U {^ ;R V)£^(H for some t>/3 m (y-z)} 

z e[o] y eR d 

Mi(y-z)>r 

C (J {^f V) 2 ^ 2 (t-) for some t > 0( Ml (y) - «/2)} 

yeIR d 

^i(y)> r - K / 2 

^ U U V) ^ B^(t-) for some t > 0( Ml (v) - «)} 

vez d ye[v] 

/ii(v)>r— ft 

= (J £ v (/?( m (v)-/<);a) C . 

/ii(v)>r— ft 
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Therefore, (A. 12) and Lemmas B.3 and B.18 imply that for all r > 0, 

Pr (£ 5 .6(r,/3;a) C ) < E C{a)e~< a) ^ v) - K) (by (A. 12)) 

Mi (v)>r— k 



where 



< E E c («) e 



-c(a)/3(jtii(v)-K) 



j=[r-K}V0 v€ 

j</ii(v)<j+l 



< w^(j + l) d ~ 1 C{a)e-< a Wi-^ (Lem. B.3) 

j=[r-«:JV0 

< w^C{aY^ • 4(2d ~ 2)d "' • e -^«L-«Jvo) (Lem . B .18) 

([c(a)/3] Al)" 

< w.MaV^ ■ 4(2d ~ 2) '" 1 • e-^^— 1 ) ( V {} > 1) 
fc(a)Al) 



4 CTMl C(«)(2d-2) rf " 1 e _ £ M /3(r _ 3K _ 1) 
(c(a)Al) d 

C 5 . 6 (a)e- Cs - 6 ^ /3 ( r - fc w), 



C 5 .6 « : = m / A , and c 5 . 6 (a) := -A-i. □ 

(c(a) A 1) 2 
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Appendix B 
SUPPLEMENTARY RESULTS 

B.l Geometry ofR d and Z d 

The following observation is invoked in several proofs. 

Lemma B.l (Closest points are boundary points). Let ||-|| be a norm on M. d , let B be a 
nonempty subset ofM. d , and suppose that z G R d \B. Then for any closed star set A G (* z ) 
with A n B 7^ 0, there exists y £ iflB which is a \\-\\-closest point in An B to z, and for 
any such y we have y G dB and (y, z] C ext B. 

Proof. The point y exists because A n -B / is closed and {z} is compact; see [BBI01, 
Exercise 1.6.10, p. 15]. If z G B, then the unique [[-[[-closest point in B to z is z itself, in 
which case we trivially have y = z € £ n (R d \ B) C OB, and (y,z] = C ext 5. Thus, 
suppose z ^ B, so z G ext -B. Then for any point y which is a ||-||-closest point in A n 5 to 
z, we have y / z, so (y, z] / 0, and we claim that (y, z] C ext B. To see this, first note that 
since y G A, we must have [y, z] C A because A is star-shaped at z by assumption. Now, 
for a G [0, 1] let y a := ay + (1 - a)z, so [y, z] = {y a : a G [0, 1]}. Then 

dist||.j|(y a ,z) = adist||.||(y,z) for all a G [0,1], 

so we have 

dist||.||(y Q ,z) < dist||.||(y,z) for all a G [0, 1). (B.l) 

Thus, the set (y, z] = {y a : a G [0,1)} C A cannot contain any points in B, because if 
it did, then (B.l) would contradict the fact that y is a 1 1 - 1 1 -closest point in A n B to z. 
Therefore, (y, z] C ext B as claimed. Since (y, z] / by assumption, this implies that there 
are points in R d \ B that are arbitrarily close to y, and since y G B by definition, we must 
have y G dB. □ 
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Recall that for any A C R d , we define [^4] := A + [— |, (the cube expansion of A) 
and !A := Z d n {A} (the lattice approximation of A). The following lemma enumerates 
some elementary properties of these operations; the proof is straightforward and is left to 
the reader. 

Lemma B.2 (Properties of cube expansion and lattice approximation). Let v G V C Z d 
andz€ AC T/ien 

1. v G z i/ and on/y i/z£ [v]. 

2. y = y and A^An Z d . 
5. (vj° = V and [a]°3A. 

^. If A is a connected subset ofW 1 , then A is a connected subgraph of 7j d . 

5. V is a connected subgraph ofL d if and only if\V\° is a (path) connected subset ofM. d . 

6. VD A = if and only if {Vj n A = 0. 

7. R d \ {Vj° = \L d \ Vj and R d \ {Vj = \L d \ Vj °. 

8. Icy if and only if A C [V] . 

P. M d \ [V] = Z d \ V and \L d \ A ] Ct^A. 

iO. |y| = vn^dly]]) = m^([[y]] ), where is d- dimensional Lebesgue measure. 

U. JclA}=A+ \Bt», and p] C {{A}} =A + B^. 

12. If A = {J ieI Ai, where I is an arbitrary index set and A\ C W 1 , then [A] = Uie/I^J 
and A = [J i£l Ai. 

The following estimate is used in Chapters 4 and 5. 
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Lemma B.3 (The number of lattice points in a spherical shell). For any norm ||-|| on M. d , 
there is some constant < oo such that for any x £ M. d and < a < b, 

||vGZ d :a< ||v-x|| <&}| < w\\.\\ (b V l)^ 1 [(b - a) V l] . 

Proof. Let F be the set of lattice points in the statement. By Lemma B.2, \V\ = tn^([y]), 
where denotes Lebesgue measure in Since \VJ is contained in some ||-||-ball of 
radius ~ b and contains some ||-||-ball of radius ~ a, the result follows from the fact that 
m d L (Bl {l (r))=Q(r d ). □ 

The following lemma is needed in the proof of Theorem 5.15 (specifically Claim 5.15.2). 

Lemma B.4 (Separation of Z d via boundaries in R d ). Let B C R d , and suppose that B and 
U. d \ B are both nonempty. Then dB separates B from M. d \ B in 7L d . That is, any Z d -path 
from B to M. d \ B must intersect dB . 

Proof. Let 7 be a lattice path from B to R d \ B, and let u be the last vertex of 7 lying in 
B. We will show that u G dB. Recall that dB = Z d D (dB + ^/%>); since dB is closed, it 
follows that u G dB if and only if dist^o°(u, dB) < 1/2. First suppose u ^ B. Since u € B 
by assumption, we have dist£j> (u, B) < 1/2. Thus, if x is any ^-closest point in B to u, 
then x £ dB by Lemma B.l, so we have 

dist^oo (u, dB) = dist^oo(u,x) = dist^ (u, B ) < 1/2, 

and hence u £ dB. 

Now suppose u £ B. If u is the final vertex of 7, then we must have u £ R d \ B, and 
hence dist^° (u, M. d \ i?) < 1/2. Thus, if y is any ^-closest point in shell(i?) to u, then 
y £ dB by Lemma B.l, so we have 

dist^(u, dB) = dist^°(u, y) = dist^° (u, shell(i?)) < 1/2, 

and hence u £ dB as before. If u is not the final vertex of 7, let v be the vertex in 7 that 
follows u, so v is adjacent to u in and v necessarily lies in Z d \ B since u was the last 
vertex of 7 in B. Since Z d n B C jg, this implies that v ^ B. Since u. £ B and v ^ B, the 
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line segment [u, v] intersects dB by Lemma B.l; let z G [u, v] n dB. Since u, z, and v are 
collinear (occurring in that order), we have 

dist^° (u, z) + dist£<j° (z, v) = disfy°° (u, v) = 1, 

where the final equality holds because u and v are adjacent in Z d . Since z 6 B, we have 

dist£j>(z,v) > dist^oo (B, v) > 1/2, 

where the final inequality holds because v £ B. Therefore, 

dist^oo (u, dB) < dist^°o(u, z) = 1 — dist^(z,v) < 1/2, 

so again, u G dB. □ 

B.2 Graph Theory 

Lemma B.5 (Edge sets). Let U, V C Z d . 

1. E(f7 U V) = E{U) U E(V) U E(U-V). 

2. E 9 (U UV) = E 9 (U) U Eg(V) \ E(U-V). 

3. E Z {UUV) = E z (U)nE c (V)\E(U-V). 

4. E*(UUV) = E*{U)l)E*(V). 

5. E{U n V) = E(U) n E{V), and E C (C7 n V) = E C (C7) U E C (y). 

6. E(UC\V) C E(f7-F). 

7. E*(V) C E(N[V]). 

Lemma B.6 (Boundaries and neighbor sets). For any U, V C Z d ; 

0(17 U V) = {v G at/ U dV : N(v) g C/ U V}. 
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Proof. By definition, d(U U V) = {v £ U U V : N(v) % U U V}. Thus, the inclusion D 
is trivial, and it remains to show that d(U U V) C <9£/ U 9V". Suppose v G <9(C7 U V), i.e. 
v G [/ U V and N(v) £ U U V. If v G f7, then v £ dU since N(v) g f7, and if v G V, then 
v G 9F since N(v) £ V. Thus v G <9f/ U dV. □ 

Lemma B.7 (Minimal paths). Let U be a class of lattice paths that is closed under taking 
subpaths, and for U,V,SC 7L d , let Hjj^v be the set ofH-paths from U to V. 

1. A path 7 G Hu->v is minimal if and only if 7 is simple and the intersections 7 n U 
and 7 n V both consist of exactly one vertex and no edges. 

2. Any path in ILu^y contains a Tlu^v -minimal subpath. That is, if 7 is a H-path from 
U to V , then 7 contains a minimal U-path from U to V as a subpath. 

B.3 Convex Geometry in R d 

The following four lemmas are needed for the proof of Lemma A.4, which is the basis for 
the proof of Proposition 3.50. 

Lemma B.8 (Distance increases from a support point). Let \i be a norm, and let H be a 
supporting hyperplane of the unit ball at the point x G dB^. Then for any v G H — x, 
the function f v (s) = dist M (0,x + sv) is increasing on [0, 00). 

Proof. Observe that 

f v (s) = inf{t > 1 : x + sv G tB^}, 

where the infimum is over t > 1 rather than t > because the fact that H is a supporting 
hyperplane of B^ implies that the set on the right would be empty for t G [0, 1). Since H 
is a supporting hyperplane at x, we have x G tB^ for all t > 1. Thus, since the ball tB^ is 
convex, if x + sv G tB^ for some t > 1, then we have [x,x + sv] C tB^. Now observe that 

[x, x + sv] = {x + s'v : < s' < s), 

so 

x + sv G tB^ x + s'v G tB^ W G [0, s], 

which shows that if s > s' > 0, then f v (s) > /u(s'). □ 
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Lemma B.9 (Support hyperplanes of bodies with connected interior). Let B be a body in 
M. d such that B° is connected. Then a hyperplane H in M. d is a support hyperplane of B if 
and only if H n B / and H n 5° = 0. 

Proof. First suppose if is a support hyperplane of B. Then by definition we have HdB ^ 
and H = dJ for some support half-space J of B. Then B C J, so B° C J°, and hence 
HC\B° <ZHC\J° =$. Thus the "only if direction is true for any B C R d , not just bodies 
with connected interior. 

For the "if direction, let H C W 1 be a hyperplane such that i? nfl / and HC\B° = 0. 
Choose any x G B° (such an x exists because I? is a body). Then since x ^ H, exactly 
one of the two half-spaces with boundary J contains the point x; let J be the unique closed 
half-space with dJ = H and x € J, and let J be the unique closed half-space with dJ = H 
and x ^ J. Then the sets J°, H, and J° are mutually disjoint, and M d = J° U H U J° . 
Thus, since B° D H = ®, we have 5° C J° U J° , and since 5° is connected, this implies that 
either B° C J° or B° CJ°. Thus we must have 5° C J° since B° n J° / by construction. 
Therefore, since -B and J are both bodies, we have 

B CB = B° Cjt = J. 

Since dJ = H has nonempty intersection with B by assumption, this shows that J is a 
support half-space of B and hence H is a support hyperplane of B. □ 

Lemma B.10 (Support hyperplanes and closest points). Suppose dist||.|| (x, y) = r. Then 
H is a support hyperplane of B*_^(r) at y if and only if y is a \\-\\-closest point in H to x. 

Proof. The implication ==> follows from Lemma B.8. For the other direction, suppose 
that y is a ||-||-closest point in H to x. Then y G H, and for any y' G H we have 
distj|.j|(y',x) > distj|.j|(y, x) = r, so H D B*^(r)° = 0. Thus, H is a support hyperplane of 
jBj^H (r) by Lemma B.9, since the ball is a convex body. □ 

Lemma B.ll (Radial projection in convex sets). IfCCR d is convex and x G C° , then any 
ray originating at x intersects dC in at most one point. If C is compact, the intersection 
contains exactly one point. 
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Proof. The version of this for compact C is the main claim in the proof of Proposition 4.26 
on p. 80 of [LeeOO] (see Lemma B.12 below). The case when C is noncompact can be 
handled similarly. □ 

Lemma B.12 (Convex sets in Euclidean space). Suppose C is a closed convex subset ofM. d , 
and let k = dim(aff C). Then C is homeomorphic to either the closed ball B e 2, the closed 
half-space M k , or the Euclidean space 

Proof. The proof when C is compact and k = d is given in Proposition 4.26 of [LeeOO, 
pp. 80-81]. The idea of the proof is to use Lemma B.ll above to define a homeomorphism 
from dC to the sphere (using the closed map lemma [LeeOO, Lemma 4.25, p. 79]), and then 
extend the inverse of this map to a homeomorphism from the closed ball to C, again using 
the closed map lemma. The more general version stated here can be proved similarly. □ 

The following lemma enumerates some simple properties of the convex hull. The proof 
is left to the reader. 

Lemma B.13 (Properties of the convex hull). 

1. If n is a norm on M. d , then for any x, y G M. d and r > 0, 

conv(^(r)U^(r)) = [x,y]+r^. 

2. For any A C M. d , conv A = conv{support points of A}. 
B.4 Metric Geometry 

Let (X, dist) be a metric space. A path in X is a continuous function 7: / — > X from an 
interval I C R to X. The length of a path 7: [a, b] — > X with respect to dist is 

N 

Len dist (7) := sup ^ dist (7(^-1), , (B.2) 
i=i 

where the supremum is over all partitions a = to < t\ < ■ ■ ■ < i/v = b of / = [a, b]. The curve 
7 is called rectifiable with respect to the metric dist if Lendi s t(7) < 00 (see [BBI01, p. 34]). 
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The length operator defined by (B.2) satisfies the generalized triangle inequality (cf. 
[BBI01, p. 35]): 

If 7: [a, b] — > X is a path, then Len<ii s t(7) > dist (7(a), 7(6)) . (B.3) 

The length operator Legist can be used to define a new metric on X: 

dist Lcn (x,y) := inf |Len dist (7) : 7: [a, b] ->Iisa path with 7(a) = x, 7(6) = yj. (B.4) 

The metric defined in (B.4) is called the intrinsic metric induced by dist. If it happens 
that distLcn = dist, then the metric dist is called intrinsic, and the metric space (X, dist) is 
called a length space. It can be shown that the metric distL cn itself is intrinsic according 
to this definition ( see [BBI01, pp. 37—39]). The metric distLen is called strictly intrinsic 
if any two points in X can be joined by a path that achieves the infimum in (B.4), i.e. if for 
any x, y € X there exists a path 7 from x to y such that distLcn ( x j y) = Legist (7); in this 
case 7 is called a shortest path or minimizing geodesic from x to y. 

Lemma B.14 (Line segments minimize distance in any norm metric). If fi is any norm on 
M. d , then dist M is strictly intrinsic, and any line segment is a shortest path. 

Proof. Write Len^ for the length operator induced by dist^ via the definition (B.2). Let 
7: [a, b] — > M. d be a simple path whose image is the line segment from x to y. Then for any 
partition a = to < t\ < ■ ■ ■ < t^ = b oi [a,b], the points x = 7(to)>7(^i)> • • • >7(^iv) = y are 
collinear and appear in the listed order, so by the definition (B.2) we have 

N N 

Len M (7) = sup^dist M (7(tj_i),7(ti)) = sup ^ n(l{U) - 7(^-1)) =My-x), 
i=i i=i 

where the final equality follows from the collinearity of the points x = 7(to), 7(^1), • • • , 7(i/v) = 
y. Thus, 7 is a shortest path from x to y. Since x and y were arbitrary, this shows that 
dist^ is strictly intrinsic. □ 

B.5 Probability and Analysis 

Lemma B.15. (L 1/2 ) implies (MM d ) for all d>\. 
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Proof. Suppose Y is a nonnegative random variable satisfying (L 1 / 2 ), and let M 2d '■= 
min{Yi, . . . , Y 2 d}, where d is a positive integer, and Y±, . . . , Y 2d are i-i-d- random variables 
with Yj = Y for 1 < j < 2d. By definition, Y satisfies (MM d ) if and only if M 2d G L d . 
By Exercise 38 on p. 199 of [Fol99, Section 6.4], for any p > and any nonnegative random 
variable X we have 

oo 

X G L p <{=>• 2 ^ Pr {^ > 2 fe } < oo. (B.5) 
By (B.5), since we have 

oo 

Y j 2 k ' 2 Pr{y > 2 fc } < oo, (B.6) 

fc=0 

and (B.6) implies that we can choose k® large enough that 

2 fc/2 Pr |y > 2 fc } < 1 for all jb > k . 

Then 

2 fed Pr{y > 2 k } 2d = ^2 fc / 2 Pr{y > 2 fe }) M < 2 fc / 2 Pr{y > 2 k ] for all k > k . 



Therefore we have 

oo oo 

Y 2 kd Pr{M 2d > 2 k } = 2 fed Pr{y > 2 k } 2d 

k=ko k=ko 

oo 

< Y 2 fc/2 Pr{y > 2 k } < oo, 

k=ko 

where the convergence of the sum follows from (B.6). Thus we have M 2 d G L d by (B.5), so 
y satisfies (MM d ) . □ 

The following lemma is a basic large deviations estimate which is the basis of many of 
the results in Chapter 4, starting with Lemma 4.7. 

Lemma B.16 (Large deviations estimate for i.i.d. sums). Let X, X±,X 2 , . . . be i.i.d. random 
variables such that Ee bX < oo for some b > 0. Then EX G [— oo,+oo), and for any 
x > EX, there are positive constants Cb.w(x) and cb.w(x) (which depend on C(X)) such 
that for any n G N, 

f n 1 

j=i I 
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Proof. This follows from basic large deviations theory. See for example Corollary 27.4 on 
p. 541 of [Kal02]. □ 

The following lemma is cited in the proof of Theorem 2.35. 

Lemma B.17. Let (fi,.A, Pr) be a probability space, and let A £ A be an event. Then the 
following are equivalent. 

1. Pr(A) = 0. 

2. Pr(A \F) = Pr-a.s. for some a -field F C A. 

3. Pr(A I F) = Pr-a.s. for all a-fields F C A. 

Proof. For any A £ A and any cr-field F, Pr(A) = EPr(i | F) = if and only if 
Pr(A | J 7 ) = a.s. □ 

The following bound is used in several proofs in Chapters 4 and 5. 

Lemma B.18 (A bound for "polynomial x geometric" series). For any n G N, c > 0, and 

a,m > 0, 

oo . 

£t7 + a T e^ < ■ (2m V a)™ • e'^, 

j=n 

with the convention 0° = 1 when m = 0. 

Proof. For any a, m > and 6 > 0, consider the function /: [— a, oo) — >■ M + defined by 
f(x) = (x + a) m e~ bx , with the convention 0° = 1 when m = 0. Computing /'(a;) shows that 
/ attains a global maximum of /(x max ) = (^) m e 6a at x max = ^ — a, and / is decreasing on 
[^max) 00 )- Therefore, if x max < 0, then /| [o,oo ) attains a maximum of /(0) = a m at x = 0, 
so we have 

(g) m e ^ if ab<m, 



sup (x + a) m e 

x>0 



m —bx 



(B.7) 
if ab > m. 



Note that if ab < m, then [f^ e ha < (g) m e m = (f) m , so (B.7) implies that 

sup (x + a) m e- bx < ( — V a ) . (B.8) 
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Using the bound (B.8) with b = c/2 and x = j, for any n G N we get 

oo oo 



j=n j=n 

m oo 



J =71 



2m \ m e"5™ 
V a 



c / l-e~5 

^ / 2m \ m 4 

< Va --e 2" 

~V cAl / cAl 

< 7 T\ — XT • (2m V a) m • e-f n , 

~~ (c A l) m+1 v ; 



where in the second-to-last line we have used the bound 



e2 2 2 4 

^^-c : <^ "<— r. □ 



l-e~i eS-1 (ef-l)Al (§) A 1 cAl' 
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Appendix C 

ASYMPTOTIC EQUIVALENCE AND GROWTH OF TERRITORY 

In this appendix we prove several elementary results that are applied to first-passage per- 
colation in Chapter 4, but in a more abstract setting that reduces the notational distractions 
that arise when considering the restricted first-passage percolation process. 

C.l Sublevel Sets and Inversion Formulas 

Let X be a nonempty set. For a function / : X — > [0, oo) and t > 0, we let i]j(t) denote the 
sublevel set of / up to the value t. That is, 

r) f (t) :=r 1 [0,t]={xGX:f(x)<t}. 

Clearly the function rj^ : [0, oo) — > 2 X is increasing with respect to set inclusion. Thus, if we 
interpret t as a time parameter, we can think of rjj as a "pure growth process" in X, where 
7fy(i) represents the set of points in X that the process has reached by time t. Observe that 
the function r/y is also right-continuous, in that r]f(t) = Pl s >t ^/C 3 )- Moreover, the left-hand 
limit r]f(t—) exists at each t, and the function t >->■ r}f(t—) gives a left-continuous version of 
the growth process: 

Vf(t~) := (J flM = {x€X: f(x) < t} = f'^t). 

s<t 

We now give some general formulas for converting a particular statement about two functions 
/ and g into a statement relating their sublevel sets. We refer to these as "inversion 
formulas" because they allow us to easily go back and forth between the functions / and g 
and their inverse images t]j and r\ g . 

Lemma C.l (Inversion formulas). Let X be a nonempty set, and let f,g : X — > [0, oo). 
Then for any a > and t$ > 0, 

1. |Vx G X, f(x) < t or f(x) < oT^Or)} ^ |vt > to, r) g (at) C ty(t-)}. 



280 



2. jVx G X, /(x) < t or /(x) < q _1 c/(x)} 
5. {Vx G X, f(x) < t or f{x) < cT^x)} 



{vt>t , rig{<xt-)QTi f (t-)}. 
{vt >t , V g {oet) Qv f {*-)}■ 



4. {Vx G X, f(x) < to or f(x) < a-igix)} 



Vt > t , rj g (at) C ^(t) or 

Vt > t , ^(at-) C n f (t) or 

Vt > t , r] g (at) C ^(t) or 

Vt > t , Tj g (at-) C 77y(t— ) or 
Vt > t , r? g («t-) C ^(t). 
Proof. The proof is an elementary exercise and is left to the reader. 



□ 



Remark C.l.l. In Lemma C.l, the four statements on the left can be viewed as points in 
the Boolean lattice {<, <} 2 = {0, l} 2 if we partially order the statements by their strength 
(i.e. statement 1 is the strongest, statement 4 is the weakest, and statements 2 and 3 are 
intermediate). Similarly, the eight statements on the right correspond to points in the lattice 
{>, >} 2 x {<, <} = {0, l} 3 , and the lemma posits a lattice homomorphism {0, l} 3 — > {0, l} 2 
in which each statement is logically equivalent to its image. 

Lemma C.2 (More equivalent statements). Let X be a nonempty set, and let f,g : X — >■ 
[0, oo). Then for any a > and to > 0, the following equivalencies hold, where each 
statement is implicitly prefaced by 'Vx G X , " and the braces separating the statements on 
the right indicate disjunction. 

If f(x) > t or g(x) > at , then f(x) < u~ l g{x). 
If f(x) > t or g(x) > at , then f(x) < a~ l g(x). 



1. f(x) < to or f(x) < a 1 g{x) 



2. f{x) < t or f{x) < a 1 g(x) 



3. f(x) < t or f(x) < a 1 g{x) 



If f(x) > t or g(x) > at , then f(x) < a 1 g(x). 
If f{ x ) > or g{x) > ato, then f{x) < a~ l g(x). 

( If f(x) > to or g{x) > ato, then either \ 
V f( x ) < a^gix) or f(x) = t = a~ 1 g{x).) 

If f{ x ) > to or g(x) > ato, then f(x) < a~ l g{x). 
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4- f( x ) < to or f(x) < a 1 g(x) 



If f{x) > t or g(x) > at , then f(x) < a 1 g(x). 
If f( x ) > to or g(x) > ato, then f(x) < a~ 1 g(x). 



Proof. The implications "<^" are all trivial, and it is elementary to prove "=>" in each 
case. □ 

Remark C.2.1. As in Lemma C.l, the equivalencies in Lemma C.2 can be interpreted as 
a map between the Boolean lattices {0, l} 3 and {0, l} 2 in which the image of a statement in 
{0, l} 3 is an equivalent statement in {0, l} 2 . The anomalous statement in Part 3 is strictly 
weaker than the more obvious "If f(x) > to or g(x) > ato, then f(x) < a~ 1 g(x)" which is 
intermediate between Statements 1 and 3. 

C.2 Limits and Asymptotic Equivalence 

We introduce a simple definition of "co-limiting behavior" for functions. 

Proposition C.3 (Characterizations of co-limiting behavior). Let X be a nonempty set 
and Y a topological space, with y G Y. For a given pair of functions g : X — > Y and 
h : X — > [0, oo), the following are equivalent. 

1. For every neighborhood U of y, there exists M < oo such that g(x) G U whenever 
h(x) > M (equivalently, V nbhd U of y, 3M such that g(x) £Y\U h(x) < M). 

2. If {x ra } n£ N is any sequence of points in X such that h(x n ) — > oo, then g(x n ) —5- y. 

Proof. 1 implies 2: Let {x n } n ^fq C X with h(x n ) — > oo, and let U C Y be a neighborhood 
of y. By 1, there exists M so that g(x) G U whenever h(x) > M. Since h(x n ) — > oo, we 
have h(x n ) > M eventually, so g(x n ) £ U eventually. Thus g(x n ) — > y. 

2 implies 1: We will prove this by contradiction. Suppose 2 holds but 1 does not. Then 
there exists a neighborhood U of y for which there is no M < oo such that h(x) < M for 
all x G g~ l {Y \ U) = X \ g~ l U . Therefore, for every n G N, there exists x n G g~ 1 (Y\ U) 
(i.e. x n G X with g(x n ) G" U) such that h(x n ) > n. Thus h(x n ) — > oo, so g{x n ) — > y by 
assumption. But then g(x n ) G U eventually, contradicting our choice of x n . □ 
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If g and h satisfy either of the equivalent conditions in Proposition C.3, we say that 
"g(x ) — > y as h(x) — > oo", "</(a;) — >■ y if /i(x) — )■ oo", or u h(x) — >■ oo implies <7(x) — >■ y", and 
we write 

lim g(x) = y. (C.l) 

We can also say that "<?(x) — > y uniformly in x with respect to h as h(x) — > oo," since the 
speed of convergence to the limit doesn't depend directly on x but only on the value of h(x). 
This construction provides a convenient way of describing asymptotics of functions defined 
on an arbitrary space X by choosing h to be some function that approaches oo as x G X 
approaches the relevant values of the domain. 

Remark C.4. The definition (C.l) can be generalized to allow h : X — > Z, where Z is an 
arbitrary topological space instead of [0, oo]. In this case we would write lim^)^., g{x) = y 
to mean g(x) — > y G Y as h{x) — > z G Z . If Z is not first-countable, then the second 
condition in Proposition C.3 should be replaced with the analogous statement for nets. 

Let X be a nonempty set and let h : X — > [0, oo) be some "reference function" on X. 
We say that two complex-valued functions / and g on X are asymptotically equivalent 

as h — > oo, and write / ~ g as h — > oo if 

fix) 

J -^- -»• 1 as h(x) -> oo, x £ X. (C.2) 

g{x) 

Note that for a given h, ~ is an equivalence relation. Now suppose that f,g:X^ [0, oo), 
and take h = f V g : X — > [0, oo). We say that / and g are asymptotic at infinity, and 
write / ~ g at oo, if 

M^i as (/ V 0)(a;)->oo. (C.3) 

Note that "at oo" refers to the range of / or g, not the domain. Note also that ~ defines 
an equivalence relation on M + -valued functions on X (and this time there's no need to fix 
a reference function h first). Using the inversion formulas (Lemmas C.l and C.2), we now 
give several equivalent characterizations for two functions / and g being asymptotic at oo, 
in terms of their sublevel sets rj^ and r} g . 

Proposition C.5 (Asymptotic equivalence at oo). Let X be a nonempty set, and let f,g : 
X — > [0, oo). The following are equivalent. 
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1. f ~ g at oo, as defined in (C.3). 

2. For all e > 0, there exists to < oo such that 

r] g {{l - e)t) C n f {t) C + e)t) /or t > t . 

5. There exists a nonnegative function k on [0, oo) with k(t) = o(t) such that 
rj g (t - k(t)) C Vf (t) Qri g (t + jfe(t)) /or t > 0. 

4- There is some nonnegative o(t) function h(t) on [0, oo) such that for all e > 0, there 
exists to < oo such that for all t > to, 

ri g ([(l-e)t-h(t)}-) C Vf (t) and Vf (t-) C Vg ((1 + e)t + h(t)) . 

5. For any e > and any o(t) function h(t) on [0, oo), there exists to < oo such that for 
all t > to, 

rj g ((l-e)t + h(t))Qr, f (t-) and Vf (t) C Vg ([(1 + e)t - h(t)}-). 

Because of the symmetry of Statement 1, the roles of f and g can be switched in any of the 
other statements. 

Proof. The equivalence 1 <S=^ 2 follows easily from Lemmas C.l and C.2, and the implica- 
tions 5 2 =>■ 4 are trivial. To complete the proof, we will show that 4 =>■ 3 =>■ 5. 

(4 3) Suppose Statement 4 holds. By the equivalence of the various processes in 

Part 4 of Lemma C.l, we can replace the strict inequality on to(e) with a weak one, and we 
can replace the left-continuous processes with right-continuous ones. Thus, suppose there 
exists a nonnegative function h(t) = o(t) such that for every e > 0, there exists t(e) < oo 
such that if t > t(e) then 

7fo((l - e)t - h(t)) C Vf (t) C r, g ((l + e)t + h{t)). 

For each positive integer n, let e ra = 1/n. Set to = and for each n > 1 let t n = t(e n ) Vt n -\. 
Let too = lim n -5>oo t n = sup n>0 t ra < oo, and let N = sup{n : t n = t n -i} < oo. Now let 
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k(t) = (t + 1) Vsup{g(x) — t : f(x) < t} on the interval [0, ti) (we can prove by contradiction 
that this sup is finite for each t < t\ = t(l)), let k(t) = e n t + h(t) on the interval [t n ,t n+ i) 
for 1 < n < N, and let k(t) = h(t) on [tjy, oo). 

(3 =^ 5) Let k(t) be as in Statement 3. Given e > and h(t) = o(t), choose to large 
enough that k(t) < et — h(t) for all t > to (which is possible since k(t) and h(t) are o(t)). 
Then for t > t we get t-et+ h(t) < t - k(t) and t + k(t) <t + et- h(t), so 

7fo((l - e)i + h(t)) Qr, g (t- k(t)) C ^(i) C % (t + fc(t)) C % ((1 + e)t - h(t)). 

This gives the corresponding statement with all the processes right-continuous. We can get 
the stated version involving left-continuous processes by replacing h(t) with l+/i(t)V/i(t+l), 
which is still o(t), and then replacing the to we obtain with to + 1- D 

Remark C.5.1. The equivalent statements in Proposition C.5 generalize the event that 
appears in the Shape Theorem (Theorem 1.1 or 2.3). That is, the Shape Theorem says 
precisely that if r = {T(e)} egE ( Z d) is an i.i.d. collection of traversal times satisfying (FPS^) 
and (MM,j), then there is a norm on M. d such that the functions / = T r (0, •) and 
g = dist M (0, •) on R d are almost surely asymptotic at oo. 

The following proposition shows that if the functions / and g define random growth 
processes in X such that we have an exponentially good large deviations estimate for the 
corresponding Shape Theorem holding at a fixed time t, then we automatically get an 
exponentially good large deviations estimate for the event that the Shape Theorem takes 
hold for good, i.e. that the containment in Part 2 of Proposition C.5 holds for all t > t . 

Proposition C.6. Let X be a nonempty set, and let f,g be random elements of [0, oo) x 
in some probability space (£l,A, Pr). The following are equivalent. 

1. For all e > 0, there exist positive constants C and c such that for all t > 0, 

Pr{ Vg ((l - e)t) C Vf (t) C r, g ((l + e)t)} > 1 - Ce~ ct . 

2. For all e > 0, there exist positive constants C' and c' such that for any to > 0, 

Pr{f/ fl ((l - e)t) C r, f (t) C % {{\ + e)t) for all t > t } > 1 - C'e~ c ' to . 
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Proof. This follows from an easy adaptation of the proof of Lemma C.9 below, which is a 
special case. □ 

The following proposition gives various equivalent formulations of the probability bound 
appearing in Part 2 of Proposition C.6, similar to the equivalent statements in Proposi- 
tion C.5. 

Proposition C.7. Let X be a nonempty set, and let f,g be random elements of [0, co) x 
in some probability space (Q,A, Pr). The following are equivalent. 

1. For all e > 0, there exist positive constants C and c such that for all t > to, 

Pr | ^| - 1 <eforallxeX with (f V g)(x) > t j > 1 - Ce~ ct °. 

2. For all e > 0, there exist positive constants C and c such that for any to > 0, 

Pr{r/ ff ((l - e)t) C Vf (t) C ^((1 + e)t) for all t > t ] > 1 - Ce^' . 

3. There is some o(t) function h : R + — > IR + such that for all e > 0, there exist positive 
constants C and c such that for all t > 0, 

Pr{r, g ([(l-e)t-h(t)]-)Q Vf (t) andri f (t-)CT, g ((l + e)t + h(t))} >1-Ce~ ct . 

4- For any e > and any o(t) function h : R + — > R + , there exist positive constants C 
and c such that for all to > 0, 

Pr{i] g ((l-e)t + h(t)) Qrj f (t-) and i] f (t) C r] g ([(1 + e)t - h(t)]-) for all t > t } 

> 1 - Ce- Ct ° . 

Proof. Use Lemmas C.l and C.2, and an argument similar to the proof of Proposition C.5. 

□ 
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C.3 Applications to Restricted First-Passage Percolation 

The next two results strengthen the large deviations estimate in Lemma 4.9. 

Lemma C.8. Let r be an i.i.d. traversal measure on E(Z d ) satisfying (FPS d ) and (EM), 

and let \i be the shape function for r from Theorem 1.1. For any e > 0, there exist two 
positive constants C\ and c\ such that for any t > 0, 

1. Pr [vr' Rd (t) C (1 + e)£B°} > 1 - C^ 1 , and 

2. Pr {(1 - e)tB„ C r/° ;Rd (t-)} > 1 - de" Clf : . 

Proof. Assume without loss of generality that e < 1, and let Ci(e) = C(e/2) and ci(e) = 
c(e/2) • (1 — e/2), where C and c are the e-dependent constants from Lemma 4.9. For part 
1, since (1 + e/2)tB^ C (1 + e)tB°, we have 

Pr [r,^\t) (Z (1 + 6)tB°} < Pr {^; R<, (t) £ (1 + e/2)^} 

< C(e/2) • exp [-c(e/2)t] < Ci(e) • exp[-ci(e)t]. 

For part 2, note that since the set of infected sites increases with time, if some vertex 
hasn't been reached at a particular time s < t, then it hasn't been reached at any earlier 
time, so 

{(1 - e)W, £ V° T ' Rd (t-)} = H {(1 - e)W, £ V°r Rd (s)} . 

s<t 

Now for any s > 1 j_~y 2 t, we have (1 — e)tB^ C (1 — e/2)sB fl and hence 

{(1 - £ )*B„ ^ i^OO} C {(1 - e/2)sB, £ rj^(s)} . 
Take s = (1 — e/2)t. Then jr^i < s < t, so the above inclusions imply 

Pr {(1 - e)tB, £ ^V)} < Pr {(1 - e/2)sB, £ n^ {s)} 

< C(e/2) • exp [-c(e/2)s] = Ci (e) • exp [-ci (e)t] . □ 

In fact, while Lemma 4.9 tells us that the set of sites reached at a specific time t lies 
within /i-distance et of the deterministic process with high probability as t — > oo, we can 
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strengthen this result even further to get an exponential bound on the probability that 
rj T ' (t) is in the right range for all times larger than a given time. In other words, we can 
get exponential tail bounds on the amount of time we have to wait for the Shape Theorem 
to kick in for good. 

Lemma C.9. Let r be an i.i.d. traversal measure on E(Z d ) satisfying (FPS d ) and (EM), 

and let fx be the shape function for r from Theorem 1.1. For any e > 0, there exist two 
positive constants C[ and c[ such that for any t > 0, 

1. Pr {r]°' Rd (s) C (1 + e)s£° for all s > *} > 1 - C[e~^\ and 

2. Pr |(1 - e)sB^ C 7]°' Rd (s-) for all s > t} > 1 - C^e"^ . 
Proof. First we bound 

Pr {(1 - e)sB pL C Vr' Rd (s-) C ^(s) C (1 + e)s£° for all s G [M + l)} . 
Let C('(e) = Ci(e/2) V exp[ci(e/2) • (1 + 2/e)] and ci(e) = ci(e/2). For t G [0, oo), define 

E t = {vr R \s) £ (1 + e)s£° for some s G [t,t + 1)} . 
Using the monotonicity of rj T ' (t) and t£>° with t, for any t > we have 

^= U {^wga + ^j 

t<s<t+l 

C U b°r' Rd ^ ^ (1 + = + 1) ^ (1 + e^} • 

t<s<t+l 

Now, if t > § + 1, then (1 + §)(* + C (1 + e)£B°, so 

{^'(t + 1) ^ (1 + e)t£°} C {^(t + 1) % (1 + e /2)(t + \)Bl) 

Therefore, using the above inclusions and applying Part 1 of Lemma C.8, for all t > | + 1 
we have 

Pr(£ t ) < Pr [vr' Rd (t + 1) ^ (1 + e/2)(t + < Ci(e/2) • e -<*(«/2)(t+i) 

< Ci'(e) ■ e- c 'i( e )*. 
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On the other hand, if t < | + 1, then C"(e) • e~ c ' 1 ^ t > 1 by our choice of C'{ and c' 1; so the 
above inequality is in fact valid for alH > 0. 
Now, for t G [0, oo), define 

F t = {(1 - e)sB fl £ ??r ;Rd (s-) for some s G [t,t + 1)} . 
Using the monotonicity of r/ T ' (t— ) and fo^ with t, for any i > we have 

Ft= (J {(l-^^V)} 

t<s<t+l 

c U {(i- e ) s ^2^ 0;Rd (H} = {(i- e )(t + i)^2^ Rd (H}. 

t<s<t+l 

Now if t > f - 2, then (1 - e)(t + 1)^ C (1 - § so 

{(1 - e)(t + ^ ^V)} C {(1 - e/2)tB, % r,?*\t-)} . 

Therefore, using the above inclusions and applying Part 2 of Lemma C.8, for alii > | — 2 
we have 

Pr(F t ) < Pr{(l - e/2)tB„ % r/°' Rd (t-)} < Ci(e/2) • e' 01 ^ < Cj'(e) ■ e"^^. 

On the other hand, if i < | — 2 < | + 1, then C{'(e) • e~ c 'i( e )* > 1 by our choice of C" and 
c' 1; so the above inequality is in fact valid for all t > 0. 
Finally, since 

oo 

\J(E t UF t ) C |J (E n UF n ), 

s>t n=[t\ 

we have 

Pr I (j(E t U F t ) ] < jr Pr(E n U F n ) 

\s>t J n=\t\ 

oo 

< Yj 2C'(e- c > 

n=\t\ 

1 - e- c 'i 

or"' 
e c i — 1 
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The following lemma generalizes the above results and is used in Chapter 4. 

Lemma C.10 (Equivalence of deviation bounds in first-passage growth). Let r be a random 
traversal measure on E(Z d ) in some probability space (Q,A,~Pr), and let n be a norm on 
M. d . For any A, A', S C M. d , the following are equivalent. 

1. There exists an o(t) function (p : M+ — > R + such that for any e > 0, there exist positive 
constants C and c such that for all t > 0, 

Pr {^([(1 - e)t - <t>(t)\-) C ^ S (t) and ?j T A ' S (t-) C Bf' S {(l + e)t + 0(i))} 

> 1 - Ce~ ct . 

2. For any e > and any o(t) function (f> : M + — > R + , there exist positive constants C 
and d such that for all to > 0, 

pr f Vt > t , Bf' S ((l - e)t + 4>{t)) C Vr A]S {t-) 

{ and ^ 5 (t)C<' 5 ([(l + e )t-0(t)]-) 

Proof. This is a generalization of Lemma C.9; it follows from Propositions C.6 and C.7 by- 
choosing the functions / and g to be T^(A, ■), Tjj?(A, •), or dist^(A', •), as appropriate. □ 



> 1 - C'e- c ' to . 
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